L ecture Notes: Week 4b

Topic: Uncertainty modeling and
robustness (stability vs. performance)

ECE/MAE 7360

Optimal and Robust Control
(Fall 2003 Offering)

Instructor: Dr YangQuan Chen, CSOIS, ECE Dept.,
Tel. : (435)797-0148.
E-mail;: ygchen@ieee.org or, ygchen@ece.usu.edu




A Real Control Problem
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Controller Objective: To provide desired responses in face of

 Uncertain plant dynamics  +

External inputs
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Representation of Uncertain Plant Dynamics

Perturbation <
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* Nominal Plant is a FDLTI System

® Perturbation is Member of Set of Possible Perturbations
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Analysis Objectives

« Nominal Performance Question (H, Optimal Control):

Are closed loop responses acceptable for disturbances? sensor noise? commands?

* Robust Stability Question (H, Optimal Control):

Is closed loop system stable for nominal plant? for all possible perturbations?

« Robust Performance Question (Mixed H,/H, Optimal Control):

Are closed loop responses acceptable for all possible perturbations and all external

inputs? Simultaneously?
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Complete Picture of Robust Control Problem
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Standard Feedback Loops in Terms of General Interconnection Structure
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Uncertainty and Robustness

Pa(s) = P(s)+w(s)A(s), o[A(jw)] <1, Vw
Pr(s) = (I +w(s)A(s))P(s).

nomina model

x\ o

I
actual mode!

P( w)

w(jo)

Suppose P € II is the nominal model and K is a controller.
Nominal Stability (NS): if K stabilizes the nominal P.
Robust Stability (RS): if K stabilizes every plant in IT.

Nominal Performance (INP): if the performance objectives are
satisfied for the nominal plant P.

Robust Performance (RP): if the performance objectives are sat-
isfied for every plant in IT.



Robust Stabilization of Systems with Unstructured Uncertainties

Small Gain Theory (!)
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Robust Stabilization with Additive Perturbation

Consider an uncertain plant with additive perturbations,

S, has atransfer function G (s)=C (sl - A)"'B, +D,

— Se |
U ‘ y S, Is an unknown perturbation.
— 1 3 S

S, and S +S, have same number of unstable poles.

Given a g, > 0, the problem of robust stabilization for plants additive perturbations is to find a
proper controller such that when it is applied to the uncertain plant, the resulting closed-loop
system is stable for all possible perturbations with their Ly-norm £ g,. (The definition of L-
norm is the same as that of Hy-norm except for L, -norm, the system need not be stable.)

Such a problem is equivalent to find an Hy g-suboptimal control law ( with g=1/ g, ) for

iX=Ax+B u+0w
:'y:me+Dmu+Iw

lz=0x+1u
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Robust Stabilization with Multiplicative Perturbation

Consider an uncertain plant with multiplicative perturbations,

S, has atransfer function G (s)=C (sl - A)"'B, +D,

S [
U r l y S, Is an unknown perturbation.
S S, and S ~ S have same number of unstable poles.

Given a g, > 0, the problem of robust stabilization for plants multiplicative perturbations is to
find a proper controller such that when it is applied to the uncertain plant, the resulting
closed-loop system is stable for all possible perturbations with their L,-norm £ g.. Again,
such a problem is equivalent to find an Hy, g-suboptimal control law ( with g=1/ g, ) for the

following system, T —

‘ iX=A Xx+B u+B w |
:’y:me+ D u+D w
¥z: Ox+ 1| u
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Small Gain Theorem

Q A
i
M €2U_|_w2

Small Gain Theorem: Suppose M € (RH )" ?. Then the system
is well-posed and internally stable for all A(s) € RH o with

() 18], < 1/ i and only if | M(s)]. < 7
(b) Al < 1/ if and only if [|M(s)]. < 7.

Proof. Assume v = 1. System is stable iff det(I — M A) has no zero in
the closed right-half plane for all A € RH and ||A]| < 1.

(=) det(l — MA) #0 for all A € RHo and ||A||, < 1 since
AT — MA)| >1—max |[A(MA)| >1—||M|, >0

(=) Suppose || M||,, > 1. There exists a A € RHo with ||A|l, <1
such that det(I — M (s)A(s)) has a zero on the imaginary axis, so the
system is unstable. Suppose wy € Ry U{00} is such that a(M (jwy)) > 1.
Let M (jwo) = U(Jw)X(jwo)V*(jwo) be a singular value decomposition
with

U(jwy) = [ul Uy - up]

V(jwo):[m Vo - vq}

01
Y(jwo) = 0P
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We shall construct a A € RH such that A(jwg) = U%UWT and || Al <
1. Indeed, for such A(s),

det(I—M (jwy)A(jwy)) = det(I-UXV* vuj/o1) = 1—ujULV v /oy = 0

and thus the closed-loop system is either not well-posed (if wy = o0) or
unstable (if w € R). There are two different cases:

(1) wo =0 or oo: then U and V are real matrices. Chose

1
A = —uvjuj € RVL.
01

(2) 0 < wy < oo: write uy and vy in the following form:

| v1ge’% |
where w1, v1; € R are chosen so that 6;, ¢; € [—m,0).

Choose 3; > 0 and a;; > 0 so that

, (5@ — jwo) — 9. . (%’ - jwo) _ 6,

Bi + jwo a; + Jwo
Let
a1—S
1 fvllozi-i-s B —s
As)=—| = | [und2 - ut | € RH.,
01 Qg—S$ p
Ulqozq—i—s

Then ||A|l, =1/01 <1 and A(jwg) = Uilfvluj‘.
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The theorem still holds even if A and M are infinite dimensional. This
is summarized as the following corollary.

The following statements are equivalent:

(i) The system is well-posed and internally stable for all A € H,, with

[A[lo < 1/7:

(ii) The system is well-posed and internally stable for all A € RH, with
[A[lo < 1/7:

(iii) The system is well-posed and internally stable for all A € ¢?*P with
JA[ < 1/7:

() M., <.

It can be shown that the small gain condition is sufficient to guaran-
tee internal stability even if A is a nonlinear and time varying “stable”
operator with an appropriately defined stability notion, see Desoer and
Vidyasagar [1975].
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Additive Uncertainty

S,=[I+PK)!', T,=PK(I+PK)!
S;=I+KP)™', T;,=KP(I+KP)™".

Let IT = {P + W1 AW, . A € RHy} and let K stabilize P. Then
the closed-loop system is well-posed and internally stable for all ||A|| < 1
if and only if ||WoK S, W1 < 1.

A Woi— A W i

. 7

—WoK S, Wik
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Multiplicative Uncertainty

A

—WyT,W,

Let IT = {({ + W1AW,)P : A € R'H } and let K stabilize P. Then
the closed-loop system is well-posed and internally stable for all A € RH
with ||A|l, < 1if and only if ||WLT, W]l < 1.
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Coprime Factor Uncertainty

21 ~ ~ 29

'AN O AM‘
o

T ~

,T K 'N

Let P = M 1N be stable left coprime factorization and K stabilize P.
Suppose

M= (M+Ay) {(N+Ay), A= [AN AM}

with Ay, Ay € RHoo. Then the closed-loop system is well-posed and
internally stable for all ||Al|, < 1if and only if

H [I( ] (I+PK)'MY <1.

o0



Other Tests

85

WieRHe WoeRHw A€RHS ||A] <1

Perturbed Model Sets
I1

Representative Types of

Uncertainty Characterized

Robust Stability Tests

(I + W1AW,)P

output (sensor) errors
neglected HF' dynamics
uncertain rhp zeros

|WaT, Wil <1

P(I + W1AW,)

input (actuators) errors
neglected HF' dynamics
uncertain rhp zeros

[W2TiWh]|, <1

(I + Wi AW,)"LP

LF parameter errors
uncertain rhp poles

[W2S, W, <1

P(I + WlAW2>_1

LF parameter errors
uncertain rhp poles

[WaSiW1 || <1

P+ Wi AW,

additive plant errors
neglected HF' dynamics
uncertain rhp zeros

[WoKS,Wh| <1

P(I + W1 AW, P)~!

LF parameter errors
uncertain rhp poles

|WaS,PW1||, <1

(M + Ap)™H(N + Ay)

LF parameter errors

P=M"N neglected HF' dynamics H[ II{ ] SoM~Y| <1
A= [ Ax Ay } uncertain rhp poles & zeros h
(N + An)(M + Ap)™' | LF parameter errors

neglected HF' dynamics

uncertain rhp poles & zeros

|~ Si 1|, <1
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Robust Performance

d
Fo—— K [ Pa ,lywe ‘.

4|>C)

sup lefl, <1
<1

1. = We([—f— PAK)_l, Py € 11.

Suppose Pa € {(I + AW,)P : A € RH, ||A]l,, < 1} and K inter-
nally stabilizes P. Then robust performance is guaranteed if

F(W,S,) + 5(WaT,) < 1.

(T.) < (WS, + AWLT,) ]
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Skewed Specifications

II:= {P(I+wA): A€ RH, ||Al <1}.

z w d
1A l
w 1 I
T K S pl—d—wl-&
robust stability:
[wTill o <1,
nominal performance:
[WeSoll o < 1.

Toa = W.S,(I + PAwKS,)™ = WS, [I + PAP™\(wT,)| .

robust performance is guaranteed if
a(W.S,) + k(P)o(wT;) <1

or

a(W.S,) + k(P)o(wT,) < 1.
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Why Condition Number?

II, = {P{+wA): Ae RH, [|A]l, <1}
II, = {{+wA)P: A€ RHu, [|[A]l <1}

II, D II;, if |wy| > |w|k(P) VYw
since P(I +wA) = (I +w,PAP™)P.

- —02 01 1|0 1]

—0.05 0 0 [0 0.7
Ps)=| 0 0 -1]1 0 1] s (s+1)(s +0.07)
T 0 010 0 a(s) | —0.05 0.7(s + 1)(s + 0.13)

0 1 0100

where a(s) = (s + 1)(s + 0.1707)(s + 0.02929).

10°

condition nu

frequency
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Example: SISO vs MIMO

y

wi|] |0 a||w 4 Uy 1 al|w

wy | | —a 0| ws Uy |’ S P W9
1 s—a* a(s+1)
P(S): 9 21 42
s’+a a(s+1) s—a

1 s —a 1 1 a
S=(I+P) = T=PI+P)!= .
I+ P) s+1la s |’ I+ P) s+1|—a 1

Each loop has the open-loop transfer function as — so each loop has phase
S
margin Gmax = —@Pmin = 90? and gain margin kpin = 0, knax = 00.
Suppose one loop transfer function is perturbed

Uy

P U9

Denote
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Then the maximum allowable perturbation is given by
1 _
1711l

which is independent of a. However, if both loops are perturbed at the

18]l < L

same time, then the maximum allowable perturbation is much smaller, as
shown below.

___________________

yp | oo x T

yr L0 r N

Py = (I+A)P, A—[

|A|l, < . The system is robustly stable for every such A iff
PR
Tl ViEa

In particular, consider

(1lifa>1).

611
622

2%X2

A=A;= € R

Then the closed-loop system is stable for every such A ift

(82 + (2 + 611 + 522)8 + 14 611+ 000 + (1 + a2)(511522)

det(I + TAg) = D)
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has no zero in the closed right-half plane. Hence the stability region is
given by

24611 +022 > 0
14611 + bon + (14 a%)611620 > 0.

The system is unstable with

1
V1+a?

611 — _622 —




