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Abstract

In this paper, we propose a new numerical approach
for the iterative learning control of repetitive linear
parameterized varying systems with polytope uncer-
tainties. The design problem is formulated as a group
of convex optimization problems. Through interpola-
tion, an optimal continuously differentiable switched
iterative learning control law is constructed from the
solutions of these convex optimization problems. Some
sufficient conditions are derived for the convergence of
the learning system. Our approach can also be used
to consider the iterative learning control of linear time
varying systems and nonlinear systems with polytope
uncertainties.

Keywords: Iterative Learning Control, Convex Opti-
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1 Introduction

Iterative learning control (ILC) of repetitive systems
has been studied by many researchers. [1] proposed a
first-order iterative control law which has been widely
used. [2] studied the iterative learning control with the
same non-zero initial condition at each iteration. [3]
proposed an initial state learning law to automatically
initialize the system at each iteration. Most existing
results are focused on the analysis issue of the iterative
learning control. However, the convergence conditions
found in the literature are typically not sufficient for
actual ILC applications. Therefore, it is necessary to
consider the design issue of ILC, especailly the optimal
design in the case where the system model is not known
exactly. [4] have considered iterative learning control
design of repetitive linear time invariant (LTI) systems
with unknown system matrices by using the estimated
knowledge of the system matrices.
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In practice, it is very difficult to estimate the system
matrices, especially for linear parameterized varying
uncertain systems and linear time varying uncertain
systems. However, it is reasonable to assume that we
do have some rough knowledge of the system matri-
ces. For example, the system matrices may be known
to lie within some intervals. Because the system ma-
trices are functions of time variable, it is impossible to
use the existing numerical methods such as linear ma-
trix inequalities [5] to calculate the learning gain when
there are parametric uncertainties. So far, there does
not exist any effective approach for the design of an op-
timal iterative learning controller for repetitive linear
parameterized varying systems and linear time vary-
ing systems with parametric uncertainties. However,
the system matrices are constant at every fixed time
point and they represent an LTI model. Note that the
time variable is in a compact set which can be cov-
ered by a finite number of subintervals. Inside each
subinterval, a fixed time point can be used to obtain
an LTI model. Then a method is proposed for the finite
LTI systems with polytope uncertainties to find opti-
mal learning gains for these models. However, these
piecewise gains cannot be applied directly because the
D-type iterative learning control [1] is used. Thus, it
is necessary to propose a method to interpolate these
gains such that a continuously differentiable learning
controller can be constructed.

In this note, we present an effective numerical approach
for the design of iterative learning control for linear
parameterized varying systems with polytope uncer-
tainties by using some rough knowledge of the system
matrices. The determination of the piecewise learning
gains is formulated as a group of convex optimization
problems. This makes the problem computationally
tractable by some existing tools [5]. Then a method is
proposed to interpolate these gains to form a switched
continuously differentiable controller which is applied
to the system to achieve the design objectives. Some
sufficient conditions are derived for the convergence of
the learning system. Our approach extends potential



applications of iterative learning control and enlarges
the class of systems to include parametric uncertain-
ties. It can also be used to consider the iterative learn-
ing control of linear time varying systems and nonlinear
systems with polytope uncertainties.

The rest of the note is organized as follows. Section 2
considers the formulation of the problems. Section 3
derives the main results of this note. A numerical ex-
ample is given in section 4 to illustrate the application
of the main result. The concluding remarks are given
in section 5.

2 Problem Formulation

In this note, we consider the following repetitive linear
parameterized varying systems

{ Xi(t) = A(p(t)) Xi(t) + B(p(t))Ui(t)
Yi(t) = C(p(#)) Xi(t)

where ¢ denotes the ith repetitive operation of the

system; X; € R®, U; € R", Y; € R™ are the state
vector, the input vector and the output vector, respec-
tively; t € [to,T] C [0,7] is the time variable with ¢o
and T given, p(t) € R' is continuously differentiable
and A(p(t)), B(p(t)) and C(p(t)) are uncertain system
matrices defined as follows:

(1)

A(p(t)) = Z@jAJ(P(t))5 ej > O;Zej =1 (2
B(p(t)) = ij ;£ >0 Zf] =1 (3)
Cp(t) = Zgj ;g7 > 0; Zg] =1 (4

In the above equations, fij )1 < j < 713),
Bi(p@®)(1 < j < m) and C(p(t)(1 < j < r2) are
known continuously differentiable vertex matrices, rs,
r1 and rp are the numbers of vertices, e;, f; and g; are
unknown constants.

Remark 1. The class of system (1)-(4) can be used
to linearize the following nonlinear system [7]

(1) = F(X(1), Ti@) )

Vi(t) = H(X(1))
where X; € R", U; € R", Y; € R™ are the state vector,
the input vector and the output vector, respectively; F
and H are uncertain system functions defined as fol-
lows:

F(X:(t),Ui(t)) =

H(Xi(t) =

Zgjﬁ Xi(t
j=1

ij By (Ra(), s0) 5 f; 205 > =1

In the above equations, ﬁ'j(l <j<r) and ij(l <

Jj < 1) are known smooth vertex functions, r4 and 5
are the numbers of vertices, fj and §; are unknown
constants.

Suppose that there exists an equilibrium manifold that
can be parameterized by a continuously differentiable

scheduling variable, p € R'. That is, there exist con-

tinuous functions, X{) : Rl - R"™ and Uio : Rl - R
such that [7]

13}( (), 7(p() =05 1<j<ry (7

Y7 (p(t) = Hi(X? (p(t))) ; 1< j <5 (8)

for all t € [to,T]. For each p, the Jacobian lin-
earization of nonlinear plant (5) about the equilibrium

X?(p(t)), U?(p(t)) is written in the form of (1)-(4)
with
Ap(t) = ;’j? (X2 (1)), T2 (p(1)))
Bp(t) = gg (X2 (1)), T2 (p(1)))
o) = SZE0)
X)) = Xi(t) - X))
Uity = Ui(t) - U2 e(t)
Yi(t) = Yi(t) = Y(p(t))
and
Apt) = gf( (X2 (p(1), T2 (p(1))) 5 1< j < 74 (9)
Bip) = S0, 7m0 1< < rd10)
Gow) = SLEGO)i1<i<n )
O

Remark 2. If p(t) = t, system given in (1)-(4) be-
comes a linear time varying system with polytope un-
certainties. |

We let Yy(t), Xq(to), Xa(t) and Uy(t) denote respec-
tively the desired output, the desired initial state, the
desired state and the corresponding input to achieve
Ya(t) and X4(t). The norms are defined as follows:

ol = |> 025 b€R"; ||All = v/ Anaa(ATA)
i=1
K@l = sup e MA@ ; h:[0,T] » R

te[0,T]

where Apqz(A4) is the maximum eigenvalue of matrix

A.

Given a system described (1)-(4), and a desired out-
put trajectory Yy(t), the tracking error e;(t) at the



ith repetition is given by e;(t) = Ya(t) — Yi(¢). Then
our iterative learning control problem is formulated as
follows. Starting from an arbitrary continuous initial
input Up(t) and initial state Xo(¢p), obtain the next
input U;(¢) and the initial state X;(¢o), and the sub-
sequence {U;(t), X;(to)|i = 2,3,---} for system (1)-(4)
iteratively such that when i — oo, Y;(t) — Yy(¢).

To the best knowledge of the authors, the above track-
ing problem of linear parameterized varying systems
with polytope uncertainties has not been considered
yet. To solve the above problem, the following itera-
tive learning law can be used [1].

Uisr(t) = Ui(t) + T(D)éx(t) (12)

where T'(t) is a continuously differentiable function of
t. The resulting system is convergent if

Jmax (1= CRO)BEOIOI<e<t (1)

We shall make the following standard assumption
about initial conditions.

A1l). Repeatability of the initial setting is satisfied
within an admissible derivation level, i.e.,

1 Xa(to) — Xi(to)ll < bao (14)

We shall also make the following assumption about the
rough knowledge of the system.

A2) . For any fixed t; € [tg,T], suppose that there
exists a I'(¢;) which solves the following convex
optimization problem

mrin{a} (15)

subject to
ai ;I Tij(t)
Tht) I

Yij(t) =1 — Cilp(t:))B; (p(t))T(t) (17)
1>a>a5;;1<i<ry1<j<r (18)

>0 (16)

Remark 3. Suppose that 11 = 1 and ro = 1. Then
Assumption A2 is equivalent to the following standard
assumption.

FR: C(p(t))B(p(t)) is full rank for all t € [to, T).

Thus, Assumption A2 is actually the robust version of
Assumption FR with polytopic uncertainties. O

Our design objective is to find a sub-optimal continu-
ously differentiable control gain T'(¢) such that Y;(¢) —
Yi(t) as i — oco. In the design, the minimization of the
following cost function is used as guideline.

J = max |[I—C(p(t)B(pH)T @) (19)

te(to,T']

3 Main Results

In this section, we shall first present some supporting
results.

Lemma 1. Suppose that ||A(p(t))|| < a, then

llp(t, to)]| < e*70) s vt > ¢t

where
do(t,t
000 Ap(e)(1,10)
P(to,to) = I
Proof: The proof is straightforward. O

Lemma 2. The following three conditions are equiva-
lent.

1. There exists a I' such that
I — CBT|| < 1

2. There exist an a < 1 and T such that

al I—-CBT
(I —cBD)” I 20 (20)
3. CB is full rank.
Proof: The proof is straightforward. O

We shall now present a method to construct a contin-
uously differentiable I'(t) such that J defined in (19)
is less than 1. The design is mainly composed of the
following two steps.

Step 1. Find finite number of optimal learning
gains.

Step 2. Through interpolation, construct a
continuously differentiable switched learning gain
['(t) from the obtained learning gains such that
J defined in (19) is less than 1.

We shall first consider step 1. Within this step, we are
required to choose finite number of fixed time points ¢,
such that the obtained learning gains I'(¢;) satisfy

1T = Cp(®)BpE)T ()N < 15 Vt € Qt, ) C [to, T
(21)



where Q(t, t;) is a subinterval containing t;, 1 <1 < N,
N is the number of subintervals or learning gains such
that

[to, T] C ULy (¢, t1) (22)
This step is detailed as in the following two lemmas.

Lemma 3. Suppose that Assumption A2 holds. Then,
for any t; € [to,T], we have

I = Cp(t))Bp(t))T ()] <1 (23)

Proof: The proof is straightforward by using Lemma
2. O

Lemma 4. Suppose that Assumption A2 holds. Then,
there exist finite number of subintervals Q(t,t;)(l =

1,2,---,N) satisfying (22) and for each Q(t,t;), a
learning gain T(t;) can be found such that (21) holds.

Proof:  For any fixed t; € [to,T], we consider the
following functions

fii @) = IT=Ci(p(®)B;(p))T ()| ; 1 <i <1 < j <.

Note from Lemma 3 that f; ;(¢) are continuous func-
tions of ¢ and f; ;(#;) < 1. Thus, there exist open sets
Q(t,t;,4, ) including t; such that f;;(t) < 1 for all
t € Q(t, t,i,7). Denote

Q(t,t1) = Ni<i<roa<ji<r Ut 0,4, ).

Obviously, (¢, #;) is an open set and ¢ is in Q(¢,#;).
Clearly, there exist finite number of Q(t,#)(I =
1,2,---,N) such that UN, Q(t,#;) covers the set [to, T
and thus (22) is verified. Also, for each t € [tg, T], there
exists a I'(#;) in each subinterval such that

1T = Ci(p()Bi(p())T ()| < 15 1< i<yl <j<m
(24)

Similar to the proof of Lemma 3, we know that (21)
holds. O

We shall now propose a method to find these appropri-
ate fixed points and subintervals.

Algorithm 1.

— Initialization of &.

Step a Given a small positive £.

Step b Let £ = 24T and calculate I'(f)
according to (15)—(18). Check if (24)
holds for all ¢ € [fetI=5 LtTHE] which
is carried out by checking 32 sampling
points.

Step c If yes, then go to Step d. Other-
wise check if £ < 0.01. If yes, then exit.
Otherwise, £ = £/2 and go to Step b.

— Search fixed points and subintervals.

Step d Divide the interval [ty,T] =
U?il[t(),fi], where Ltl = fi—l + f(l <1<
m) and £, = T.

Step e Let t; = % and Q(t, ;) =
[t1_1,%/]. Calculate T'(#) according to
(15)—(18). Check if (24) holds for all
t € Q(t,#;) and all [. If yes, then exit.
Otherwise, check if ¢ < 0.01. If yes,
then exit. Otherwise, let & = % and go
to Step d.

We shall now consider Step 2. Here, we present a
new interpolation method. With this method, a con-
tinuously differentiable switched controller can be con-
structed. Note that

Qt,t) N Qb)) #051=1,2,--- ,N—1  (25)
Without loss of generality, we suppose that [7]
[Cl7dl] - Q(tatl) n Q(tytlJrl) ; l= 1,2,--- ,N-1 (26)

Then, I'(t) can be constructed as in the following
lemma.

Lemma 5. Let ['(t) be given as follows:

[(t1)
t EBQ(t,tl) - gcl,dl] o
D(t) + IR ORI (D (t144) — D(t))
te [Cl,dl];l: 1,2,--- ,N—1
L(tr)
te Q(t,tl) — [Cl—lydl—l] — [Cl,dl];l =2,3,--- ,N—1
L(tn)

t e Q(t,tN) — [CNfl, dN—l]
(27)

then, T'(t) is continuously differentiable and J defined
in (19) is less than 1.

Proof: We shall first prove that I'(¢) is continuously
differentiable. Let

—2t3 + 3(0[ + dl)t2 - Gcldlt + 3Cl2dl — C?

g(t) = F(tl)+ (dl — Cl)3
It can be shown that

gle) = T(t)

g(di) = T(ti1)

g = R AI=8h p,,) - rw)

1 —a)
"(e1)
g'(d)

It follows that T'(¢) is continuously differentiable.

We shall now prove that J defined in (19) is less than
1. Note that when t € [¢, d;], we have

—2t3 4+ 3(c; + di)t* — 6cidit + 3cid; —

3
C

<1
(di —er)? -

0<

(C(tip1)=T(t2))



Using Lemma 3, (25) and (26), we have

11— C(p(t))Bp(t)TL )] <1
1T = C(p(t))Bp(t)T E)l| <1
Thus
I = Cl@)BE@O)T®I <1;telad]  (28)
From (28) and Lemma 4, the result is proved. O

Remark 4. Note that a continuously differentiable
controller can be obtained by using our interpolation
method (27) while the controller obtained by the inter-
polation method in [7] is only continuous. O

The main result of this paper can be stated as follows.

Theorem 1. Consider linear parametrized wvarying
system (1)-(4) satisfying Assumptions Al and A2.
Then, there exists a sub—optimal iterative learning con-
trol law (12) such that

lleit1 ()l
< (e EITONGE 4 b 4D

) llex(®)llx +

beol(ehi +2)e*T=10) (o 4 T pIEABRAD): g
n
((e+ 2e8(T— to)((aere)berf)) 1)

where

max max {|[A:(p()|}

1<i<r3 t€[tg,T]

B;
Jmax | max {|[Bi(p(0))Il}

¢ = max max {||C( ())”}

1<i<ry t€[t,T]

A dBi(p(t)) dp(t)
A= max tgfm{“ P
s 2 ( )
= = I'(¢t
x 151 72 max D))

Furthermore, K(t) — Yd(t) when i — 0o and byy — 0.

Proof: From Lemmas 2-5, we know that € < 1.

From (1), we have

eit+1(t)
Ya(t) — Yiga(t)
(I = Cp®)BP®)T(¢))ei(t)
+C(p(t) (¢, to) B(p(to))T (tO)ez(tO)
=C(p(t)e(t, to) (X

o(t

+C((1)) /to DBWIE o (1yar (30)

H—l( )_

Taking the norm of equation (30), we have

eit1(t) < elles() + IC(p(#))d(E,20) B(p(to))T (£o)llllei (o)l

+HIC ()b (t, to)lll| (Xita (to) — Xi(to))]
IC((®)) de(t, 7)B(p(r))I'(7)

to

A lles (r)llag31)

Note that
do(t, 7)B(p(r))T(1)
dr
= —A@(M)é(t,T)Bp(r)I(7)

+ot, ) LB — o0, 7)B(p(r)

dr ()
dr

and

[A@EI < a; IBE@) <b; ICE®)] <é
(BB < T <esran <
Using Lemma 1, we have

(8, to)|] < (100 < T 700)

Thus, we have

lleit1 (Bl
< elles()ll + é(ebf +2

+ / e T (af + &) + df)es(r)lldr (32)

)e&(T*to)bmo

Multiplying e~* on the both side of (32), we have

eetT—to)((g é
(@f bt dP)yy oy,

+é(ebf + 2)et T t0)p,,
It follows that (29) holds.

leiri (@l < (e+

Clearly, there exists an A* such that
ee ) ((a 4 1)beé + dé)

e+ e <1 (33)
Then, we know that when ¢ — oo and b9 — 0, we
have Y;(t) — Yau(t). O

Remark 5. A necessary condition for the existence of
(15) is that C;(p(t))B;(p(t)) is full row rank for all
1<i<re, 1<j<ry and all p(t). O

Remark 6. The checking of Assumption A2 and the
design can be proceeded simultaneously as follows.

Check if C;(p(t))B; (p(t)) is full row rank for all 1 < i <
re, 1 < j <ry and all p(t). If yes, then run Algorithm
1 to obtain the answer. |

4 An Illustrative Example

To illustrate the theoretical result, we consider the fol-
lowing two-input two-output linear time varying sys-
tem

. (~0.5 — 0.3t 0

A®) = 0 ~1.2 - O.Zt]

. —1.5— 0.7t 0

A:p®) = 0 —0.8 - O.Gt]

5 [16/3 —8/3t —4/3 —2/3t

Bile®) = —/3 - l.ét 1/— 0.51{ ]

Bapty — | 1926415408 —0.5026 —0.474081
2P)) = | 11111 — 0.88888¢  0.4444 + 0.35552¢



. _ [15+06t 2+0.8¢t
Cilp(t)) = | 3+1.2t 6+2.4t]
R _ [225409t 3+1.2t
Ca(p(t)) = | 45+1.8t 9+ 3.6t]
_ (Va1 (t) __[sin(t)
Yat) = _Yd,2(t)] - Lin(t)

It can be know that N = 5 and & = 0.2 by using
Lemmas 3 and 4 and Algorithm 1, and

[0.4914 0 0.3924 0
Loy = 10.4914 0.4436] » 0(0.3) = [0.3924 0.3542
[0.3117 0 0.249 0
L©s) = 10.3117 0.2814] s 0(0.7) = [0.249 0.2248]
[0.212 0
L(0.85) = 10.212 0.1914]
c1 = 0.16,d1 =0.24,¢co = 0.36,d> = 0.44
c3 = 0.56,ds =0.64,cq4 =0.76,ds = 0.84

Thus, from Lemma 5, we can obtain the learning gain
as follows.

r(0.1)
tef0 0.16];
—2t343(cq +d1)t2—6e1dit+83eTdy —c?
D(0.1) + “XAROAAI SR R IEITN 2 (0(0.3) — 1(0.1)
t€[0.16 0.24];
r(0.3)
t€[0.24 0.36];
—2t343(co+dn)t2 —6eodot+3cido—c
r(0.3) 4 —2 482t 2(52_62)23 214354273 (1(0.5) — I'(0.3))
t €1[0.36  0.44];
_J r(5)
I = t€[0.44  0.56];
_0t343(c 2 _ge 2da_c3
r(0.5) + 2t +3( 3+d3(31t 7c63)33d3t+3 3d3—c3 (I'(0.7) — ['(0.5))
t€[0.56  0.64];
r(0.7)
t €[0.64 0.76];
_ot313(e 2_ge 24— 3
r(0.7) + 23 4+d4(:4_f4)43d4i+3 2%4=<4 (1(0.85) — [(0.7))
t€1[0.76  0.84];
'(0.85)
te[0.84 1J;

(34)

It can be shown that J defined in (19) is less than 1.
Using Theorem 1, we know that the iterative learning
control laws (12) and (34) ensure that Y;(t) — Yy(t)
when ¢ — oo and bz — 0.

5 Conclusion

In this note, we have proposed a new numerical ap-
proach for the design of iterative learning control of
repetitive linear parameterized varying systems with
polytope uncertainties. We formulated our approach
as a group of convex optimization problems and this
makes the problem computationally tractable by us-
ing some existing tools. An interpolation method was
also presented to construct a continuously differentiable
switched controller from the solutions of these convex
optimization problems. Some sufficient conditions are

|

derived to ensure the convergence of the learning sys-
tem. Our approach can also be used to consider the
iterative learning control of linear time varying systems
and nonlinear systems with polytope uncertainties.
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