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ABSTRACT

Excessive vibration can damage machinery or produce noise pollution. The damping
associated with viscoelastic structural components, such as tires or windows, are difficult, at best,
to predict. This must be quantified to accurately predict vibration response.

The objective is to develop a method to incorporate a constitutive equation to viscoelastic
components subject to vibration, quantifying its effect on vibration response in a computationally
efficient manner. The constitutive equations were developed using fractional calculus.

To this end, the response of a discretized structure subject to internal damping forces
corresponding to a Riemann-Liouville fractional derivative-based constitutive law is investigated
by means of eigenvalue decomposition and substructural analysis. Free response and forced
response is predicted based on linear algorithms developed for the case of proportional damping
and for nonproportional damping. This is used as a basis to develop a laboratory method for
determining appropriate damping parameters for test structures and is compared with similar
algorithms based on velocity damping and Kelvin-Voigt damping.

In addition, this work provides a framework for interpreting experimental data on
structures containing these materials. This framework is based on iteration to find the order of the
derivative(s) associated with the damping as well as the number of vibration modes in the
frequency range of interest. This framework is general enough to handle the case of structures

whose damping is purely proportional to velocity.



As a result, viscoelastic structural response can be predicted using a reduced model; one
that adequately characterizes the undamped system in the frequency range of interest. This can
reduce the size of the matrices that are involved which reduces computational effort. A receptance
function is provided to refine a model based on experimental measurements.

Previous work in this area required solving the entire damped eigenvalue problem or,
alternatively, using time-step integration. This work is unique in that it uses the eigenvalues of the
undamped problem to reduce the damped problem to a maﬁageable size. In addition, it provides a
set of tools for systematically evaluating and updating the theoretical model based on experimental

measurements.
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GLOSSARY OF SYMBOLS

In an effort to help standardize the symbols used in modal analysis, the symbols included
in this document are intended to be consistent with Ewins (1993). The symbols exclusive to
fractional calculus are intended to be consistent with Miller and Ross (1993). Where Ewins or
Miller and Ross do not recommend a standard symbol, every effort has been made to use symbols

that are familiar to the fields of viscoelasticity, modal analysis, and/or finite element analysis.

Mathematical Operators

D V(o) Riemann fractional integro-differential operator

<D’ (9) Liousville fractional integro-differential operator

oD %(e) Riemann-Liousville fractional integro-differential operator
(8) Any lab measured quantity

z Summation

(o) Complex conjugate

Special Functions (see Appendix A for algorithms)

C(x) Gamma Function

I (x) Incomplete Gamma function
exp(x) Exponential Function

erf(x) Error Function

erfc(x) Complementary Error Function
fres(x) Fresnel Function

Xv



gres(x)
Jn(x)
Hy (x)
E(x)
E,(x)

Another type of Fresnel Function
Bessel Function

Struve Function

Expected Value Function
Mittag-Lefler Function

Scalar Quantities

R

i

a;
v

vj

f(r)(Ch.ID
f)(ChIv-)

I mPeexR™°

3

Jgve
.,
=
Lo

>

L3

One component of [c]

One component of [G]

order of the derivative in the Riemann/ Liousville/ Riemann-Liousville integro-
differential operators.

order of the derivative in the Riemann/ Liousville/ Riemann-Liousville integro-
differential operators for the j damping mode.

an arbitrary function in time

applied force

time starting point in the Riemann integro-differential operator
time, seconds

arbitrary constant

dummy variable used for integrating time-like quantities
frequency, radians/second

nondimensional frequency

damping force

mass

modal mass, mode j

modal damping coefficient, mode j

ratio of two receptance functions

integers

term used for fractional derivative in the damping model.
arbitrary constants associated with proportional damping
component i-j of Frequency Response Function matrix

order of the derivative of the i damping mode

in Laplacian Space, this is s to some power

in Laplacian Space, this is the independent variable

LMS error estimate between a;; and @;;

Global LMS estimate error between [a] and [é&]

Eigenvalue
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Vector Quantities

{x} displacement

{u} displacement

{v} velocity

{p} time varying portion of {x} for the equation [ M}{x}+[K}{x}={r ()}

{5} phase space representation of {p}

{4} time varying portion of {y} for the equation [1]{00," y} +{AT'[By}={F®}
{y} vector consisting of {x} and several derivatives of {x}

{r}. {f(t)} extemally applied force
{F}. {F (t)} externally applied force, in phase space

{F;} damping force
{s} modal force
Matrix Quantities
[M] mass matrix
(k] stiffness matrix
[pi ] damping matrix associated with derivative Q;
[¢] eigenvector matrix associated with [ M} +[K{x}={f ("}
[v] eigenvector matrix associated with [/ ]{OD,“ y} +[A]"'[BHy} ={F)}
[zi] modal damping matrix associated with derivative Q;
[7] identity matrix
[0)3] diagonal matrix of natural frequencies associated with [ M {3} +[K{x}={f (1)}
[l] diagonal matrix of eigenvalues associated with
[ oDfy}+[4] ' [BKy}={F ()}
[éq] proportional damping matrix associated with fractional derivative Q; and mode j
[m] diagonal matrix of modal mass
[%] diagonal matrix of modal stiffness
[@] Predicted receptance matrix
[é Laboratory measured receptance matrix
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CHAPTERI

INTRODUCTION

1.1 Scope

The scope of this dissertation is to investigate the effect of linear fractional damping on the
dynamical behavior of multi-degree-of-freedom systems. The damping behavior of viscoelastic
systems can be modeled as proportional to one or more fractional derivatives of position. Since
these materials may be used as major components in vibration isolation and control structures,
such as motor mounts, this damping model may have significant effect on overall structural
vibration. The effect of this constitutive law is investigated in the context of an extension to

traditional modal analysis.

1.2 Objectives

The primary objective of this dissertation is to integrate fractional models of viscoelastic
behavior into modal analysis, both in the theoretical development and in the laboratory
measurements. To accomplish this objective, a fractional-based Kelvin-Voigt damping law is
incorporated into a standard modal analysis formulation. As a linear theory, modal analysis allows
for a natural extension from integer-based derivatives to the more general fractional models.

For many physical systems, it becomes apparent that proportional damping cannot be
assumed. We, therefor, introduce nonproportional damping in the form of modal interactions.

This provides a method for solving these problems so that the matrix sizes remain limited. As an
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example, consider a typical viscoelastic pressure vessel which may be modeled using finite element
analysis and, say, 50,000 degrees of freedom. With the addition of a % order fractional damping
term, the matrices in the eigenvalue solution would grow by a factor of 4. However, by
incorporating the fractional term through modal interactions, the computational effort required to
solve for the dynamical motions is of the same order as solving for the motions of the undamped
system. On a case-by-case basis, care must be taken to quantify the tradeoffs in accuracy.

The secondary objective of this dissertation is to encourage the further exploration of the
use of fractional calculus in viscoelastic modal analysis. To further that end, an example is
included to illustrate how to apply these techniques to a simple problem, as well as to compare the

results of integer and fractional models.

1.3 Organization

This dissertation is divided into 7 chapters;

Chapter I - Introduction - Introduces the scope, objectives, and organization of this work.

Chapter II - Literature Survey - The results of the literature survey concerning fractional
derivatives, modal analysis, and fractional damping. An overview of the
shortcomings of the current literature is included.

Chapter III - Developing Fractional Calculus - Fractional calculus is presented in a basic
form, with just enough background to work on structural dynamics and modal
analysis.

Chapter IV - Developing Fractional Based Modal Model - Fractional calculus, in the form
of a fractional Kelvin-Voight damping model, is incorporated into modal analysis

to predict the behavior of a structure under external forcing.






