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General Framework

General Framework:

Analysis Framework

M(s) = Fi(P(s), K(s)) =

MH(S) Mm(S)}
M21<S) MQQ(S) 7

2= Fu(M, Ayw = [ Moy + My A(I — My A) ™ M| w.

ZLAJ’UJ

JY/




Analysis and Synthesis Methods for Unstructured
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Uncertainty
Input Performance Perturbation Analysis Synthesis
Assumptions Specifications Assumptions Tests Methods
Blu(yw(r)) | Be)=0) <1 LQG
=0(t—1)1
A=0 | Maz]l, <1 | Wiener-Hopf
= Uyd(t
w=U00) ) B3 <1
EOU;) =1 Ha
lwll, <1 llzlly <1 A=0 |Ma2s||,, <1 | Singular Value
Loop Shaping
flwll, <1 Internal Stability | [|Allo <1 | [[Mill <1 Hoo
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Stability with Structured Uncertainties

Assume

A(s) =diag [01L,,, ..., 05l 4, A1,y ..., Ap] € RHoo

S

with |0, < 1 and [[Aj]| < 1.

Robust Stability <= The following interconnection is stable.

Mll(S)

Stability Conditions:
(1) (sufficient conditions) ||[Mi1]|,, < 1.
Conservative, ignoring structure of the uncertainties.

(2) (necessary conditions) Test for each §; (4;) individually (assuming no
uncertainty in other channels): ||(Mi1)q],, < 1.

Optimistic because it ignores interaction between the §; (4;).
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Structured Singular Value

_|_“ A
T

Unstructured A

Problem: Given M € cP*?, find a smallest A € c?*? in the sense of
a(A) such that
det(l — MA) = 0.

It is easy to see that
Quin = inf {T(A) : det(I — MA) =0, A € ¢}
=inf{a: det(l —aMA) =0, 7(A) <1, A € c??}
and
max p(MA) = agiy =7(M)
with a smallest “destabilizing” A:
1

a(M)
where M = a(M)uiv] + oquqvs + - - -

So @(M) can be defined as

Ades = viuy, det(l — MAges) =0

o(M) = inf{o(A) : det(l — MA) =0, A € c?*?}
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Structured A

A ={diag [011,,...,05L,q, A1,...,Ap| 16, € C,A; € "IN

S

Opin = INf {T(A) : det(l — MA) =0, A € A}
=inf{a: det(l —aMA)=0, d(A) <1, Ae A}

and

ol
max p(MA) = ayl, < 7(M)

7(A)< min

Definition of SSV

For M € ™", ua (M) is defined as

1
pa (M) = min {a(A) : A € A det (I — MA) =0} (0:6)

unless no A € A makes I — MA singular, in which case ux (M) = 0.

e [fA={fl:0€c} (S=1,F=0,r1=n), then ua (M) = p (M), the
spectral radius of M.

o If A =c"" (§=0,F=1,m=n), then pa (M) = o(M).

p(M) < pa(M) <7 (M).
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for any 8 > 0. Then p(M) = 0 and o(M) = 3. But

0 0
p(M) = 0 since det(I — MA) =1 for all admissible A,

. Then p(M) =0 and (M) = 1. Since

5 — 08

det(l — MA) =1+ 5

0

if 91 = —dy=—1.s0o u(M)=1.

Thus neither p nor @ provide useful bounds even in these simple cases.
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U ={UecA: UU =1,

diag |Dy, ..., Ds,diLp,, ..., dp_1Ip; Iy -
D; e i D;=D;>0,d; € R, d; >0
Note that forany A €e A, U e U, and D € D,

U'ed UANeA AUeA GUA) =0c(AU)=7(A)
DA = AD.

ForallU el and D € D

,LLA(MU) :uA<UM) :,LLA(M> ZMA(DMD_I).

S —1
max p(UM) < max p(AM) = ua (M) < inf o (DMD™)

e —1
max p(UM) < pa(M) < info (DMD™).

[Doyle, 1982] ax p(MU) = ua(M).  Not Convex.

pa (M) = inf o(DMD™) if 28 + F <3

DeD

F=] 0 | 1] 2| 3|4

S=
0 yes | yes | yes | no
1 yes | yes| no | no | no

2 no | no | no | no | no
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> [bounds,rowd] = mu(M,blk)

(5, 0 0 0 0 0

0 6 0 0 0 0

0 0As 0 0 0
A =

0 0 0 A, 0 0

0 0 0 0 61 0

0 0 0 0 0 Ag

51,52,55, € C, Ag € (CQXB,A4 € ngg,AG € (C2X1

can be specified by

blk =

O W W N~ D
_ o W W = O

> [Dy, D;] = unwrapd(rowd, blk)
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Structured Robust Stability

How large A (in the sense of |A||, ) can be without destabilizing
the feedback system?

Since the closed-loop poles are given by det(I — MA) = 0, the
feedback system becomes unstable if det(I — M(s)A(s)) = 0 for some
s € C.. Now let a > 0 be a sufficiently small number such that the
closed-loop system is stable for all stable |A||,, < o. Next increase o
until o, so that the closed-loop system becomes unstable. SO oy,
is the robust stability margin.

Define

A ={A(") € RHy : A(sy) € A for all s, €T, }

Let 3 > 0. The system is well-posed and internally stable for all
A(-) € A with ||A||, < % if and only if

sup pa (G(jw)) < 6

WER

w1 €1
" A
_|_
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Robust Performance

G (s) = G G
g Ga1 G
A 0
Ap = A e A Ay e
0 A
A(s)
N Gp(5> v

Let 8 > 0. For all A(s) € A with ||A]l,, <
well-posed, internally stable, and ||F, (G, A)

%, the system is
< B if and only if

e

sup A, (GplJw)) < 6.

WER
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Extension to Nonlinear Time Varying Uncertainty

Suppose A € Ay is a structured Nonlinear (Time-varying) Uncer-

tainty and suppose D is constant scaling matrix such that DAD™! €
Ay.
Then a sufficient condition for stability is (by small gain theorem)

HD_lG(s)DHOO <1

————————————————————————————

____________________________

————————————————————————————

____________________________
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HIMAT Example

> (A, B, C, D] = linmod('aircraft’)
> G = pck(A,B,C,D);
> [K, Gp,7] = hinfsyn(G, 2,2,0,10,0.001, 2);

which gives v = 1.8612 = |G, ||, a stabilizing controller K, and a
closed loop transfer matrix G,:

P
21 P2
) _G(s) d; Gys) = Gpi1 Gpiz |
e ds Gpo1 Gy
€2 ni

_n2

maximum singular value

1.5+

0.5r

=

10° 107 10" 10° 10" 10° 10°
frequency (rad/sec)

Figure 0.22: Singular values of G,(jw)

Now generate the singular value frequency responses of G:
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> w=logspace(-3,3,300);

> Gpf = frsp(Gp,w); % Gpf is the frequency response of G;
> [u, s, v] = vsvd(Gpf);

> vplot('liv,m’;s)

The singular value frequency responses of G, are shown in Figure 0.22.
To test the robust stability, we need to compute ||Gpi1|| -

> Gpi1 =sel(Gp,1:2,1:2);
> norm_of_Gyp;; = hinfnorm(Gyp1,0.001);

which gives ||Gp11|,, = 0.933 < 1. So the system is robustly stable.
To check the robust performance, we shall compute the pia,(Gp(jw))
for each frequency with

, Aec”? Apect

Ay

Maximum Singular Value and mu
T T T

maximum singular value

1.5

mu bounds

0.5 . . . . .
107° 107 10™ 10° 10" 10 10°
frequency (rad/sec)

Figure 0.23: pa,(G,(jw)) and 7(G,(jw))

> blk=[2,2;4,2];
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> [bnds,dvec,sens,pvec]=mu(Gpf,blk);
> vplot('liv, m’, vnorm(Gpf), bnds)
> title(Maximum Singular Value and mu’)
> xlabel('frequency(rad/sec)’)
> text(0.01, 1.7/ maximum singular value’)

> text(0.5,0.8,/ mu bounds')

The structured singular value pia,(Gp(jw)) and o(G,(jw)) are shown
in Figure 0.23. It is clear that the robust performance is not satisfied.

Note that
Gpll Gp12
Gpo1/v Gpoa/y

Using a bisection algorithm, we can also find the worst performance:

e UGy Al = 12.7824.

<1

Hgnla}il | Fu(Gy, A)HOO <<= SUD fIAp

o
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Skewed Problem

—WoT,W, —WoKS, Wy
W.S,PW, WS, Wy

G:

robust performance condition:

—WoTiWy  —d WoKS,W,
TWeS,PWy WS, Wy

ia (G(jw)) = inf 0(

J<:

pa (G(jw)) < (W PW) (WL + || WS, Wall).

for all w > 0. An upper bound:

(4 is proportional to the square root of the plant condition number.
Assumptions:

We=wsl, Wy=1, Wy =1, Wy =wl,
and P is stable and has a stable inverse (i.e., minimum phase) and
K(s) = P (s)l(s)
such that K(s) is proper and the closed-loop is stable. Then
1 [(s)

S, =5, = = I, T,=T,= I = I
i) ) T i(s)) =T
—wyrl —wr P
G — W T W T
wse P weel
Then

—wytl —wyT(dP)™!

dERr weedP weel

ua (G(jw)) = inf a(
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Let the SVD of P(jw) be
P(jw) =UXV™ Y =diag(o1,09,...,0m)

with o7 = @ and o,, = ¢ where m is the dimension of P. Then

—wyrl —wr(dX) ! )

weeds weel
— Pldiag<M17 MQ) SRR M?TL)PQ

dER+

ia(Gljw)) = inf @ (

—’wﬂ'[ —’th(dZ>_1

weed>) weel

where P, and P, are permutation matrices and where

1
—wyT  —wyT(do;)
M, =
weedo; WE

Hence
—wr  —wyT(do;) !

ua (G(jw)) = inf maxo
A( ( )) dery 1 wsedo; wse

|
1 (doy)! ])

= inf max /(1 + |do;|=?)(|wsedo;|? + |weT|?)
d€R+ [/

. _ —WT
= dmf maxo
€R+ v wsgdo—z

W T 2

dO’Z‘

— inf maXJ lwse|? + |wyT|? + |wsedo;|? +
d€R+ [/

The maximum is achieved at

d2 _ ‘th‘
(wse|oT’
and
1
i (G0) = [+ erf + el P) +

na(G(jw)) ~ \Jwsel[wer|5(P) .
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Overview on i Synthesis

2z w
G

=

Fg(G, K) =G+ Gng(I — GQQK)_lel.

min | 7(G, K],

The p-synthesis is not yet fully solved. But a reasonable approach is to
“solve”

D@10

by iteratively solving for K and D, i.e., first minimizing over K with D
fixed, then minimizing pointwise over D with K fixed, then again over K,
and again over D, etc. This is the so-called D-K [teration.

o Fix D
win HDﬂ(G, K)D‘lHOO

is a standard H,, optimization problem.

o Fix K

it [PFiC D7

is a standard convex optimization problem and it can be solved point-
wise in the frequency domain:

sup Dinefpﬁ [Dw]:g(G, K)(jw)D;l] :
Note that when S = 0, (no scalar blocks)

D, =diag(d{I,...,dy I,1) € D,
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D-K Iterations:

(i) Fix an initial estimate of the scaling matrix D,, € D pointwise across
frequency.

d;i(s) € RHo fori =1,...,

e/

(ii) Find scalar transfer functions d;(s)
(F — 1) such that |d;(jw)| ~ d¥.

(iii) Let
D(s) = diag(dy(s)1,...,dp_1(s)I,T).

Construct a state space model for system

(iv) Solve an Hso-optimization problem to minimize

|7, K],

A

over all stabilizing K’s. Denote the minimizing controller by K.

(v) Minimize o[D,Fi(G, K)D;'] over D,,, pointwise across frequency.
The minimization itself produces a new scaling function.

(vi) Compare D,, with the previous estimate D,,. Stop if they are close,
otherwise, replace D,, with D, and return to step (ii).

The joint optimization of D and K is not convex and the global con-
vergence is not guaranteed, many designs have shown that this approach
works very well.





