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Abstract

This paper is concerned with the linear-quadratic op-
timal control of a rod whose damping mechanism is de-
scribed in terms of fractional derivatives. A state-space
representation of the original system is obtained by a
suitable transformation. This transformation is based on
the description of the heredity of the system through an
additional state variable and thereby allows the solution
of the quadratic optimal control problem to be simply
determined. Some numerical simulations are provided
also with the aim of demonstrating the legitimacy of the
approach in the experimental field.

1. Introduction

Over the last decades, there have been several researches
on the modeling, analysis and control of beams spurred on
by the increasing use of flexible structures in space tech-
nology. In particular, the significance of properly mod-
eling internal damping in the control of structures has be
repeatedly stressed. As a result, various damping models
have been devised in order to take into account the phe-
nomenon of dissipation in structures. Among them are the
well-known internal viscous damping mechanisms, the ther-
moelastic damping mechanisms [3} and the relatively more
recent shear-diffusion damping model [12].

The purpose of the present paper is to treat the optimal
linear quadratic control of the axial vibrations of an elas-
tic rod in the presence of fractional damping mechanism.
The idea of utilizing fractional calculus in the modeling of
constitutive relations in viscoelastically damped structures is
not new. In fact, it dates as far back to 1960 [2]. Though
originally suggested by mechanical engineers, on the ba-
sis of experiments, the utilization of fractional calculus for
the modeling of viscoelastically materials now enjoys a firm
theoretical basis.

Unfortunately, the control (unlike the modeling) of frac-
tionally damped structures has not received as much atten-
tion. This may be partly attributed to the fact that, when it
comes 1o the question of optimal quadratic control problem,
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fractionally damped systems (being part of the integrodif-
ferential theory) do not benefit from a theoretical setting as
convenient as the one provided by the semigroup theory. In-
deed, to the authors’ knowledge, there is no direct approach
to solving the quadratic cost control problem for general
integro-differential systems. Recently, there have been a
number of important attempts to deal with this problem (see
[4] and the references therein) but the assumptions made
there are such that these works do not cover our model.

By economy of space some of the proofs of the results
and some lengthier explanations may be found in to a forth-
coming paper [S].

2. Fractional calculus

let f:[0,+00) — (—00, +00) be a real-valued
function. The fractional integral and derivative operators of
order o of f are defined as :

t a—1
Ii’f(t)é/0 %f(r)dr, O<a<l, (D

and
t —a
t-=7)""d
ft)E | L — —f(r)dr, O<a<l,
oF®) T o) @’ (9 “ @
respectively.
From the above definitions, note that:
o d
o = I,l "‘EA 3)

Also, by fairly easy calculations one shows that:
o7 f(t) = f(¥) - £(0). *)
Remark: The operators I and D¢ defined above are

hereditary in the sense that they do take into account the
entire history of the function f(¢) from O up to time .



3. The model

The govemning equations for the axial vibration of an
elastic thin rod (clamped at both ends) in the presence of
fractional damping are:

md26(z,t) — EAS20(z,t) — CA3Z26(z,t) = b(z)w(t), (5)
with the boundary conditions:
6(0,t) = 6(1,¢) =0, ©)
and the initial conditions:

8(z,0) = fo(x), 8,0(z.0) = 6,(z), ©)
in which, the damping mechanism is described by the frac-
tional derivative operator (2).

In the above, t € [0,00) is the time variable and z €
(0,1) is the space coordinate along the rod of unit length.
The function 6(z,t) denotes the displacement of the point
of abscissa 2 at time ¢. The coefficients m, A, C and E
are the mass per unit length, the cross-sectional area, the
modulus of viscosity and the Young’s modulus of elasticity
of the rod, respectively. The function w(t) is the external
force amplitude applied to the rod, and b(z) is the spatial
force distribution assumed to be in L%(0,1).

From the point of view of strength of materials, equations
(1-4) are derived in the same way as in the case of a purely
elastic rod except that here, the constitutive relation between
the stress o(z,t) and strain £(z,t) functions within the
material is assumed to be of the form [2,13]:

o(z,t) = Ee(z,t) + Coe(z,t), 0<a<l. (8

Therefore, equations (1-4) may be regarded as interpolating
between the undamped rod equations for which o(z,t) =
Ee(z,t) and the internally damped rod model for which the
constitutive relationship is of Kelvin-Voigt type: o(z,t) =
Ee(z,t) + Cose(z,t)

Our objective is to study the linear quadratic control
problem:

minimize

T T
J(w)=rE(T) +¢ /0 £(t)dt + /0 wi(t)dt, (9)

£t o) = % /0 1 [m(3.6)" + EA(2.0)" }dz, (10)

subjected to the equations of evolution (5-8).

From here on, we will assume, without loss of generality,
that the system’s parameters 2, A, C and E are unity.

4. A non hereditary formulation

As the semigroup theory offers a natural setting for linear

quadratic control problems, our first step is therefore to put

equations (5)-(8) in a form which is especially suited for the

application of the theory of semigroup in Hilbert spaces.
Introducing the following function:

14
8(z,6,1) = / PeE0=7)8,6,6(z, 7)dr, € >0 (11)
0

where —% <B=a- % < %, we show that:
propositionl: If 4 = 27~ sin (3 — B), then

p [ Coeend = ooy (D
0
proof: Making use of the definition of equation
(11), a suitable change of variable, and the property
I(3 =BT} +8) =n[sin (3+8)x]™" , we have:

[ esmena = | [/0 %] 030002, dr

(13)
¢ 8,0:8(z, 1)
= dr  (14)
/o T(1/2- B) (¢t —r)PH/? T
=952, 6(z,t). M (15)

Now note that relation (11) is equivalent to the following
differential system defined on £ € R™:

8id(z,€,t) = —€26(z,€,1) +£°8,8,0(z, 1), (16)
#(z,£,0)=0. a7

Therefore, utilizing the above proposition, it is easy 10 see
that system (5-8) is equivalent to:

96(z,1) — 320(z,1) — 1 / * €80, 6(2,£,1) dE = b(z)w(t), (18)
8:0(z,€,1) + £6(z, £, 1) —0 £P8.0.6(z,t) = 0, 19)
with the boundary conditions:
0(0,t) =6(1,1) =0 (20)
and the initial conditions:

b(z,0) = 8o(z), 8:8(z,0)=61(z), ¥(z,€,00=0 21)

We define the following state space:

H:=H}[(0,1)] x L2[(0,1)] x L?[(0,1) x (0,00)], (22)
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with scalar product:
u f

< e >:<u’f>Hsl(o,1)1+(”:-‘7>L=I<o,1)l
] (]
+ p(9, T,b)[,z[(o’l)xg]- (23)

Now, setting:

4
z=| 8,6 | €H, (24)
¢
system (5-7) can be put in the operator form:
d %
Zl?z(t) = Az(t)+ Buw(t), zo=16 (25)
0
where the operator A defined by:
v
u o0
Al v | =|8%u+ u/ P, pdz (26)
0
¢ 0.0 %

is an unbounded operator in the Hilbert space H with do-
main

D(A) = {(u,1,6)F €H:  Butu /w €8, dz € L7[(0, 1)),
v € Hy[(0,1)], €#8;u—€%¢ € L*[(0,1) x R]} (27)

and
0
B=|b)|. (28)
0
a bounded operator from R into H.
Theorem 1:
2. The operator A generates a dissipative Cy-semigroup
S(2).
Proof:

By making use of (23) and (26), one easily proves the
dissipativity, that is:

u
I >=_2#“5¢“22[(0,1)xl§]§ (29)

o)
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the proof of the existence of a Cp-semigroup is based on the
Lumer-Phillip theorem [11]. For further details see [5].1H

Theorem 2: In the absence of control, the solution of system
(23) converges asymprotically towards zero.
Proof: The proof is based on the LaSalle’s invariance
principle which requires the following two conditions:

1. the maximal invariance set is {0},

2. the system’s trajectory is precompact.
Here is the demonstration of part 1. Let (6, 8:6, ¢) be in
the maximal invariance set; then from (29):

”§¢(t)”L2[(0,1)xR] =0, vt20, (30)
hence:
o(t) =0, Vt>0; (€2))]
now combining (31), (12) and (4), we see that:
0:0(z,t) = 9;6(z,0), Vt>0; (32)
also utilizing (31), equations (18) and (20) become:
8%6(z,t) = 826(z, 1), (33)
8(0,¢) = 6(1,t) = 0; (34)

now from (32) and (33-34) we deduce that §(z,t) = 0.
The proof of part 2. is technically more elaborate; see [5].H

5. Quadratic control on finite horizon
We now consider system (25) with control. For every

w € L?(0,T), the mild solution [4] of (5-7) is determined
by the first two components of 2p, that is:

1
2(2) = S(t)[uo,v0, 0 + / S(t — 7)Bw(7)dr.  (35)
[
The cost functional (9-10) may be put in the form:
T T
J(w) = (R=(T), (T)) + / (Qz,2)dt + / widt, (36)
0 0

with @, R € L(H) defined by:

g r
21 0 0 2I 0 0
Q= 1 ,R= 1 , 7,4 >0,
0 2I 0 0 21 0
0 0 0 0 0 0
37

I being the identity operator in the corresponding spaces.



The problem (35-36) is a standard optimal quadratic con-
trol problem [4], in the space state form. Its solution is
given by:

woPi(t) = —B™ P(t)z(t) (38)
where P(t) is the unique self-adjoint non-negative solution
of the Riccati differential equation on [0, T:

dP

E—+A‘P+PA+Q‘Q—PB‘BP =0, P(T)=R. 39)
The minimal cost corresponding to the problem (35-36) is
therefore given by:

werglzl(%,l)J(w) = (P(0)20, 20); (40)
setting:
Py P, P
P=1| Py Py Po (41)

P3; Py Pss

and recapitulating, we arrive at the following result:

Theorem3: The quadratic control problem (5-7), (9-10) has
a unique solution. The optimal control and the corresponding
minimal cost are respectively given by:

wOP(t) = —(b(z), P21 (2)8(z, 1) + Pa2(2)3:8(z, 1)) 120,y (42)

and

o [[Pu©) P2(0)]{6) (6
J(w"”)‘<[}>2,(0) P22(0) (91)’(81)>H‘x1,2. (43)

6. Numerical Simulations

In this section we present some numerical results concern-
ing system (18-21) in the absence of control (w = 0). The
aim is to illustrate the convenience of the non-hereditary
formulation from the numerical point of view and also to
exhibit some differences between the classical (viscous) and
the fractional damping mechanisms. Note that, due to the in-
creasing memory required for evaluating the integral term,
the classical integral formulation of (5-7) does not permit
numerical approximations with a reasonable volume of com-
putation. Besides, the presence of a singularity in the kernel
and the fact that ™% decays slowly considerably compli-
cates the problem of the numerical resolution of (5-7).

The classical viscous model which is compared to (5-7)
is:

¢ — 820 —A8:02p =0 (44)

with suitable initial and boundary conditions. Coefficient
A > 0 plays a similar role as u in (5-7). Remember that
the mechanical energy of (44) is a decreasing function of
the time variable.

Finite difference schemes have been used to approximate
the solutions of (18-21) and (44). A high precision approx-
imation of &(z,&,t) : &(z:,&;,tx) may be obtained with
only a few discretization points in the £-direction, provided
correct meshes are used [7]. The stability and consistency
of the scheme remain simple thanks to formulation (18-19).

Figures 1 and 2 show the energy of the rod both for
the cases of viscous and fractional damping (¢ and 6)
respectively. The initial states are taken as:

2z, 0<z2<1/2,
fo(z) = po(z) = {‘;— 2 1/2 22 </1, (43

f1(z) = p1(2z) =0 (46)

While the mechanical energy in the fractional damping case
is globally decreasing (recall that system (16-17), and there-
fore (5-7), converges towards zero), it is sometimes increas-
ing, . This is clearly due to the presence of the hereditary
term. However, from (29) the “total” energy defined by the
sum of the mechanical energy of the rod and the LZ-norm
of ¢ is always decreasing. In figure2, the rates of decay of
the mechanical energies can be compared. The fractional
damping seems to generate slow asymptotic behavior; this
is presently under study.

Figures 3 and 4 are 3-D representations of an evolution
of @ and ¢ respectively. They show significant differences
between the two types of damping mechanisms and thereby
stress the need for accurate models for the analysis and
control of fractionally damped systems.

References

[1] Bagley R. L. and Calico R. A., Fractional Order State
Equation for the Control of Viscoelastically Damped Struc-
tures, J. of Guidance, Vol.I4, No2, pp.304-311, March-
April 1991.

[2) Caputo M., Vibrations of an infinite plate with a fre-
quency independent Q, J. of Acoust. Soc. Am., Vol.60,
No.3, pp.634-639, september 1960.

(3] Dafermos, On the existence and the asymptotic stabil-
ity of solutions of linear thermoelasticity, Arch. Rational
Mech. Anal., Vol29, pp.241-2712, 1968.

[4] Defour M. C. and Karrackchou State space theory of lin-
ear time invariant systems with delays in the state, control
and observation variables,, J. Math. Anal. Appl., Vol.I25,
pp-361-450, 1987.

1332



(5] Mbodje B., Mouatseay G. and Audounct J., Analysis of
Jractionally damped flexible systems via a diffusion equa-
tion, LAAS report No.93423, November 1993. submitted
for publication.

[6] Montseny G., Audounet J. and Mbodje B., A Simple
Viscoelastic Damper Model Application to the Vibrating
String, 10-th International Conference on Analysis and Op-
timization of Systems, INRIA, Rocquencourt (FRANCE),

[7] Montseny G.,Audounet J.and Mbodje B.,Optimal Mod-
els of Fractional Integrators-Application to Systems with
fading memory, invited paper, IEEE/SMC’ conference, Le
Touquet (FRANCE), Oct.1993. '

[8) Morgul O, Dynamic Boundary Control of a Euler-
Bernouilli Beam, IEEE Trans. Aut. Control, VolL37, No.s,
pp. 639-642, May 1992.

[9] Oldham K. B. and Spanier J., The Fractional Calculus.
Theory and Applicatior of Differentiation and Integration
to Arbitrary Order, Academic Press, 1974.

[10] Oustaloup A. La comumande CRONE, Hermes, Paris,
1991.

[11) Pazy A., Semigroup of Linear Operators and Appli-
catioxs to Partial Differential Equations, Springer-Verlag,
1983.

(12] Russell D. L., A comparison of certain elastic dissipa-
tiorn mechanisms via decoupling and projection techniques
Quart. of applied Math Vol49, No2, pp. 373-396, June
1991.

{13] Skaar S. B., Michel A. N. and Miller R. XK., Stability of
Viscoelastic Control Systems, IEEE Trans. of Aut. Control,
Vol33, No4, pp348-357, April 1988.

09

0.8}

0.

0.6

1

7k

0.5 1 15 2 25 3 s

Displacement

Fig 3: evolution of ¢ (A= 0.01).
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Fig2: energyoftherod (A= p = 0.05).

Fig 4: evolution of § (p= 0.04).
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