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String Stability in Automated Highway Systems(AHS)

• The throughout of the transportation network can be greatly increased if all
the vehicles are controlled to follow its predecessor with a safe but tight dis-
tance at a desired velocity.

• The disturbance in preceding vehicles will propagate to following vehicles.
It can cause actuator saturation in following vehicles and make the whole
system unstable. This problem is called string stability problem in platoon.

• String Stability problem falls into the category of networked controls sys-
tem problems if each vehicle can obtain the other vehicle’s information by
wireless communication.

• It is a example to show how to design a local controller to make the whole
system stable.
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Fig. 1. AHS platoon.

Fig. 2. Coupled feedback loops.

velocity). However, in some situations a constant spacing policy
may be required. For example, the fuel savings obtained by flying in
formation are strongly dependent on a lateral spacing [13]. Hence,
lateral control for formation flight may necessitate a constant spacing
policy. In situations where a constant spacing policy is required,
communication and/or nonlinear control techniques will be required
to overcome the string instabilities.

In the following sections, we will compare two control strategies to
the predecessor following strategy depicted in Fig. 2. In Section III, we
will look at error propagation through the string of vehicles and com-
pare the predecessor following strategy with a predecessor and leader
following strategy. In predecessor and leader following strategy, the po-
sition of the lead vehicle is communicated to all the following vehicles.
The following vehicles use this communicated information along with
spacing information relative to the preceding vehicle. This strategy has
the advantage that a control law can be designed which is not string
unstable. However, it requires a wireless network over which the lead
vehicle can communicate its data. In Section IV, we consider the closed
loop performance of an entire platoon. We demonstrate that the prede-
cessor and leader following can be made string stable in the sense that
the closed loop performance is relatively independent of the number
of vehicles in the platoon. We then consider another strategy, which
we term bidirectional, in which each vehicle uses relative spacing in-
formation with respect to both its immediate predecessor and follower.
This strategy has the advantage that the controller requires information
only from on-board sensors, i.e., no communication is required. How-
ever, this strategy also has the problem that closed-loop performance
changes as the length of the platoon grows.

II. PROBLEM FORMULATION

The problem is motivated by the control of an AHS platoon (Fig. 1).
Theplatoon is a stringofN+1vehicles.Letx0(t)denote thepositionof
thefirst car andxi(t)(1 � i � N)denote thepositionof the ith follower
in the string.Wemake several assumptions in the following analysis.

• Assumption 1: All the vehicles have the samemodel, denoted
H(s).
• Assumption 2: H(s) is linear, single-input–single-output,
strictly proper, and has two integrators.
• Assumption 3: All vehicles use the same control law.
• Assumption 4: The desired spacing is a constant.

We note that Assumptions 1 and 2 are violated to some degree in all real
platoons.Forexample,eachcarhasdifferentdynamiccharacteristicsand
a model for an individual vehicle should include nonlinear wind drag,
rolling resistance, and actuator dynamics [14]. However, Assumptions
1 and 2 are reasonable abstractions to analyze a whole platoon of vehi-
cles. For example, feedback linearization leads to a simple point mass

model with first order actuator dynamics:H(s) = 1=(ms2(�s+ 1)).
Assumption 3 is a simplification for ease of implementation. Finally, the
constant spacing policy is chosen for this analysis. But as noted above,
thereareotherspacingpolicies thatwillnot leadtostringinstabilities (see
[9]). These alternative policies can also be interpreted in the frequency
domain by repeating the analyses that follow.

Given any time-domain signal, x(t), we denote its Laplace Trans-
form by X(s). Applying the assumptions, we can model each vehicle
in the Laplace domain as (assuming the vehicles start from rest):

Xi(s) = H(s)(Ui(s) +Di(s)) +
xi(0)

s
for 1 � i � N (1)

where xi(0) is the initial position of the ith vehicle and Di(s) is an
input disturbance. The assumptions that H(s) is strictly proper and
has two poles will be used later. The spacing error is given by ei(t) =
xi�1(t)�xi(t)� � where �i is the (constant) desired vehicle spacing.
We assume the platoon starts with zero spacing errors and the leader
starts at x0(0) = 0. Hence, xi(0) = �i� for 0 � i � N .

The goal is to design a linear control law to force the spacing errors
to zero and ensure that small disturbances acting on one vehicle cannot
have a large effect on another vehicle. We focus our analyzes on three
decentralized designs where each vehicle only has access to a subset of
the platoon measurements. In Section III, we deal with the special case
where Di(s) = 0, while in Section IV, we remove this restriction and
consider the effect of disturbances on the errors.

III. ERROR PROPAGATION

In this section, we give a simple analysis of two decentralized con-
trol laws under the assumption Di(s) = 0. We will make use of the
following norm: kXk1 := sup

!2
��(X(j!)).

A. Predecessor Following

A linear control law based only on relative spacing error with respect
to the predecessor is given by

Ui(s) = K(s)Ei(s): (2)

AssumingDi(s) = 0, we can obtain the spacing error dynamics from
(1), (2), and the platoon initial conditions

E1(s) =
1

1 +H(s)K(s)
X0(s) := S(s)X0(s) (3)

Ei(s) =
H(s)K(s)

1 +H(s)K(s)
Ei�1(s) := T (s)Ei�1(s)

for i = 2; . . . ; N: (4)
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Some research result

If vehicles use only relative spacing information with its predecessor:

• It is widely known that string stability can not be obtained if each vehicle
wants to maintain a constant distance behind their predecessors by any linear
controller.

• If the spacing is proportional to the vehicle’s velocity, string stability may be
achieved by linear controller.

• If each vehicle use different controllers, the string stability may be achieved.

• It shows that if the predecessor’s information and the leader’s information can
be used, the string stability can be achieved.
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Error propagation using relative spacing

Assumption:

• All the vehicles have same model,H(s).

• H(s) is linear, SISO, with two integrators.

• All vehicles have the same control law.

• The desired spacing is constant.

• Initial positionxi(0) = −iδ.

• No extra input disturbance.
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Error propagation using relative spacing, con’t

The spacing error dynamics are:

Ei(s) =
1

1 + H(s)K(s)
x0(s) := S(s)X0(s); (1)

Ei(s) =
H(s)K(s)

1 + H(s)K(s)
Ei−1 := T (s)Ei−1(s); (2)

• S(s) is the sensitivity function.T (s) is the complementary sensitivity func-
tion. There is a classical tradeoff between making|S(jω| and|T (jω| small.IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 49, NO. 10, OCTOBER 2004 1837

Fig. 3. Plots of jT (j!)j and jS(j!)j.

These equations show that the transfer function from X0(s) to E1(s)
is the sensitivity function, S(s). The transfer function from Ei�1(s)
to Ei(s) is the complementary sensitivity function, T (s). There is
a classical tradeoff between making jS(j!)j and jT (j!)j small. In
the context of (3) and (4), the S(s) versus T (s) tradeoff has the
interpretation of limiting the first spacing error (making jS(j!)j small)
and limiting the propagation of errors (making jT (j!)j small). We
would like jT (j!)j < 1 at all frequencies so that propagating errors
are attenuated.1 In fact, it is not possible to attenuate propagating
errors at all frequencies. Note that if K(s) stabilizes the closed
loop, then H(s)K(s) has two poles at s = 0. Thus, T (0) = 1 and,
hence, kTk1 � 1. The next theorem implies that the inequality
is strict: kTk1 > 1. This is a simplified version of a theorem by
Middleton and Goodwin [15], [16].

Theorem 1: Assume thatH(s) is a rational transfer function with at
least two poles at the origin. If the associated feedback system is stable,
then the complementary sensitivity function must satisfy

1

0

ln jT (j!)j
d!

!2
� 0: (5)

This integral relation is similar to the more common Bode sensi-
tivity integral. The integral implies that the area of error amplification
is greater than or equal to the area of error attenuation. Since H(s) is
strictly proper, jT (j!)j ! 0 as ! ! 1 and hence ln jT (j!)j < 0
at high frequencies. As a result, Theorem 1 implies that for any stabi-
lizing controller, there exists a frequency, !, such that jT (j!)j > 1.
Fig. 3 shows an example of this result. The vehicle model is a double
integrator with first order actuator dynamics and a lead controller is
used to follow the preceding vehicle:

H(s) =
1

s2(0:1s+ 1)
K(s) =

2s+ 1

0:05s+ 1
: (6)

The numerator of the lead controller (2s + 1) was chosen by ne-
glecting the actuator dynamics and placing the closed loop poles at
� = �1;�1. The actual closed-loop poles that result from this design

1In practice, the spacing errors have most of their energy at low frequencies
and it may be sufficient to require jT (j!)j < 1 at these frequencies.
However, T (s) typically has low-pass characteristics and there should be
little practical significance between requiring T (j!) < 1 at all frequencies
and requiring jT (j!)j < 1 at low frequencies.

Fig. 4. Frequency domain plots of spacing errors with the predecessor
following strategy.

are at � = �0:75;�2:29;�5:39;�21:57. Fig. 3 is a plot of jT (j!)j
and jS(j!)j. As predicted by Theorem 1, there is a frequency such
that jT (j!)j > 1. Specifically, kTk1 = 1:21 and is achieved at
!0 = 0:93 rad/s. Errors acting at this frequency will be amplified as
they propagate. While the quantitative aspects of the error propagation
depend on this particular controller, the string instability is a qualitative
property that will hold for any linear controller.

We elaborate on the error amplification property. Consider a 6 car
platoon (N = 5) starting from rest with initial conditions xi(0) = �i�
for i = 0; . . . 5. The desired spacing is � = 5 m. The lead vehicle
accelerates from rest to 20 m/s over 12 s using the following input:

U0(s) =
1

s2
e
�s � e

�3s � e
�11s + e

�13s
: (7)

In the time domain, this corresponds to a trapezoidal input with peak
acceleration of 2 m/s2. The lead vehicle motion,X0(s) = H(s)U0(s),
causes an initial spacing error, E1(s) = S(s)X0(s). Fig. 4 shows
that jE1(j!)j has substantial low-frequency content. Fig. 3 shows that
jT (j!)j > 1 at low frequencies, so we expect low-frequency content
to be amplified. Fig. 4 confirms that low frequency content is amplified
as it propagates from E1(s) to E5(s).

This error amplification can also be interpreted in the time domain
(Fig. 5). In this example, the vehicles farthest from the leader experi-
ence the largest peak spacing error. Results on peak error amplifica-
tion can be found in [9]. It is also possible to show that the control
effort propagates via T (s): Ui(s) = T (s)Ui�1(s). The same state-
ments regarding amplification of control effort apply here. If more cars
are added to the platoon, then either the actuators on the trailing cars
will saturate or a collision may occur.

B. Predecessor and Leader Following

In this section, we add lead vehicle information to the prede-
cessor–following control law

Ui(s) = Kp(s)Ei(s) +Kl(s) X0(s)�Xi(s)�
i�

s
: (8)

This controller tries to keep the errors with respect to the preceding
vehicle and with respect to the lead vehicle small. The leader motion is
essentially the reference for the string. Intuitively, this control law gives
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Error propagation using relative spacing, con’t

There is a theorem that implies that there is a frequency,ω, such that|T (jω)| > 1.

Theorem 0.1Assume thatH(s) is a rational transfer function with at least two
poles at the origin. If the associated feedback system is stable, then the comple-
mentary sensitivity function must satisfy∫ ∞

0
ln|T (jω)|dω

ω2
≥ 0

• This integral relation is similar to the more common Bode sensitivity integral.

• Since H(s) is strictly proper, T (jω) → 0 as ω → ∞ and hence
ln|T (jω)| < 0 at high frequencies. As a result, theorem0.1 implies that
|T (jω)| > 1 for some frequencyω.
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Error propagation using relative spacing, con’t

Example:
Assume

H(s) =
1

s2(0.1s + 1)
, k(s) =

2s + 1

0.05s + 1

The‖T‖∞ = 1.21 for ω = 0.93rad/s.
IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 49, NO. 10, OCTOBER 2004 1837

Fig. 3. Plots of jT (j!)j and jS(j!)j.
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tion can be found in [9]. It is also possible to show that the control
effort propagates via T (s): Ui(s) = T (s)Ui�1(s). The same state-
ments regarding amplification of control effort apply here. If more cars
are added to the platoon, then either the actuators on the trailing cars
will saturate or a collision may occur.
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In this section, we add lead vehicle information to the prede-
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This controller tries to keep the errors with respect to the preceding
vehicle and with respect to the lead vehicle small. The leader motion is
essentially the reference for the string. Intuitively, this control law gives
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Following with predecessor and leader information

To make the string stable with a linear controller, we need to add leader informa-
tion in the controller.
The controller is designed as follows:

Ui(s) = Kp(s)Ei(s) + Kl(s)(X0(s)−Xi(s)− iδ

s
)

This controller tries to keep the errors with respect to the preceding vehicle and
with respect to the lead vehicle small.
The the error dynamics are:

Ei(s) =
1

1 + H(s)(Kp(s) + Kl(s))
x0(s) := Slp(s)X0(s); (3)

Ei(s) =
H(s)Kp(s)

1 + H(s)(Kp(s) + Kl(s))
Ei−1 := Tlp(s)Ei−1(s), 2 ≤ i ≤ N. (4)

We can easily designKl(s) andKp(s) so that‖Tlp < 1.
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Following with predecessor and leader information, con’t

In the above example, ifKl(s) = Kp(s) = (1/2)K(s), ‖Tlp = 0.605. Thus, all
frequency content of propagating errors is attenuated.

1838 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 49, NO. 10, OCTOBER 2004

Fig. 5. Time domain plots of spacing errors with the predecessor following
strategy.

each vehicle some preview information of this reference. As before, we
can obtain the error dynamics

E1(s) =
1

1 +H(s)(Kp(s) +Kl(s))
X0(s) := Slp(s)X0(s)

Ei(s) =
H(s)Kp(s)

1 +H(s)(Kp(s)+Kl(s))
Ei�1(s) := Tlp(s)Ei�1

2 � i � N: (9)

If Kl(s) � 0 then these equations reduce to the corresponding equa-
tions in the previous section. Note that we are free from the constraint
T (0) = 1. For example, if we chooseKl(s) = Kp(s), then Tlp(0) =
0:5. More importantly, we can easily design Kl(s) and Kp(s) so that
kTlpk1 < 1.

We compare this strategy to the predecessor following strategy de-
scribed in Section III-A.We use the same vehiclemodel given in (6) and
the control law in (8) with Kl(s) = Kp(s) = (1=2)K(s). Tlp(s) =
(1=2)T(s), so the peak magnitude is dropped to kTlpk1 = 0:605.
Thus, all frequency content of propagating errors is attenuated. Fig. 6
shows the time responses for comparison. Fig. 6 shows that the spacing
errors are attenuated as they propagate down the chain. Furthermore,
it is possible to show that the control effort will not grow unbounded
down the chain.

IV. SENSITIVITY TO DISTURBANCES

In the previous section, we examined error propagation for two de-
centralized control structures. In that analysis, the leader motion, x0(t),
caused some initial spacing error, e1(t). We then examined the propa-
gation of this error back through the string. In this section, we consider
two control structures and determine the effect of disturbances acting
on each vehicle. For each structure, we first derive the transfer function
matrix,Gde(s), that relates the vector of all disturbances acting on the
platoon to the vector of all platoon spacing errors. We then apply the
results from the previous section to analyze the peak gain ofGde(s) as
a function of the number of vehicles in the platoon.

A. Predecessor and Leader Following

The vehicle model with an input reflected disturbance is given by
(1): Xi(s) = H(s)(Ui(s) + Di(s)) + �i�=s. We will now derive
the closed loop transfer function matrix from disturbances to errors

Fig. 6. Time domain plots of spacing errors with the predecessor and leader
following strategy.

when each vehicle uses preceding and lead vehicle information. The
ith spacing error is given by Ei(s) = Xi�1(s)�Xi(s)� �=s. Using
the vehicle model (1), we can write the spacing error dynamics for the
platoon as

�E(s) = P11(s)
X0(s)
�D(s)

+ P12(s) �U(s) (10)

where we have defined

E(s) := [E1(s) . . .EN (s)]T D(s) := [D1(s) . . .DN(s)]T

U(s) := [U1(s) . . .UN (s)]T

P11(s) :=

1 �H(s)

0 H(s) �H(s)
...

. . .
. . .

0 H(s) �H(s)

P12(s) :=

�H(s)

H(s) �H(s)

. . .
. . .

H(s) �H(s)

:

We assume each vehicle uses the control law given in (8). This control
law can be rewritten in terms of the platoon spacing errors

Ui(s) = Kp(s)Ei(s)+Kl(s)

i

k=1

Ek(s) : (11)

This form of the control law is strictly for convenience in the deriva-
tion that follows; an implementation of the predecessor and leader fol-
lowing control law would not require all spacing errors in the platoon.
The vector of platoon inputs is given by

�U(s)= �K(s) �E(s)

�K(s)=

Kl(s)+Kp(s)

Kl(s) Kl(s)+Kp(s)
...

. . .
. . .

Kl(s) � � � Kl(s) Kl(s)+Kp(s)

:

(12)
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Analysis of Disturbance and Communication Losses in Vehicle Control
Problems, an introduction

A wireless communication system is needed if the leader’s information is neces-
sary. We investigate the effect of random packet loss in the feedback loop due to
a non-ideal communication network.
Characteristics of communication network:

• The communication network is between Controller and System out.

• The packet loss is a random, independent random process.

• Delay introduced.

• Assume no network jitter.
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Stability for a discrete time jump linear system

3 Markovian Jump Linear SYS- 2. G~ - Aj (ELl p i j ~ i )  A? > o for  j = 1, .  . . , N 
tems 

We consider the following stochastic system: 

x(k  + 1> = A B ( k ) d k )  + B B ( k ) u ( k )  

~ ( k )  = Ce(k)x(k) (8) 
x(0)  = 2 0 ,  e(o) = eo 

where x ( k )  E Rn is the state, u ( k )  E IW” is the control 
input and y(k) E RP is the output. The state matri- 
ces are functions of a discrete-time Markov chain tak- 
ing values in a finite set N = (1,. . . , N } .  The Markov 
chain has a transition probability matrix P = [pij] where 
pij  = Pr(B(k + 1) = j 1 B(k) = i )  subject to the restric- 
tions p,j 2 0 and Cglpij = 1 for any i E N .  These 
restrictions just say that the probability of jumping into 
a mode must be positive and that the Markov chain must 
jump from mode i into some state with probability one. 
When e (k )  = i ,  the plant is in mode i E N and we will 
use the following notation:  AB(^) = Ai, Bo(k) = Bi and 

First we define several forms of stability for discrete- 
CB(k) = ci. 
time jump linear systems [IO]. 

Definition 1. The system given by  (8) with U G 0 is: 

1 .  mean-square stable (MSS) i f  for every initial state 
(xo,@o), limk-+m E[llx(k)l121 = 0. 

(xO,eo), E [CEO llx(~)l121 < Co. 

2. stochastically stable (SS) i f  for every initial state 

3. exponentially mean square stable (EMSS) if for ev- 
ery initial state (xo,eo), there exists constants 0 < 
a < 1 and /3 > 0 such that V k  2 0 ,  E [llx(k)l12] < 
B.kllxol12* 

( x O , ~ o ) , P [ l ~ k + ,  Il.(k)ll= 01 = 1. 
4. almost surely stable i f  for every initial state 

It is shown in [lo] that for System (8), the first three 
definitions of stability are actually equivalent and any one 
implies almost-sure stability. Furthermore, the authors of 
[lo] refer to the equivalent notions of MSS, SS, and EMS 
as second-moment stability. We will subsequently refer to 
MSS with the meaning given by these equivalent notions 
of stability. Below we present matrix inequality condi- 
tions for MSS of the MJLS. Theorem 1, which is proved 
in [3], gives necessary and sufficient matrix inequality con- 
ditions for MSS of the system. 

Theorem 1. System (8) is MSS i f f  there exists matrices 

3. Gi - Cj”=1 PijAjTGjAj > 0 for i = 1,. . . , N 

4. Gj - N pijAiGiAT > 0 for  j = 1, .  . . , N 
Our specific application has the structure that p,j = p j  

for all i, j E { 1, . . . , N}. In words, the probability of the 
plant being in mode i at time k + 1 is independent of 
the plant mode at time k. Thus we can actually apply 
the following simplified version of Theorem 1 which is 
presented as a Corollary in [3]. 

Theorem 2. If pij = p j  for all i ,  j = 1, .  . . , N then Sys- 
tem (8) is MSS iff there exists a matrix G > 0 such that 
G - P j ~ j T ~ ~ j  > 0. 

4 Stochastic Stabilizability 
In this section we will apply Theorem 2 to derive an LMI 
condition for controller synthesis. We assume that the 
controller has access to B(k) and the output of the aug- 
mented system, yc(k) ,  but not the system state. The goal 
is to find a dynamic output feedback controller (or show 
that one fails to exist) of the form: 

xc(k + 1) = A e , B ( k ) x ~ ( ~ )  -k Bc,B(k)Yc(k) 
u ( k )  = cc,B(k)xc(k) (9) 

where xc(k)  E Rn is the controller state and the sub- 
script c is used to denote the controller matriceslstates. 
Again, for 8 ( k )  = i E {O,l} ,  we will use Aci, Bci, and 
Cci to denote the state space matrices of this two mode 
controller. We should note that this is not necessarily the 
optimal use of the measurements and knowledge of past 
packet loss parameters. However, this formulation leads 
to computationally tractable results. 

With the controller structure above and the plant mode 
definitions given in Section 2, the closed loop matrices are 
given by: 

where the subscript ’cl’ denotes the closed loop matrices. 
For the closed loop system, the transition probabilities are 
given by: p,[,o = p and pcl,l = (1 - p) .  Apply Theorem 2 
to conclude that the closed loop system is mean-square 
stable if and only if there exists a matrix G > 0 such 
that G - Cf=opcl,jAz,jGAct,j > 0. Let Z = G-l. By 
pre- and post-multiplying this condition by 2 and using 
Schur complements, we obtain a more useful form of this 
condition: 

z 
@A,t,oZ (2T (.;‘I > 0 (11) 

G A c 1 , l Z  0 

Gi > 0 for i = 1,.  . . , N that satisfy any of the following 
conditions: 

1. Gi - AT (E:, Pi jGj )  Ai > 0 for  i = 1, . . . , N 
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System model

The system model for each vehicle is:

x(k + 1) = Ax(k) + Bu(k)

y(k) = Cx(k)

yc(k) = θ(k)y(k) + (1− θ(k))yc(k − 1)

yc(k) is the communicated data.θ(k) is a Bernoulli process withPr[θ(k) = 0] =
p andPr[θ(k) = 1] = 1− p.

• When a packet is lost, the controller will use the latest received information.

• We assume the controller has knowledge ofθ(t).

• We only investigates a string with two vehicles

This problem is investigated under the framework of discrete time Markovian
Jump Linear Systems(MJLS). A necessary condition to make sure the system is
stable is given by a LMI formulation.
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Questions?

15 -15


