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Abstract

Abstract This technical memo documents two small but practically useful MATLAB
scripts for optimal extraction of features in sampled noisy sinusoidal signals. They are
useful in automatic measurement of amplitude, frequency as well as phase shift of a
sampled noisy sinusoidal signal series. Detailed descriptions and user’s guide are given
with several application examples.
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1 Introduction

In many applications, it is required to measure the amplitude, frequency and also phase
shift quantities from sampled noisy sinusoidal signal series. Some times, the frequency
is exactly known while in some cases, the frequency is only approximately known. For
example, in relay autotuning experiments, the selfinduced controlled oscillations can be
recorded via data sampling through an AD/DA card. The amplitude and the frequency are
two important parameters for the PI/PID controller tuning task.

This is actually an easy task using least squares (LS) fitting. However, when three
features, i.e., frequency, amplitude and phase shift are to be extracted, a nonlinear LS
method has to be applied. In this work, a simplified yet practical idea is used. First,
the frequency is fixed. Then, the LS can be converted into a linear one. The remaining
problem is a one dimensional optimization with respect to the frequency which can be done
efficiently using ‘fmin’ provided in MATLAB.
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84322-4160.  Tel: (435)7970148, Fax: (435)7973054, email: {yqchen,douhf}@ece.usu.edu. Url
http://www.csois.usu.edu/people/yqchen/. First draft: Oct. 1998.



2 Numerical Methods

Denote {y(t) | t = to,to+Ts, -, to+ (N, —1)Ts} a data series of a sampled noisy sinusoidal
signal where N, is the total number of point, T the sampling period in second and g is
the initial time in second. The true signal is

y(t) = Asin(wt + 0). (1)
The optimization problem is to
Np—1
min J(A,w,6) = Y [glto + §T5) — y(to + 1) )
k) 9 J:O

This is clearly a nonlinear least squares problem. As shown in what follows, this can be
simplified to a two stage linear least squares problems.

2.1 Fixed w

When w is fixed, (2) can be converted to a linear LS problem. By taking
ay = Asin(f), ,az = Acos(6), (3)

for a given w, the optimization problem is to

Np—1
min J,, (4, 0) = > [g(to + jTs) — aa sin(w(to + jT%)) — az cos(w(to + 5T:)]*  (4)

)

Jj=0

which is clearly a linear LS problem and can be easily solved.

2.2 Optimizing w
Obviously, it can be defined that

min J(A,w,0) = rrgn{rgigl Jw(A,0)} (5)

Aw,b

which can be done efficiently using ‘fmin’ provided in MATLAB.

3 Examples

3.1 Better Estimation of Ultimate Amplitude and Frequency for Relay
Test

A relay tuning response is shown in Fig. 1 where Ts = 0.001 sec. A rough estimate of the
frequency can be obtained as 10/3 ( 10 cycles in 3000 points). Therefore, using the last
3000 points for the feature extraction, by calling
[Ahat,Theta,Omega,RMS]=sinefit(p3’,3/10,2,0.001);

gives Fig. 2 where optimal features are displayed. Note that the calling format as shown in
Appendix A.
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Figure 1: Positional response of a linear motor under relay test
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Figure 2: Feature extraction of the signal from relay test (last 3000 points)
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Figure 3: Feature extraction of the signal from relay test (last 3000 points, w fixed at
27 % (10/3)

When w is fixed at the rough estimate 27 x (10/3) rad/sec., by calling
[Ahat,Theta,RMS]=sinefit2(p3’,2*pi/(3/10),2,0.001);
gives Fig. 3 where optimal features are displayed. The calling format is selfexplained in
AppendixB. Attention should be paid to the the second calling parameter. For sinefit2,
it is w in rad/sec. while in sinefit, it should be the estimated period in second.

It should be observed that the RMS in this case is 1038 which is doubly larger than that
of Fig. 2. Therefore, in practice, we should use sinefit instead of sinefit2 to obtain an
optimal feature estimate.

3.2 Application in friction modelling and system parameter estimation
through relay-tuning

Consider the process:

10

Go($) = (026855 1 1)

with f; = 0.5, fo = 0.01.

The Simulink model of the proposed dual relay tuning is shown in Fig. 4

In the simulations, h171 =2, h271 = 1.5, h172 = 2.9, h272 = 2, and h173 =1, h273 = 0.5
are chosen for the relay amplitudes. The limit cycle oscillations corresponding to the three
experiments are shown in Figs. 5, 6 and 7. T}, and K, are correctly identified as T}, = 0.2446
and K, = 9.1536 respectively. At the same time, f; and fy are identified as f; = 0.5402
and fQ = 0.01879 while 01,2 = 1.0127, C1,3 = 0.9268



-] =
control
o] e

output

10 1
0.2685:+1 s

Transter Fen Integratar Scope

n

h

Step

Integratar!  FRZ Gaint

Stept durdt EEI -
t
Derivative SR Gain2 C

To Womkspace

Figure 4: The Simulink model of the proposed dual relay tuning

The input and output signals with hy1 = 2, hg; = 1.5 are shown in Fig. 8. By calling
[Ahat,Theta,Omega,RMS]=sinefit(s1,20/10,10,0.001);
. The optimal fitting result is given in the Fig. 9.

The system parameters are calculated through the following MMATLAB codes.

%Calculation of the system parameters

load para.mat

al=1.2627 ;

a2=6.286;

a3=5.7935;

T1=4/5.5;

wl=2%pi/T1;

T2=6/5.85;

w2=2%pi/T2;

T3=10/9;

w3=2%pi/T3;

h11=2;

h21=1.5;

h12=5;

h22=4;

h13=4;

h23=3.5;

f1=(a2* (w2-wl) * (a3*w3*xh21-al*wl1¥h23) -a3* (w3-wl) * (a2*w2xh21-al*wl*h22)) ...
/ (a3* (w3-wl) *(al*wl-a2*w2)-a2* (w2-wl) * (al*wl-a3*w3));

£2=4x ((al*wl-a2*w2)*f1-al*wl*h22+a2+w2%h21) /((pi*al*a2)*(w2-wl));
%f21=4%((al*wl-a3*w3) *f1-al*wl*h23+a3*xw3*h21)/((pi*xal*a3)*(w3-wl));
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Figure 5: Relay test experiment #1

Kp=-pi*al*wl/(4*(£1-h21)+pi*al*f2);
Tp=4*h11*Kp/ (pi*al*wlxwl);
JKpl=-pixa2+w2/(4*(£1-h22)+pi*a2*f2) ;
cl=(hl1*a2*w2*w2)/(hi12*al*wi*wl) ;
c2=(h11*a3*w3*w3) /(h13*al*wl*wl) ;

3.3 Noise Filtering

A testing sinusoidal signal is generated by the following MATLAB codes which is corrupted
with noises of normal distribution.

% test codes:

AO=2;sigma=1;

omega=2*pix2; % f=2 Hz
thetaO=pi/2;

t=0:.005:2;
dn=sigma*randn(size(t));
s0=A0*sin(omega*t + thetal) + dn;
t0=0;Ts=0.005;

Assume frequency f = 2.5 Hz which is 25% larger than the theoretical value of 2 Hz.
Calling
[Ahat,Theta,Omega,RMS]=sinefit(s0,0.4,0,0.005)
gives the filtering results shown in Fig. 10. Now, increase sigma from 1 to 2. The filtering
results are shown in Fig. 11 by calling
[Ahat,Theta,Omega,RMS]=sinefit(s0,1/1.5,0,0.005).
Note that in this case, the frequency f = 1.5 Hz which is 25% lower than the theoretical
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Figure 6: Relay test experiment #2

value of 2 Hz. It can be concluded that the optimal feature extraction can be used as a
means of filtering.

4 Conclusion

The MATLAB scripts documented in this memo are practically useful.

A Script sinefit.m listing

% sine wave fitting from noisy sinusoidal signal

% phase fitting has to be considered as well as frequency
% Last modified 05-11-2000

% s0: sampled series. 1xNp

% Testim: estimated period (sec.) (may not be accurate)
% Ts: sampling period (in Sec.)

% t0: initial time (in Sec.)

% Ahat: estimated amplitude

% Theta: fitted theta_0 (in rad.)

% Omega: 2pixfreq

% BRMS: root mean squares.

b

% See also: sinefit2

function [Ahat,Theta,Omega,RMS]=sinefit(s0,Testim,t0,Ts)
h

Omega=fmin(’ jomega’, (2*pi/Testim)*.5, ...
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Figure 7: Relay test experiment #3

(2*pi/Testim)*2.0, [0,1.0e-30 ], s0,t0,Ts)
[Ahat,Theta,RMS]=sinefit2(s0,0Omega,t0,Ts) ;

disp([’f=’,num2str (Omega/2/pi), ...

> | RMS=’,num2str(RMS),’ A ~ =’, num2str(Ahat),...
> | Theta ~ =’,num2str(Theta*180/pi)])
Np=size(s0);

t=t0+[0:Np(2)-1]*Ts;

figure;

plot(t,s0,’k:’,t, Ahat*sin(Omega*t+Theta),’-r’);
legend([’measured (RMS=’,num2str(RMS),’)’],...
[’fitted: f=’,num2str(Omega/2/pi),...

> A.hat =’ ,num2str(Ahat),...

> |  theta.hat =’,num2str(Theta*x180/pi)])

return

B Script sinefit2.m listing

% sine wave fitting from noisy sine signal
% phase fitting has to be considered

% with a fixed omega!

% Last modified in 05-11-2000

% DESCRIPTIONS:

% s0: sampled series. 1xNp (note here)

% omega: known freq. (2xpixf) (rad/sec.)




5 -
= 0 p 4
stk
_1D 1 L 1 1 1
5 10 15 20 25 30
Tirme(sec)
10 T T T T T
5 -
2
=
u]
-5 L L L 1 L
u] 5 10 15 20 25 30
Time(sec)

Figure 8: The input and output signals of the proposed dual relay test

% Ts: sampling period (in Sec.)

% tO: initial time (in Sec.)

% Ahat: estimated amplitude

% Theta: fitted theta_O (in rad.)

% BMS: root mean squares.

b

% See also "jomega"

function [Ahat,Theta,RMS]=sinefit2(s0O,omega,t0,Ts)
Np=size(s0);

t=t0+[0:Np(2)-1]*Ts;

A11= (sin(omegax*t)*(sin(omegax*t))’);

A12= (sin(omegax*t)*(cos(omega*t))’);

A22= (cos(omegax*t)*(cos(omega*t))’);
bl=s0*(sin(omega*t))’;

b2=s0%* (cos (omegaxt))’;

A=[A11,A12;A12,A22] ;

Alpha=inv(A)*[bl,b2]’;

% be careful here...

Asintheta=Alpha(2) ;Acostheta=Alpha(1);

Ahat=sqrt (Asintheta*Asintheta+Acostheta*Acostheta);
Theta=atan2(Asintheta,Acostheta);

RMS=sqrt ((sO-Ahat*sin(omega*t+Theta))*. ..
(s0-Ahat*sin(omega*t+Theta))’/(Np(2)-1.));

if (0)

figure;

plot(t,s0,’k:’,t, Ahat*sin(omega*t+Theta),’-r’);
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Figure 9: The optimal fitting result

legend([’measured (RMS=’,num2str(RMS),’, f=7,...

num2str (omega/2/pi),’)’], [’fitted: ’,...

> A.hat=’,num2str(Ahat),’ | theta.hat=’,num2str(Theta*180/pi)])
end

return;
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Figure 10: Feature extraction as a means of filtering (sigma=1)
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Figure 11: Feature extraction as a means of filtering (sigma=2)
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