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Abstract

To the best knowledge of authors, none of existing literatures is available for the linear independency test of
interval vectors. In this note, we present an effective way for checking the linear independency of interval vectors
and its possible application to the robust control problem, for example in this note, for solve the robust controllability

test and robust observability test of uncertain interval system.

Index Terms

Linear independency, Interval vectors, Robust controllability, Uncertain systems.

. INTRODUCTION

In robust control, the model uncertainty has been effectively and popularly handled by “interval” concept. Great
amount of literatures are available under the name of “interval” for example, interval algebra [1], [2], interval
polynomial [3], [4], Schur stability of interval matrices [5], [6], Hurwitz stability of interval matrices [7], [8], [9],
interval polynomial matrices [10], eigenvalues of interval matrices [11], [12], [13], and robust control with parameter
uncertainty [14], [15]. However, to the best knowledge of authors, nobody has presented any property about the
interval vectors although the interval vector concepts have been introduced in [1], [2]. In this note, our ultimate aim
is to check the linear independency of interval vectors. We will show that sufficient linear independency condition
of interval vectors can be effectively used in checking the robust controllability of the uncertain linear time invariant
(LTI) system.
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The note consists of as follows: In Section Il, we provide sufficient linear dependency and independency conditions
of the interval vectors. In Section lll, the developed linear independency condition of interval vectors is used to

check the sufficient controllability condition of the uncertain LTI system. Conclusions are given in Section IV.

II. LINEAR DEPENDENCY ANDINDEPENDENCY OFINTERVAL VECTORS

Throughout the note, we need the following basic definitions. Our discussions are limited to the real system.

Definition 2.1: A real interval scalar! is defined asz! := [z,Z], wherez,Z € R and for allz € z!, there
exists a corresponding such thatr = Az + (1 — A\)z with 0 < XA < 1, A € R. The n-dimensional real column
interval vectorx! is defined asx! := («1,...,2%)T and then x m dimensional real interval matrix is defined
from the interval vectors as:

I ._ I I I
X' = (xl,XQ,...,x )

m

The interval vector and interval matrix can be written @s= [x,X] and X I — [1 , Y} . Or, they can be written

X

as:x! = [xo — AX,Xo + Ax] and X! = [Xy — AX, Xo + AX], wherexy = X ¥, = y*% Ax = XX and

2 2
X-X
AX = 5

Based on [1], [2], the following interval arithmetics are used in this note.

Definition 2.2: The intersection of two real interval scalarsandy’ is defined ast/Ny’ := {z | z€ 2! and z € yl} .
The union of two real interval scalars andy’ is defined asz! Uy’ := {z | zeal or z € yf}.

Definition 2.3: The addition of two real interval scalars and y! is defined and calculated as! @ 3! =

[ngg,er@} , the substraction is! & y! = [@ — 7,7 — g} , and the multiplication is

ey = [min {gg, z, @,@} , max {zy, zy, Tg,@}]

The division should be carefully defined as [2]:

— = Qif 2 =[0,0]
= ooif 2l =(0,07]

= —ooif 2! =[07,0)
11
r Z

= {1,1} if 27 <0

x' T

= [—o0,00] if z <0 and T >0 1)

Then, the division of two interval scalars is simply defined and calculated’as:y’ = ! @ 2.
Yy



Definition 2.4: Theratio r,, between two interval vectors is defined and calculated as:
NS SN S () G Il
Foy =X\ Y —(:cl@yl,...,a:n@yn)

The addition, substraction, dot-product, and cross-product of two interval vectors and interval matrices can be
defined based on above scalar arithmetics.

The interval arithmetics of a real interval scalar by itself should be distinguished from the arithmetics of two
different scalar intervals. For the LTI systelnwe use the following definitions:

Definition 2.5: If 2’ does not time dependent (i.e., time invariant), the addition of a real interval scalar
defined and calculated as! @ 2! = [z + 2,7 + 7|, the substraction ie! © z! = 0, and the multiplication is
vl @ 2! = [a?, 3%, wherea = min{|z|,|Z|}; 8 = max{|z|, |z|}. The division is defined ast! © 2! = 1 if
x! #£10,0].

Remark 2.1:Definition 2.5 is important, let us consider the following simple interval system:

Tyl = alzy + bu

Y = CTg (2)

wherea! is an interval. For example, in robust control problem, in calculating the impulse response of the system,
we need to multiplye!. If system (2) is time-invariant, then the boundsadf® o’ @ - - - ® o’ should be calculated
by Definition 2.5, not from Definition 2.3. The result calculated by Definition 2.5 will be less conservative than
the result calculated by Definition 2.3.
In linear algebra, the following linear (in)dependency condition of the linear vectors is popularly used.
Definition 2.6: Without interval, whenn different vectors are given agj,...,X,, they are called idinearly
independentff there exist only trivial solutionsd; = as = - -+ = a, = 0) such thata;X; + asXo + - - - + apX, =
0. Otherwise, they ardinearly dependentlf they are linearly independent, any cannot be produced by any
combinations of other vectors.
Now, with the basic definitions given above, we define the linear (in)dependency of interval vectors.
Definition 2.7: With interval, let us suppose we havedifferent interval column vectors given ast, ..., x%.
They are called idinearly independeniff there exist only trivial solutionsd; = as = --- = a, = 0) such that
arxi + agxd + -+ + a,xI = 0. Otherwise, we say that the interval vectors ardiriearly dependent
Before considering the general case, let us first consider the linear independency of two interval vectors. Supposing

that two interval vectors are given as and x}, and based on Definition 2.7, two interval vectors are linearly

IFor linear time varying case, we have to use Definition 2.3.



independent iff there exist only trivial solutions = a2 = 0 such that
CL1X{ + CLQX% = 0. 3)

Here, notice that it is not easy to get solutions for (3) directly. However, if we use “ratio” concept, we can check
the linear independency property easily, which is expressed in the following theorem:
Theorem 2.1:Two n dimensional LTI interval vectors!, y/ with 0 ¢ z{nazlin...nzl, 0 ¢ yinyin...nyl,

are linearly independent iff, from the ratiq, of x!,y!, the following equality holds:
(rxy)l N (rzy)Q n---N (rmy)n - @, (4)

where(r,,); can be defined ay&f.

Proof: Sufficient: Froma;x! + asx! = 0, we have
T T
ai x{,xé,...,xﬂ = —az {y{,yg,-..,yﬂ (5)

From Definition 2.4 and Definition 2.5, and using the commutative and associative property of interval scalars, the

ratio of each elements are

le @?/i[ = (rxy)i
1
Sl = (fy)
i
1
<:>xi[®7®yif = (rxy)i@’yil
Y;
S = (fay)i®y (6)

By inserting (6) to the left-hand side of (5), the followings are true:

T T
ar [(Feyht @ 91, (Fy)2 93, -, (Tay)n @ | = —az [yl uds - 0]

< ai [(I‘acy)l, (r$y)2, e (rgcy)n]T = —a [1, 1,..., l]T
A [(r:ry)la (rry)27 R (rxy)n]T = _%i [17 11 cee 1]T (7)
Here, from (7), we have
()1 0 (Fa)2 00 (g = =2 ®)

so, & = {); thus, by definition, onlya; = 0 is the solution, henceforth, sinde ¢ zinzln... Nzl and

0 ¢ylnyin...Nnyl, we haveas = 0.



Necessity: Let us suppose that

(rcﬂy)l N (rwy)Q n---N (rxy)n 7’5 (Z)»

then we can have, = 0 anda; # 0, or ay # 0 anda; # 0. Thus, by definition, this is not linearly independent.
|
Let us further think the casec =i Nain...Nnal or0 ey Nyl n...Nnyl.
Theorem 2.2:f 0 c i nadn...nazl or0 e yi Nydn...NyL, two interval vectors are then linearly dependent.

Proof: With anya; andas = 0, or with a; = 0 and anyas, the following equality can be true:
ale + a2X§ = 0.

So, By Definition 2.7, the proof is completed. [ |

Although above theorems are effective for checking the linear (in)dependency of two interval vectors, it is
difficult to extend above theorems to more thannterval vectors. Let us suppose that we have three different
interval vectors, which are given as*,y!, z/ and we want to check the linear (in)dependency of them. The first
task is to check the linear dependency between two interval vectors. This task can be performed from proceeding
results, but we also have to check the linear combination case. That is, we have to check if there exist trivial
solutionsa; = as = ag = 0 such that

a1XI + agyI + CL32] =0.
It looks quite tough to solve this simple equation, furthermore our ultimate goal is to find the general case such as:
a1X{ + agxé + -+ CL3XTIL =0.

So, apparently, it is almost impossible to check the linear (in)dependency of the interval Yettatise sequel, we
suggest one simple but very effective sufficient condition for checking the linear (in)dependency of interval vectors
xt,xI .- xI where anx! is an interval vector ifR™. For the accurate description of our idea, we separately

consider three different cases.

Case—1:m>n. Case—2:m=n. Case—3:m<n

2As far as authors are concerned, nobody has suggested this kind of questions and there is no existing solution.



We only investigate Casek- In fact, Case2 and Case} can be investigated using the analysis of ChsEer

convenience, the following concepts are necessary. In the followingn, m > n, matrix

mi1

ma1

ms3i

mMmi1

mi2

ma2

ms32

mMm2

min

maon

ms3n

Mmn

let us select whole possible x n sub-matrices, which are expressed as:

1 1 1
S11 S12 S1n
1 1 1
1 21 S22 Son 9
S = , S° =
1 1 1
Sn1 Sn2 Snn

2

S11 512
2 2
21 S22
2 2
Sn1 Sn2

2 k k
S1n S11 512
2 k k
Son i S21 S22

) b S —
2 k k
Snn Sni Sn2

Then, it is easy to notice that the total number of possible sub-matfitds calculated by the binomial co-

m(m—l)(m—Z')m(m—n—‘rl)

efficient calculation formulax = . Sub-matricesS? are composed of. dif-

n
ferent row vectors ofM. The index ofn different row vectors ofS’ is represented by a set such as:=

{index of row vectors of M}, i =1,...,k. For example, from the matrix
a b c
d e
M = f
g h 1
7 k1

we can find totald different sub-matrices and they are

a b c a b c a b c d e f
St=|d e f|,S?2=|d e f|,S*=|g h i|,S*=|g h i
g h i i k1 i k1 i k1

So, s! = {1,2,3}, s = {1,2,4}, s* = {1,3,4}, ands* = {2,3,4}. For the accurate translation of our idea, we
make definition as:
Definition 2.8: In this note, we call sub-matrices,; = {S", i=1,...,k} assquare seand S? assub-square

matrices andsy; = {s’, i = 1,...,k} is calledindex setand s’ is calledindex



Now, we consider the interval vectox§,x}, - xI. Let us write these interval vectors in an interval matrix
form such as:

X! = (x{,xé,m xI) 9

rn

Then, X! is anm x n interval matrix, so based on Definition 2.8, the corresponding square s&t afan be

. m
found as:Sy = {S*, i =1,...,k} wherek = , and the corresponding index set &f can be found as
n
sx = {s%, i =1,...,k}. Here, we further define the center square matrigesand calculate them as:
Sx. = {S@: i‘;s Q= 1k}

and define the radius square matrideSx and calculate them as:

ASX:{ASZ’:S _i, izl,...,kz}

For our main result, notating the absolute value of a matriky ||A|| = (|a;;|), the following lemma can be
adopted from [16].

Lemma 2.1:For interval matrixX’, let its center matrixX,, be nonsingular and the spectral radiug (Xo) || AX) <
1, then X' is nonsingular.

Now, for the linear independency test of the interval vector set, we suggest the following theorem:

Theorem 2.3:For ST € Sy, if there exists at least one correspondifige Sx, and AS € ASy such thatSy
is nonsingular ang (||(So)~!|| AS) < 1, then the interval vectors],x, - -, xZ are linearly independent.

Proof: Let us considerX! = (x{,xﬁ, e ,x{l), which is anm x n, m > n, interval matrices composed of the
interval vectors. It is a fact that the column vectors are linearly independent if (and only if in the point of “rank”)
the rank of X! is n. Also from the fact that the row rank is equal to the column rank, s§ihas rankn, then
the column rank ofX? is alson. Therefore, if any one of! € Sx has row rankn, then X hasn column rank.

So, by Lemma 2.1, fos, and AS corresponding ta5?, if Sy is nonsingular ang (||(So) || AS) < 1, then X!

has full column rank, because the nonsingular condition is equivalent to the full rank condition. Thus, since the

full column rank indicates the linear independency, the proof is completed. |
Remark 2.2:Theorem 2.3 checks the linear independency of the interval vector set using finite interval matrices

set. The key idea of Theorem 2.3 is to investigate the linear independency of the interval vectors on the form of

interval matrix. Using the fact that the row rank is equal to column rank and the full rank condition is equivalent

to the linear independency condition, Theorem 2.3 easily checks the linear independency of the interval vectors.



However, although Theorem 2.3 is represented in a simple form, the result could be conservative in checking
the conditionp (||(So)~!|| AS) < 1, because|(Sy)~!|| is used. To reduce the conservatism, the following result
can be obtained based on Theorem 2.3.

Corollary 2.1: For at least ones’ € Sy and for its corresponding, € Sx. andAS € ASy, if there exists a
matrix R such that

p(II = RSol + [[R][AS) <1,

then the interval vectors!, x4, -- - x! are linearly independent.
Proof: The proof can be completed by the proof of Theorem 2.3 and theB8rermf [16]. |
Using the proof of Theorem 2.3 and using the results of [16], we also can find the sufficient condition for linear
dependency of the interval vectax$, x4, - - -, x%. Let us use the following lemma for this purpose.

Lemma 2.2:For interval matrixX !, there exist a matrixk and a natural number such that, in element-wisely,
(L +[[I - XoR]), < (AX|[[R]),

wherep € {1,...,n} and(-), representg’ column, then interval matri¥X! is singular.
Proof: See theorens.3 of [16]. |
Corollary 2.2: For all S’ € Sy and for all its corresponding, € Sx, and AS € ASy, if there exist a matrix

R and a natural number such that, in element-wisely,
(I + I = SoR), < (AS[R]),,

then the interval vectors], x4, ---, x! are linearly dependent.
Proof: Theorem 2.3 shows that the interval vectors are linearly independent if there exists at leS5tsoich

that the conditions of Theorem 2.3 hold. So, to eliminate the case of Theorem 2.3, we have to ciséck &ly
for the linearly dependent test. Hence, by checkingsaland based on the proof of Theorem 2.3 and Lemma 2.2,
the proof of Corollary 2.2 can be completed. |

Above results use the inverse 8, but, as commented in [16], this approach may be ineffective in the calculation
of Sgl. Without using the inverse, we can derive the sufficient conditions for checking the linear dependency or
independency. Based on theore#nl of [16], the following result can be derived.

Corollary 2.3: For any S’ € Sy, if there exist at least one correspondifigc Sx, and AS € ASx such that
Amaz (ASTAS) < Amin (S3'S0)

then the interval vectors!, x4, --- x! are linearly independent.



Proof: By theorem3.3 of [16] and due to the same reason as Theorem 2.3, the proof is straightforusard.
The sufficient condition for the linear dependency can also be obtained using eigenvalues as:

Corollary 2.4: For all ST € Sy, if there exist corresponding, € Sx, andAS € ASx such that
Amaz (S550) < Amin (ASTAS)

then the interval vectors!, x4, -- -, x! are linearly dependent.
Proof: By theorem3.3 of [16] and due to the same reasons as Theorem 2.3 and Corollary 2.2, the proof is
straightforward. m
The above results are all sufficient conditions, so the conservatism is indispensable, but if theXsize small,
and a few elements are intervals, then the following direct checking method will be less conservative.

Corollary 2.5: If there exists at least on&’ € Sy such that
det (Sf) £0

then the interval vectors!, x4, -- - xI are linearly independent.

Proof: SinceS! is full rank if det (SI) # 0 and due to the same as Theorem 2.3, the proof is immedmte.

Next, let us consider Casewhich ism < n with interval vectors<!, x4, - - -, x. andx! € R™. This problem is
dual to Casé-, because, in this case, we can also define “square set” and “index set” as done in Tase-using
the same procedure as performed in Theorem 2.3 and in above corollaries, the linear independency and dependenc
can be checked. However, in Caseit is recommended checking the linear dependency of two column vectors
using Theorem 2.1 first. This approach will save the computational amount. In2Casee X’ is an interval

matrix, without making square set and index set, directly Qasesults can be utilized.

A the expense of the huge computational amount and an iteration loop, we can further derive the necessary
and sufficient condition for all theorems and corollaries above. As an example, we only provide the necessary and
sufficient condition of Theorem 2.3. The following is the result:

Theorem 2.4:The interval vectors!, x4, -- -, x! are linearly independent if and only if, for ai§/ € Sx, there

is a finite set of subinterval matrices 6f (i.e., {(Sf)i, (Sf)l} C [ﬁ, ?} =5 i=1,.. .,l) such that

i=l

53] - U [is1. 7]

=1

and (S7); holds the conditions of Theorem 2.3.

Proof: From [8], [17], [18], the proof can be performed easily. |
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In this section, we suggested “linear dependency” and "linear independency” problem of “interval vectors”.
Even though it looks as an NP hard problem, we solved these problem by forming interval matrices. Our key
idea is straightforward and simple, hence the sufficient conditions are also very simple. Notice that in interval
vector, in addition to the linear dependency and independency problems discussed in this note, there exist many
interesting issues such as “interval vector norm”, “null space of interval matrices”, “interval multi-input control
problem”, and etc. Authors observe that the linear independency and dependency problem of interval vectors can
be attacked in other mathematical frameworks. These works will be further studied in our future efforts. In next
section, we will show that the linear (in)dependency property of interval vectors can be effectively used in checking
the robust controllability and observability of the uncertain interval LTI system or the robust un-controllability and

un-observability of the uncertain interval LTI system.

I1l. ROBUSTCONTROLLABILITY TEST OFINTERVAL SYSTEM USING INTERVAL VECTORS

The robust controllability problem of uncertain linear system has been steadily studied in [18], [17] and therein
references. Most notably, the methods suggested in [18], [17] provide algebraically elegant derivations. However,
unfortunately, their methods, in instinct, cannot avoid the conservatism; hence regardless the algebraic simplification,
their significance could be limited. In this section, we provide an alternative method developed based on interval

vectors, which is very simple but much less conservative. The following LTI uncertain system is considered:
& = Az + Bu (20)

wherez € R", u € R", A € R™", B € R™", ranKB) = r, andA € Al = [A, A] and B € B! = [B, B]. We
call the interval uncertain system (10) is controllable if ra@tk) = n, where
cl=[BL,A'oB Ao AleB!,. ... Al®. . -® Al@BI]
n—r
which isn x (n —r + 1) - r interval matrix. For conveniencep = (n — r + 1) - . In fact, the main source of
conservatism of [18], [17] is due to the fact that they us&dwithout any modification for the controllability test.
We explain this in more detail in the sequel.

First let us consider the case without interval such as:
T = Apz + Bou (11)
and corresponding the controllability matrix like

Co = [Bo, Ao By, (A9)*Bo, ..., (Ag)" " By).
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If the system is controllable, then always ré@k) = n. To distinguish the interval case from the without interval

case, let us suppose that the rank of following sub-matrig'of
Ct = [Bo, AoBo, (40)*Bo, .-, (A0)" "By

whereq > 1, is n (i.e., ranKC{)) = n). Then, without interval, it is always true that rddK) = rank(Cy) = n.

Now, let us include interval. In this case, we have to check the rak pbut sinceC’ is n x m interval matrices,

it is not easy to find the rank of'/. Thus, in [18], [17], inevitably, they tried to find some inequality conditions

in matrix norm to guarantee the sufficient conditions of LTI interval system (se€3EY.in [17] and Eq.(10) in

[17]). Using these inequalities, they found the upper boundaries for sufficient condition, but in this upper boundary
calculation, the formula is so conservative (see the derivation of Theadrem[18] and Eq.(3.6) of [17]). So,

even there is ignorable interval uncertainty(ii’)’, which is defined as:

Yy =B, A'eB Al AleB!,... Ale...@ Al oB
n—r—q
the overall upper bounds are calculated from the maximum interval uncertainfy.oo, the controllability
checking methods of [18], [17] instinctively are conservative. Hence, their approach must investigate the sufficient
conditions based of/ using maximum interval uncertain element of the intet&l This is the main reason why

their methods are so conservative.

However, if we can check the rank 6 directly, the result will be much less conservative, which can be done
by checking the linear independency property of the interval vectors. Based on the results of Section Il, easily we
have the formula for controllability check of the uncertain LTI system:

Theorem 3.1:If the controllability matrixC! satisfies the linear independency conditions of Theorem 2.3, then
the uncertain interval system is controllable.

Proof: Since the interval system is controllable if its controllability matrix has ranknd the full rank

condition is equivalent to the linear independency condition, the proof is immediate. |

Corollary 3.1: If the controllability matrixC! satisfies the linear independency conditions of Corollary 3.1, then
the uncertain interval system is controllable.

Next, let us compare the test results using the three examples given in [18].

Examplel:
1£0.05 0 0 1 0

Ae Al = 0 14004 14£003] B=10 0
0 ~240.08 4404 0 1
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The controllability matrixC' is calculated from the interval arithmetics as:
1 0 1£0.05 0
cec'=|0 0 0 1+0.03
0 1 0 4404

So, we have four sub-square matrices:

1 0 1+0.05 10 0
Stelo o 0 ;820 0 1+0.03 |;
0 1 0 0 1 4404
1 1+0.05 0 0 1+0.05 0

S$3elo 0 1+0.03]:5%€¢ |0 0 140.03

0 0 4+0.4 1 0 4+0.4
Then, fromS?, we have
1 0 0 0 0 0
S2=10 0 1|; AS?=]0 0 0.03

0 1 4 0 0 04

Therefore, sinces3 is nonsingular ang (||(S3)~!(| AS?) = 0.03 < 1, easily we confirm that the interval system
is controllable. However, in [18], they conclude that their method cannot check the controllability directly, which
is due to the conservatism of their method. Clearly, our method is much less conservative. In [18], the following

sign variant problem was given:

Example2:
04 0.05 0 0 1 0
Aec Al = 0 14004 14+003]| B=]0 0
0 0+008 0404 0 1

The controllability matrixC' is calculated as:

1 0 040.05 0
cecl=10 0 0 140.03

01 0 0+04
So, we have four sub-square matrices:
1 0 040.05 1 0 0
stefo o 0 ;520 0 1+003 |;

0 1 0 0 1 0+£04
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1 0+0.05 0 0 0+£0.05 0
S3elo 0 1+0.03 [;8*e |0 0 1+0.03
0 0 0+04 1 0 0+04
From $2, S is nonsingular ang (||(S3)~!|| AS?) = 0.03 < 1. So, regardless the sign variation, easily we find
that the interval system is controllable. However, in [18], they used contrlléo guarantee the controllability,
but as resulted from our method, the system is already controllable. So, their approach requires the extra work,

which is not necessary in our method. The following example includes the interval in

Example3:
140.02 0 0 140.025 0
Ac Al = 0 14002 140.02| BeB! = 0 0
0 —240.05 4+0.09 0 140.02

The controllability matrixC' is calculated as:

140.025 0 1+ 0.0455 0
Cecl= 0 0 0 14 0.0404
0 140.02 0 4+0.1718

So, we have four sub-square matrices:

1+0.025 0 14 0.0455 1+0.025 0 0
Ste 0 0 0 8% € 0 0 140.0404 | ;
0 1+0.02 0 0 1+0.02 4+0.1718
1+0.025 1+0.0455 0 0 14 0.0455 0
S3 e 0 0 140.0404 | ;5% e 0 0 1+ 0.0404
0 0 440.1718 1+0.02 0 440.1718

Since fromS?, S3 is nonsingular and (|[(S3)~!|| AS?) = 0.04 < 1, the system is controllable. From these
examples, it is clear our method is much simple and much less conservative than the existing method in checking
the robust controllability of the uncertain LTI system. The robust observability is dual to the robust controllability

problem and can be verified based on our method easily.

IV. CONCLUSIONS

In this note, we suggested the concept of “linear dependency” and “linear independency” of interval vectors and
for the possible application, we applied our result to the robust controllability test of the uncertain interval LTI
system. With much less conservatism, we could verify the controllability of the existing examples easily. This is

just one possible application of the independency property of interval vectors. In our future efforts, we will consider
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more applications of interval vectors in checking the stability of the uncertain system.
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