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Abstract

In this paper, we present an iterative quadratic programming approach to design stable IIR digital differentiator. At
each iteration, the cost function is transformed into a quadratic form by treating the denominator polynomial obtained
from the preceding iteration as a part of the weighting function, and the pole radii are constrained to lie in the unit circle
by using the implications of Rouche’s theorem. After solving the standard quadratic programming problem at each
iteration, the design algorithm converges to a stable and truly weighted least-squares solution. Design examples
demonstrate that our method provides a better design results than the conventional quadratic programming
method. © 2000 Elsevier Science B.V. All rights reserved.

Zusammenfassung

In dieser Arbeit stellen wir ein iteratives Verfahren der quadratischen Programmierung vor, um stabile digitale ITR
Differenzierer zu entwerfen. Bei jeder Iteration wird die Kostenfunktion in eine quadratische Form dadurch transfor-
miert, da das aus der vorhergegangenen Iteration erhaltene Nennerpolynom als Teil der Gewichtsfunktion behandelt
wird, und die Polradien durch die Ausnutzung des Rouchéschen Theorems auf das Innere des Einheitskreises beschrankt
werden. Nach der Losung des gowohnlichen Problems der quadratischen Programmierung innerhalb jeder Iteration
konvergiert der Entwurfsalgorithmus zu einer stabilen und echten gewichteten Kleinstequadratelosung. Entwurfsbei-
spiele zeigen, dal die Methode bessere Ergebnisse liefert als die gewohnliche Methode der quadratischen Program-
mierung. © 2000 Elsevier Science B.V. All rights reserved.

Résumé

Nous présentons dans cet article une approche de programmation quadratique itérative pour la conception de
deifferentiateurs numériques IIR stables. A chaque itération, la fonction de coilt est transformée en une forme
quadratique en considérant le polynome du dénominateur obtenu a la précédente itération comme partie de la fonction
de pondération, et les poles sont contraints a se situer a I'intérieur du cercle unité a ’aide des implications du théoréme de
Rouche. Apres résolution du probléme standard de programmation quadratique a chaque itération, 'algorithme de
conception converge vers une solution aux moindres carrés réellement stable et réellement pondérée. Des exemples de
conception montrent que notre méthode fournit de meilleurs résultats de conception que la méthode par programmation
quadratique conventionnelle. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Conventionally, digital differentiator (DD) is
a very useful tool to determine and estimate the
time derivatives of given signals. For example, in
radars and sonars, the velocity and acceleration are
computed from the position measurements using
differentiators [15]. In biomedical engineering, it is
often necessary to obtain the higher order deri-
vatives of biomedical data, especially at low-
frequency ranges [20]. In image processing, the
derivatives at high frequencies are useful for detect-
ing the edges [9]. So far, several methods have been
developed to design FIR and IIR digital differenti-
ators. An excellent survey of the differentiators de-
sign has been presented in tutorial paper [6].

During the past three decades, FIR digital differ-
entiator have been designed by various methods.
The earliest attempt to design an FIR differentiator
was by Kaisor who used the Fourier series method
for designing a wideband DD [2]. However, the
Fourier series is well known for its slow conver-
gence and truncation of the Fourier series gives rise
to Gibbs phenomenon. To improve the perfor-
mance, various optimization techniques are de-
veloped to obtain efficient FIR DDs such as Remez
exchange algorithm [12] and eigenfilter approach
[13]. Recently, the methods based on least-squares
error criterion are used to design high-order FIR
DD satisfying prescribed specification [17,18].

On the other hand, IIR digital differentiators
have been designed by using linear and nonlinear
programming methods [4,14,197]. In [14] the coefhi-
cients of IIR DD are obtained by minimizing
a square error. However, this method cannot be
used to design DD with constant group delay re-
sponse. In [4] linear programming (LP) algorithm
is employed to design DD with the prescried mag-
nitude and group-delay response. Unfortunately,
this method requires considerable computing time
and a large memory space. In [19] a quadratic
programming (QP) technique is developed to de-
sign a stable IIR DD. Compared to the LP method,
QP approach has a slower computational complex-
ity and smaller variation of magnitude and group-
delay errors. However, there are two disadvantages
in this QP method. One is that the stability con-
straint is a sufficient one which is too restrictive, the

other is that an approximation is made in the
derivation of the cost function. Thus, the perfor-
mance of QP method in [19] can be improved by
removing these two drawbacks. This is the purpose
of this paper.

This paper is organized as follows. First, the
design problem of IIR digital differentiator is de-
scribed in Section 2. Then, the conventional QP
method is reviewed briefly in Section 3. Two draw-
backs of this method are also pointed out. One
concerns the approximation of the cost function,
the other concerns the stability constraint. In Sec-
tion 4, an iterative QP method is proposed to
eliminate the drawbacks of conventional QP
method. Finally, several design examples are de-
monstrated to illustrate the effectiveness of the pro-
posed approach.

2. Problem statement

The transfer function of IIR digital filter can be
written as

B(z) by + biz V4 byz724 -« +byz N

H(z) = —= =
@ A(2) 1+az Y +az7 2+ - +ayz ¥
t
()b
= B (1)
1 +q1(Z)a
Whel‘e a = [al A aN:lt, b = [bo bl A bN]l,

qi(z)=[z"" - z7"], and gq.(2)=[1z"" -
z~ ] Now, the problem is to find the filter coeffi-
cient vectors @ and b such that the frequency
response H(e'”) fits the following rth-order differen-
tiator response D(e'®) as close as possible:

D(ei®) = M(w)e!. ?)

The magnitude response M(w) is given by
(,U r

M(w) = <> A3)
T

for 0 < w < w,, where w, is the upper passband
edge frequency. The phase response ¢(w) is given
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by

plo) =5 — 7o, @

where 14 is a prescribed constant group delay
whose value is set to be between N — 1 and N/2.
With a given weighting function W(w), the
weighted squares error between the desired and
actual frequency responses can be defined as

J(ab) = J W (o)D) — H(e)|* do, )

where the integral region is given by R = [0, w,].
As can be seen, the minimization of J(a, b) leads to
a nonlinear problem, so there are multiple min-
imum points of the cost function J(a, b). Thus, dif-
ferent minimum points may be obtained from
different initial points when nonlinear program-
ming methods are used to find the optimal solution.
Moreover, to obtain a stable IIR differentiator
H(z), stability constraints must be imposed on the
coefficient vector a. That is, the design problem
becomes

Minimize J(a,b)
Subject to The poles of H(z) are inside unit circle.
(6)

Reduce the cost function J(a,b) to be a quadratic
form and linearize the stability constraint, this
problem can be solved by a quadratic program-
ming (QP) approach which is better than linear
programming method in terms of the computa-
tional complexity and the variation of the magni-
tude and group-delay errors [19]. In this paper, an
improved quadratic programming approach is pre-
sented to solve this design problem. Experiments
will be made to show that the new QP method is
better than the conventional QP method in terms
of squares error defined in Eq. (5).

3. Conventional quadratic programming method
In this section, a quadratic programming method

developed in [19] for designing recursive differenti-
ators with constant group-delay characteristics will

be first reviewed briefly. Then, two remarks about
this method are made. The cost function J(a,b) in
Eq. (5) can be expressed as

2

B(e'®)
A7)

J(a,b) = J W(w)’D(ej“’) —

W(w) . ) o2
= | ——=5|D(e’*)A(e'”) — B(e"”)|* dw. (7
In [19] neglect the term |A(e'®)|* underneath W (w)
in Eq. (7), leading the following modified cost func-

tion:

J(a,b) = J W (w)|D(e®)A(e'”) — B(e'”) dw

=LW@WWM+WWW
— g5(@)b]” do>
- L W (o)D) + ®'(e')x|* do, ®)
where
mw:FW%@”}x:F}
— () b

After some manipulation, Eq. (8) can be written as
Jx) = x'Ox + 2p'x + ¢, )

where

0= J W (w)Re((e") ")) do,
pP= J W (w)Re(D*()P(e’)) doo,

c= j W (w)|D(e*®)|* dw.

In [19] in order to make IIR filter H(z) be stable,
a stability constraint imposed on the denominator
polynomial A(z) is given by

Re(A(z) = for |z] = 1, (10)

where Re(A4(z)) denotes the real part of A(z) and 0 is
a small positive number. From Egs. (1) and (10), we
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obtain
—a'Re(q; () <1 -6 for0<0<m (11)

Let ® ={0;]i=1,...,L} be the set of grid points
on [0, t]. Using matrix notation, condition Eq. (11)
on set ® becomes

Gx < (1 — d)e, (12)
where

— Re(qi(e™) 0 1
e N I |

- Re(éll (™) 0 i

Thus, the design problem becomes a standard
quadratic programming (QP) problem below:

Minimize x'Qx + 2p'x + ¢
Subject to  Gx < (1 — d)e. (13)

With a positive definite Q, the solution of QP
problem can be computed efficiently. For details
one can refer to [11]. Now, two remarks about this
method are made as follows. One concerns the cost
function J(a,b), the other concerns the stability
constraint.

Remark 1. From cost function J(a, b) to J(a, b), the
term |A(e’*)|* underneath W(w) is neglected. Thus,
the rational function B(z)/A(z) that minimize J(a, b)
does not necessarily minimize J(a,b); hence, the
solution obtained by solving Eq. (13) is, in general,
not optimal in the least-squares sence. In next sec-
tion, an iterative QP approach will be proposed to

remove this drawback.

Remark 2. In Eq. (11), a constraint that is linear
w.r.t. the denominator polynomial coefficient a is
used to guarantee stability. The severe drawback of
these linear constraints is the fact that they are
sufficient but not necessary for stability. In numer-
ous experiments, we were always able to find better
stable solutions that do not satisfy these con-
straints. Recently, an interesting and relevant devel-
opment about this problem is the use of Rouche’s
theorem for the design of stable IIR filters. In the

next section, we will use Rouche’s theorem to solve
the stability problem.

4. Iterative quadratic programming method

In this section, an iterative QP method is pre-
sented to design IIR differentiator such that the
performance of conventional QP method can be
improved.

4.1. Cost function

Instead of neglecting the term |A(e'”)|* under-
neath W(w) in Eq. (7), the optimization problem
can be solved by the following iterative scheme:

J(ay, by)

B Lﬁlmemkw — By(&)? do, (14)

where Ai(e™) = 1 + ¢! ('”)ar, Bi(e'”) = ¢5(e™)by,
a, and b, are the parameter vectors to be deter-
mined in the kth iteration. The iterative scheme in
Eq. (14) has also been used in Eq. (5) of Ref. [10].
The initial vector a, can be chosen quite arbitrarily,
except that 4,(z) must be stable. For example, one
may choose ao, = [0,0,...,0]'". At the k — 1 iter-
ation, 4, _(e’”) is known and stable, hence, Eq. (14)
can be rewritten as

Jilxr) = j Wi—1(@)IDE™) + @) x> do, (1)

where
P(ei?) = |:D(ejw)q1(?1w):|’ X = |:ak:|’
—q(e) by
L)
W = e 1o

After some manipulation, Eq. (15) can be written as

Jix) = x, Q- 1 X + 2pi— 1 Xk + i1, (17)
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where

01 = L Wi 1 (0)Re(@(e'?)@"(e’) dw,
Pio1 = f Wi _ 1 (w)Re(D*(e*) (') dw,
Ck-1 = J Wi 1(@) D) do. (18)

4.2. Stability issue

The rational function generated from the kth
iteration must be stable. Thus, some stability con-
straint must be imposed on the polynomial A4,(z).
Although to transform the stability constraint into
a set of linear constraints is a difficult problem,
Lang has proposed an interesting method to solve
this problem recently [7]. This method is mainly
based on Rouche’s theorem:

Rouche’s theorem. Iff(z) and ¢(z) are analytic inside
and on a closed contour C, and |g(z)| < |f(z)| on C,
then f(z) and f(z) + g(z) have the same number of
zeros inside C.

A proof of Rouche’s theorem can be found in [5].
Now, let the contour C be the unit circle and the
denominator polynomial 4, _(z) at iteration step
k — 1 has all its zeros inside unit circle, then, ac-
cording to Rouche’s theorem, the denominator
polynomial in the next iteration k is given by

Ak(Z) = Ak_l(z) + O(Ak(Z), O<a<l1 (19)

will also have all its zeros inside unit circle if the
following condition is satisfied:
|4k (2)] < |Ak-1(2) — 0, |zl =1, (20)

where 0 is a small positive number. Since two
polynomials A4,(z) and 4,(z) are given by

Ai(2) = diq:(2),

Az) =1 + aiq, (2), (1)

where ¢4(z) has been defined in Eq. (1) and

a, = [ay,az,...,ayx i,

d. =[d,ds,...,dy]k,

so Eq. (19) can be rewritten as

a, = a,_ + od,. (22)
Substitute Eq. (22) into x;, in Eq. (16), we obtain

@iy + ody a1 dy
X, = = + o 1
by 0 2D
=Up—q + P, (23)

where vectors u;_; and y, are defined by

Ay -1 dy
= , = . 24
e |: 0 :| e |:01cbk ] 29

Now, let us study the constraints in Eq. (20). Let
O = {6;]i=1,...,L} be the set of dense grid points
on [0,r], then this constraint, on the set @, reduces
to

4@ < A1 (™) — 5, i=1,..,L. (25)
Let g; = |4, 1(¢'")| — 9, the vectors

r; = Real(q, (¢!")),

si = Imag(q:(e™))

and two scalars

z; = ds;, (26)
then Eq. (25) becomes

Obviously, it is a quadratic constraint of the coeffi-
cients d,. Now, this quadratic constraint can be
converted to the linear constraints by approximat-
ing a circle with an octagon shown in Fig. 1. This
approximation technique has also been used in the
design of FIR filters in the complex domain [3].
Thus, the quadratic constraint in Eq. (27) can be
approximated by the following linear constraints:

nm e nm - T
cos 1 v; + sin ) z;| < g; cos g )

n=0,1,23i=1,..,L (28)

v; = dyr,
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Fig. 1. Approximation of a circle with an octagon.

It is clear that if (v;,z;) satisfies the linear con-
straints in Eq. (28) simultaneously, the (v;, z;) must
satisfy the quadratic constraint in Eq. (27). Substi-
tuting Eq. (26) into Eq. (28), we obtain

Tidk<hi, i:1,...,L, (29)

where matrix 7; and vector h; are given by

- r;
A
i
(r,\/t_;)t
(r- +s»)l

2
Ti: N

— (R -
, h; =g;cos|—
s ! <8>

st

(—:'/»%-s )t
— )

i=1,..,L (30)

O N VG UG Gy

Using Eq. (24) and matrix notation, the stability
condition in Eq. (29) becomes of the following lin-
ear form:

Ty, <h, 31)

where
Tl hl
T, 0 h
= |, h=| "] (32)

4.3. Design algorithm

After investigating the cost function and the stab-
ility issue, let us combine these two results to obtain
the final design algorithm. Substituting Eq. (23)
into Eq. (17), the cost function becomes

Jix) = x4 Qk— 1X, + 2pi— 1 X5 + Ci—1
= (w1 + i)' Q1 (-1 + o)
+ 2pi— 1 (k-1 + op) + Cr—1

=kO— 1k + 2Pi— 1V + Ci—1, (33)
where
Oc-1 =201,
Pri—1 = 0Q_qup—1 + oapr_1, (34)

= t t
Ch1 = U 1O 1U—1 + 2pi U1 + Cpq.

Incorporate the stability constraint in Eq. (31), the
design problem becomes the standard quadratic
programming form as follows:

ViOQ— 1V + 2Pi— 1V + Gy
Subject to Ty, < h.

Minimize

(35)

Based on the above description, we propose an
iterative quadratic programming algorithm for ob-
taining the coefficients @ and b as follows:

Step 1: Given the specification D(e'”) of digital dif-
ferentiator, weighting function W(w), number of
grid points L, parameters « and 6.

Step 2: Set the initial denominator polynomial
Ao(z) =1, 1ie., initial coefficient vector a, =
[0,0, ...,0]". Moreover, set vector y, = [0,0, ...,0]'
and k = 1.

Step 3: Use Eq. (18) to compute @y, px—1, and
Ch—1-

Step 4: Use Eq. (34) to compute @;_ 1, px_1, and

Ek*l'
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Step 5: Use Egs. (30) and (32) to compute the stabil-
ity constraint parameters 7 and h.

Step 6: Solve the quadratic programming problem
in Eq. (35) to obtain the coefficient y;.

Step 7: Obtain d, and b, from y, by using the
relation in Eq. (24).

Step 8: Compute a, by using Eq. (22), i.e.,

a, = a1 + OCdk.
Step 9: Terminate the iterative procedure if

[Vk Yi—1l
il

where ¢ is a preset positive number. Otherwise, set
k =k + 1 and go to step 3.

Now, let us present a sufficient condition for the
convergence of the proposed algorithm. Define the
ratio

\,,

_ lyi+1 —will

K= . (36)
|y — yi-1ll

It can be shown that if #, has a less-than-unity
upper bound, i.e.,

m<y<l1 (37)

for k > K where K is a positive integer, then se-
quence {y,} converges. As a matter of fact, this
condition implies that

= Yi—1ll. (38)

So for sufficiently large m and n with m > n > K,
we have

e+ 1 — pell < Vllye

,yn—K+1 —
1 —

m—K+1

lym — wall < lye —yx-1l - (39)
which approaches zero when m,n — oo, and hence
{yx} is a Cauchy sequence in a finite-dimensional
Euclidean space. If ¥ is the operator that maps
Vi 0 Y11, 1.6, P(¥c) = ye+1, then the above suffi-
cient condition is equivalent to

— Vi-1ll- (40)

In other words, {y, } is convergent if ¥ is a contrac-
tion mapping. Although a rigorous proof is not
available to date, the proposed algorithm was al-

1P (yi) — Y-l < yllyk

ways successful in producing {y,} with ratio
e < 7y < 1in our extensive simulation study.

The proposed design algorithm for the stable ITR
differentiators depends on the existence of efficient
algorithms to solve the quadratic programming
(QP) problems which have been known for a long
time. In the context of FIR filter design, several
algorithms for solving the constrained least squares
problem have been presented [1,8]. On the other
hand, using QP to design IIR filter is also investi-
gated recently [10,16]. In this paper, the subroutine
QP.m in the optimization toolbox of MATLAB
software is used to solve QP problem.

5. Design examples and comparisons

In this section, two examples are presented to
illustrate the proposed design methodology. The
weighting function chosen in the following exam-
ples is W(w) = 1.

Example 1 (First-order differentiator). In this
example, a first-order differentiator with the follow-
ing specification is designed:

D(ei®) = Cc) >(sin(rdw> +jcosito). 0<o <o,
(41)

where w, = 0.9m and 74 = 13. The filter order N is
set to be 15. When the iterative QP algorithm with
¢ = 10~* number of grid points L = 200, o = 0.99
and 0 = 0.001 is used to design this filter, the algo-
rithm converges after 7 iterations. The magnitude
response of this differentiator is shown in Fig. 2(a),
while the group delay response is depicted in Fig.
2(b). It is clear that the specification is well satisfied
in the passband [0, @, ]. The maximum modulus of
the filter poles is 0.9981; hence the filter is stable.
Moreover, the design results of conventional QP
method in [19] are also shown in Fig. 3(a) and (b).
In order to compare the performance of our
method with conventional QP approach, a true
squares error Err is defined by

Err = J " B do, 42)
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Fig. 2. Frequency response of the first-order differentiator with
w, =09n, N =15 and 74 = 13: (a) magnitude response de-
signed by iterative QP method, (b) group-delay response de-
signed by iterative QP method.

where |E(w)| = |D(e'®) — H(e¢'®). The smaller the er-
ror Err, the better the design result is. In this
example, the squares error Err of the proposed
iterative QP method is equal to 2.4293 x 10~ 8, and
Err  of the conventional QP method is
9.1157 x 10~ 8. Thus, the proposed iterative QP
method have a smaller design error than the con-
ventional QP method. The main reason is that two
drawbacks in conventional QP method have been
removed in the proposed QP method.

Example 2 (Second-order differentiator). In this
example, a second-order differentiator with the

©
®

o
o

(a)

©
IS

amplitude response

o
N

0 0.2 0.4 06 0.8 1
normalized frequency =

o

w

o
T

(b)

group delay
»
s

e
N
&)

-
N
T

-
N
(¢,

11 . . . :
0 0.2 0.4 0.6 0.8 1
normalized frequency ¢

Fig. 3. Frequency response of the first-order differentiator with
w, =09n, N =15 and 14 = 13: (a) magnitude response de-
signed by conventional QP method, (b) group-delay response
designed by conventional QP method.

following specification is designed:
. w 2
D) = — <E> (cos(tqw) — jsin(tqw)),

0 <o <o, 43)

where 14 = 14 and @, = 0.95n. The filter order N is
set to be 17. When the iterative QP algorithm with
e=10"% L =200, o = 0.99 and 6 = 0.001 is used
to design this filter, the algorithm converges after
7 iterations. The magnitude response of this differ-
entiator is shown in Fig. 4(a), while the group delay
response is depicted in Fig. 4(b). It is clear that the
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Table 1

865

The number of iteration of convergence, Err, and the maximum pole modulus for various parameters L, o, and o

Number
of iteration

L o 0 of convergence Err Pole modulus
100 0.9 0.01 9 1.4793x 1077 0.9628
0.001 9 4.1695x 108 0.9965
0.99 0.01 8 79788 x 1078 0.9463
0.001 8 1.9276 x 108 0.9900
200 0.9 0.01 8 1.4580x 107 0.9642
0.001 8 3.8233x 1078 0.9989
0.99 0.01 7 7.8945x 1078 0.9482
0.001 7 1.8890x 108 0.9896

©
™

o
[2)

o
N

amplitude response

0 0.2 0.4 0.6 0.8 1
normalized frequency ¢

17

-
o

-
¢,

(b)

group delay
N

-
w

-
N

11 ~ ‘ - :
0 0.2 0.4 0.6 0.8 1

normalized frequency ¢
Fig. 4. Frequency response of the second-order differentiator

with w, = 0.95t, N =17 and 74 = 14: (a) magnitude response,
(b) group-delay response.

specification is well satisfied in the passband
[0, w,]. The maximum modulus of the filter poles is
0.9896; hence the filter is stable. The resultant
squares error Err in this design is equal to
1.8890 x 10~ 8. Moreover, the squares error Err de-
signed by the conventional QP method in [19] is
3.7392x 10”7, Thus, the proposed iterative QP
method have the smaller design error than the
conventional QP method.

In order to investigate the effect of the para-
meters L, o and § on the designed results, Table
1 lists the number of iteration of convergence, Err
and the maximum pole modulus for various para-
meters. It is clear that the errors Err are all smaller
than the Err (3.7392x 10”7) of the conventional
QP method. There are three observations as fol-
lows: (1) When o and ¢ are specified, the larger L is
preferred. This is because L is introduced to convert
the semi-infinite programming problem into a finite
programming problem. The larger the L, the better
the approximation is. (2) When L and o are chosen,
the larger o, the smaller the maximum pole
modulus is. Thus, the parameter ¢ can be used to
control the maximum pole modulus. (3) When
L and ¢ are specified, the larger the o, the faster the
convergence speed is. This is because o is a step size
to update A4, _(z) into A.(z) (see Eq. (19)).

6. Conclusion

In this paper, an iterative quadratic program-
ming approach has been presented to design stable
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IIR digital differentiator. At each iteration, the cost
function is transformed into a quadratic form by
treating the denominator polynomial obtained
from the preceding iteration as a part of the weight-
ing function, and the pole radii are constrained to
lie in the unit circle by using the implications of
Rouche’s theorem. After solving the standard quad-
ratic programming problem at each iteration, the
design algorithm converges to a stable and truly
weighted least-squares solution. Design examples
demonstrate that our method provides better de-
sign results than the conventional quadratic pro-
gramming method.
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