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ABSTRACT

The fractional calculus has been suggested as an appropriate mathematical tool
for the description of a wide variety of physical, chemical and biological processes,
in particular non-Debye relaxation in dielectrics. While there have been substantial
improvements in our understanding of the physical interpretation of the results of
fractional differential equations, there is still much unknown. There is, as vet, not even
complete agreement over the notation to be used, let alone the underlying definition
of the fractional derivative.

This dissertation explores the hypothesis that there must be an intimate relation
between the ac and dc response in any given material represented by a dynamical
equation of motion. That at least one of the forms of the fractional calculus does,
in fact, provide a useful and practical tool for describing some of the dynamics of
immediate interest is demonstrated. The process investigated is that of polarization
dynamics in condensed matter dielectric materials. The dielectric material studied in
detail is poly(vinylidine fluoride) (PVDF) which finds use in piezoelectric sensor and
actuator applications. A dynamical model, based on the fractional calculus, is shown
to reproduce both the ac and dc responses to an applied electric field.

Many of the results are directly applicable a wide range of other dynamics includ-
ing mechanical relaxation processes.



CHAPTER 1
INTRODUCTION

This dissertation focuses on the application of the fractional calculus to the prob-
lem of describing polarization dynamics in dielectric materials. The use of fractional
calculus for this purpose has been suggested in the literature but not thoroughly
investigated. In particular, the investigation focuses on the requirement that there
must be an intimate relation between the ac and dc response in any given material
represented by a dynamical equation of motion.

In order to appreciate the statistical interpretation of the results, a discussion of
the problem of anomalous surface diffusion has been included as an appendix. This
will allow comparison and contrast between the study of bulk behavior and individual
particle behavior.

Polarization dynamics in ferroelectric materials, as in all dielectrics, pose a very
complicated problem. Among the complications is the fact that the relaxation re-
sponse is rarely, if ever, a simple exponential function as described by Debye. [1}
Instead a fractional power exponential decay (the “stretched exponential”) of the

form

$(t) = goexp (— (%) a) . (1.1)



2

with 0 < @ < 1, or power law of the form

o(t) = (%) —a, (1.2)

at long times, again with 0 < & < 1, are far more common, to the point of being
referred to as universal responses.

Additionally, at very “low” frequencies, or “long” times, the relaxation current
flowing after application of an external field, the “charging current,” follows a power

law of the form

i(t) = (é) - , (1.3)

with 0 < n < 1. Although many articles in the literature are ambiguous on this point,
it appears to be “universally” true that the “discharging” current follows a different
power-law relation than the “charging” current. What is common is that there are
power-law relations involved in both cases.

Dielectric materials share these non-Debye relaxation responses with mechanical
systems that exhibit non-exponential strain relaxation after removal of an external
stress and power-law creep under continuous stress. Fractional power-law behavior is

the norm in condensed matter dynamics. To quote Ngai:

The relaxation phenomena ... include relaxation, a.c. conductiv-
ity, creep, stress relaxation, internal friction, relaxation observed through
photon correlation spectroscopy, nuclear magnetic resonance relaxation,
spin-echo measurements, transient capacitance (i.e. time resolved) electri-
cal transport, transient optical luminescence, volume and enthalpy relax-
ation and recovery, differential scanning calorimetry, steady flow viscosity,






