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Abstract

In this paper, we consider iterative learning control of
repetitive linear time varying systems with polytope
uncertainties. We formulate it as a group of conves
optimization problems. With the proposed approach,
an optimal iterative learning control law can be ob-
tained from the solution of these convex optimization
problems. Some sufficient conditions are derived for
the convergence of the resulting learning system.

1 Introduction

In this paper, we consider the following repetitive linear
time varying system

{

X,(t)  = A(t)xi(t) + B(t)ui(t)
x(t) = c(t)xi(t) (1)

where i denotes the ith repetitive operation of the sys-
tem; Xi E Rî,  lJi E Rí,  Y, E RP are the state vector;
the input vector and the output vector, respectively;
t E [to, T] 5 [O,T]  is the time variable with to and T
given; A(t), B(t) and C(t), the system matrices with
appropriate dimensions, are given as follows,

(21

(3)

.ëI3

c(t) =  C ( 1 )  +  c C(j + 1)tJ
,=I

.Y3 s:, .u:j
=  Cc,~ë,(l)+~Cc,~ë,(li+l)tJ  ;

,=I ,=I ì!=I

w h e r e  _-l(j)(l < j < Ali + l), B(j)(l 5 j 2 Mz + 1)
and C(j)(l 5 j 5 AIs + 1) are uncertain matrices, and
,i,(j)(l < i 5 Ail,1 5 j 5 nr, + l), &(j)(l < i 5
x2, 1 < j 5 A12  + 1) and CZ(j)(l 5 i 5 N,, 1 5 j 5
Ala + 1) are known vertex matrices, ai, bi and c, are
unknown constants.

Iterative learning control of repetitive linear systems
has been studied by many researchers. [l] proposed a
first-order iterative control law and this law has been
widely used. [2]  studied the iterative learning control
with the same non-zero initial condition at each itera-
tion. [3]  proposed an initial state learning law to au-
tomatically initialize the system at each iteration. [4]
have considered the iterative learning control design of
repetitive linear time invariant system with unknown
system matrices _A, B and C by using the estimated
knowledge of _-I, B and C. However, the iterative learn-
ing control design of linear time varying system uncer-
tain system (l)-(4)  has not been considered yet. Gen-
erally, we only have some rough knowledge of .-l(t) , B(t)
and C(t). For example, we may know that _-l(t),B(t)
and C(t) are in some intervals, but it is very difficult to
estimate the actual matrices in practice. Moreover, it
is impossible to use the method in [4]  to obtain an op-
timal learning gain with a fast convergence speed. So
far, there does not exist any effective approach for the
design of the optimal iterative learning controller for
repetitive linear time varying systems with parametric
uncertainties.

In this paper: we present an effective approach for
the design of iterative learning control for linear time
varying uncertain system (l))(4)  by using some rough
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knowledge of -4(t):  B(t) and C(t). \Ve formulate our
problem as a group of convex optimization problems
and this makes the problem computationally tractable
by some existing tools [5]. Some sufficient conditions
are derived for the convergence of the learning system.
Our approach extends the potential application of iter-
ative learning control and enlarges the class of systems
to include parametric uncertainties. For simplicity, we
only consider the case that A{, = AI, = AIs = 1. The
result obtained in this paper can be easily generalized.

The rest of the paper is organized as follows. Section
2 considers the formulation of the problems. Section 3
derives the main results of this paper. A numerical ex-
ample is given in Section 4 to illustrate the application
of the main result. The concluding remarks are given
in section 5.

2 Problem Formulation

In this paper, we let Yd(t),  Xd(te):  Xd(t)  and Ud(t)  de-
note respectively the desired output, the desired initial
state, the desired state and the corresponding input
to achieve Yd(t)  and X,(t). The norms are defined as
follows:

11~411 = &,(A.ë..-l)  ; .-I E Rîë”

Ilfdt)ll~  = t~;~I~~Atllhi~)ll  ; fl : [O,Tl  -+ R

and p(A) is the spectral radius of matrix =1 and
X,,,(,4)  the maximum eigenvalue of matrix .-l.

Given a system described by (l)-(4);  and a desired
output trajectory Yd(t), the tracking error eL(t) at
the ith repetition is given by ei(t) = Yd(t) - Y(t).
Then the iterative learning problem is formulated as
follows. Starting from an arbitrary continuous ini-
tial input Us(t) and an arbitrary initial state Xu(tu),
which may be different from Xd(te), obtain the sub-
sequence {Ui(t),Xi(te)]i  = 1,2,3;..}  for the system
(1) iteratively such that when i + CO, Y(t) + Yd(t)
and Xi(te)  + Xd(te). Furthermore, Y2(t)  - Yd(t)  and
Xi(t) -X,(t) are independent of the initialization error
Xi(ta)  - Xd(te)  when i + CM.

To solve the above problem, the following D-type iter-
ative learning laws can be used [l, 21.

Ui+l(t)  =  vi(t) +  J3t)&(t) (5)

where T(t) denotes the learning gain. The resulting
system is convergent if [l, 21

sup  ]]I - c(t)B(t)r(t)]]  5 E < 1 (6)
tE[to.T]

To ensure the existence of a T(t) satisfying (6), we need
the following assumption:

A s s u m p t i o n  1  eí,(l)B,(l),  &%(2)B,(2)  and
C?ë,(l)Bj(2)  + Cíi(2)Bj(l)  are full row rank for all
1 < i < Na and all 1 5 j 5 K,.- -

To handle the mismatch in the initial state, we further
assume that

Assumption 2 Repeatability of the initial set-
ting is satisfied within an admissible derivation
level, i.e.,

II& - -JL(to)ll  I &o(i)
ho(i) I rob,o(i - 1)

where 0 5 TO < 1.

(7)

(8)

Our design objective is to find control gain Ií(t) such
that the following cost function is minimized.

Remark 1. Cost function J1 determines the conuer-
gence speed of the learning process under law (5). Cost
function J1 was considered by [6] with different method
for the case where B and C are constant matrices.

3 Main Results

We shall first derive some supporting results.

Lemma 1. Suppose that IlA4(t)ll  5 6, then

Ilo(t, to)11  < e6(t-to)

where

dd(t:  to)
~ = =l(t)$(t,to)

dt
Q(to,to) = 1

Proof: The proof is straightforward. q

Lemma 2. The following three conditions are equiva-
lent.

1. There exists a r such that

III- CBq 5 a < I

2. There exist an a < 1 and r such that

[(~-FLyT
I-CBT >.1I - (10)
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3. CB is full row rank. ==+ The proof is straightforward.

Proof: The proof is straightforward. Cl

Lemma 3. Suppose that there exists a constant matrix
IY such that

Similarly, a-e have

III - C(1P(l)U  < 1

111 - (C(1)B(2) + C(2)B(l))U < 1
III- C(2)B(2)rll  < 1

Then,

Lemma 5. There exists a r such that
111  - C(2)B(2)IíJI  < 1 holds for all C(2) and
B(2) defined in (3) and (4) if and only if there exists
a IT such that 111 - Cj(2)k?j(2)rll  < 1 holds for all
i(1 5 i 5 IVa) and all j(1 5 j 5 Nz).

sup 111 - C(t)B(t)r(t)ll  < 1
tE[tO,TI

w h e r e

r(t) = l
1+t+t”

r

Proof: Note that

IV - c(tP(t)r(t)ll

(11)

(12)

= III - (C(l) + C(2)t)(B(1)  + B(2PF 1 + :+ t” II

=II 11+t+P [(I - C(l)B(lW

+(I - (c(2)qi) + c(ip(2))r)t  + (I - c(2)f3(2)r)tz]ll

<
1

_ 1+t+P (iv - c(w(l)rii

0

Lemma 6. There exists a r such that III-(C(l)B(2)+
C(2)B(l))TII  < 1 holds for all C(l), C(2), B(1) and
B(2) defined in (3) and (4) if and only if there exists
a r such that III  - (Cë,(l)L?,(2)  + Ci(2)fij(l))rll  < 1
holds for all i(1 5 i 5 Na)  and ullj(1  5 j < NL)).

Using Lemmas 2-6, we know that if we can find a lY
such that

al,,,, < 1 ; 1 5 1 5 3; 1 L: i < N3;  1 5 j 5 Nz; (13)

[

^ ^
al,,.,I

(I - C(l)B,(l)r)T
I- c,y (1)r 1 > 0 ; (14)

[
a2.,,,  I

(I-q(l,2)qT
I-w,w  >o.1I - s (15)

Therefore, (11) holds. 0

Lemma 4. There exists a r such that
111 - C(l)B(l)TII  < 1 holds for all C(1) and
B(1) defined in (3) and (4) if and only if there exists
a r such that 111  - Ci(l)I?j(l)rll  < 1 holds for all
i(1 5 i 5 Na) and all j(1 5 j 5 N2).

Proof:

+= Note tha t

where

\k(1,2)  = (C(l)&(2)  +C(2)&1)).

Then, we can design a controller of the form (5) with
T(t) defined in (12) such that (6) holds for linear time
varying uncertain system (l)-(4).  A\lthough (13))(  16)
can be easily solved by using linear matrix inequalities
[5], the convergence speed may be slow if we only find
II satisfying (13)-(16).

Thus, to improve the convergence speed, we need to
find a r to minimize Jr defined in (9). Such a r can
be found by using the following lemma.

Lemma 7. There exists a II such that 51 defined i71 (9)

is minimized and J1 < 1 if and only if there exists a
solution to the following 3NsNz-objective  optimal prob-
lem.

mjn{ar,r,r}, ”  , myin{a3,.~3.~~2}

subject to (13) ~ (16).

(17)

Proof: The proof is straightforward by using Lem-
mas 2-6. 0
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This multi-objective optimal problem defined in
Lemma 7 is difficult to be solved. So, we only consider
its simplified version by converting it into the following
3NaNz convex optimization problems.

mjn{al.,,,  > (18)

subject to (13))(16),  and

These optimal problems can be easily solved by using
linear matrix inequalities [5]. From the solution of the
above optimization problems, our learning control laws
are given as (5) and (12).

Theorem 1. Suppose that there exists at least one op-
timal solution, al,L,j < 1, to one of the above 3iVSIV2
convex optimization problems. Then, the iterative
learning control law (5) and (12) ensure.s that YL(t) 4
Yd(t)  and Xi(to) + Xd(tO)  when i + CO.

Proof: From Lemmas 226, w-e know- that

SUP III - C(tP(V(t)Il  I aLi,, < 1
fE[fo.T]

From (l),  we have

et+1 (t) = Yd(t)  - x+1(t)
= (I- C(t)B(t)r(t))e,(t)

+C(tM(t,  to)B(to)r(to)e,(to)
-c(t)~(t,to)(Xí,+l(to)  - X,(to))

Taking the norm of equation (2(I),  we have

e,+l(t)

i G,, Itel( + IlC(tMG ~0~~~~0~~~~0~llll~~~~0~ll

-Il~~~~~~~,~o~llll~~l+l~~o~  - x(to))ll

+
.I’

t Ilc(t) dn(tíT),BT(ë)r(,)ljlle1(7)/ld7 (21)
to

Note that

d@(t)  ++)r(r)

and

Using Lemma 1, we have

]]4(t, to)]]  2 eb(t--to) < eircTpto)

Thus, we have

Ilet+ (t)ll

5 a;,,,, Ilel(t)ll + L?(EbllTII  + 1 + ro)eî(ë-ìë)b,o(i)

J

t
+ Ee b(T--tO)((iL  + i)Qq + d^llrll)llel(~)lld~22)

to

Multiplying e-” on the both side of (22),  we have

I/et+l (t)llx

5 (ai,,,,  + Q(T-ëo)((~ + l)Qrii + ~ilw  )I,el(t)ll

x x

+s(3py + 1+ r0)e
"('-'O+,,o(i)

Clearly, there exists an A* such that

I

af.z.J +

Seî(T-ëo)((ti  + i)Qpy +d^llrl) < 1

A'
(23)

Using Assumption X2, we know that

h,o(i) I rob,o(i  - 1)

Therefore, when i + 03, we have Y:(t) + Yd(t)  and
X,(t) + lyt). 0

4 An Illustrative Example

To illustrate the theoretical result, we consider a two-
input tw-o-output system

Based on Theorem 1, an optimal gain is obtained to be

r(t) = ’
1+t+t’

r
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Figure 1: Tracking Errors

Suppose that the actual system is described by

A(t) =
ìL(1)  + d,(l)

2
+ AI(Z)  + .i2(2)t

2

= [
- 1  - 0.5t 0

0 - 1  - 0.4t 1

PI

B(t) = (0.9&(l)  + O.&(l))  + (O.SBI(2)  +0.1&(2))t

[

4.9926 + 2.5541t - 1 . 2 5 9 3  - 0.6474t=
-2.8111 - 1.4389t 0.9444 + 0.48561 1 (25)

c(t) = (o.se,(l)  +0.1&(1))  + (0.9d,(2) + o.l&(q)t

1.575 + 0.63t 2.1 + 0.84t=
3.15 + 1.26t 6.3 + 2.52t 1 (26)

With the proposed iterative learning law (5) applied to
(24))(26),  the tracking errors are shown in Figure 1.
Clearly, both Yi  and Yl track Yd,i  and Yd.2 perfectly
after the 24th iteration, where the simulation is stopped
if max{lYi(t) - Yd,i(t)l, IYi(t)  - Yd,i(t)l} < 0.01.

5 Conclusion

In this paper, we have considered the iterative learning
control of repetitive linear time varying system with
polytope uncertainties. We have formulated our ap-
proach as a group of convex optimization problems and
this makes the problem computationally tractable by
using some existing tools. Some sufficient conditions
are also derived to ensure the convergence of the learn-
ing system.
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