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Abstract

In this paper, we consider iterative learning control of
repetitive linear time varying systems with polytope
uncertainties. We formulate it as a group of convex
optimization problems. With the proposed approach,
an optimal iterative learning control law can be ob-
tained from the solution of these convex optimization
problems. Some sufficient conditions are derived for
the convergence of the resulting learning system.

1 Introduction

In this paper, we consider the following repetitive linear

time varying system
{ Xi(t) = A Xi(8) + B(H)Us(t)
Yi(t) = C() Xi(t)

where ¢ denotes the ith repetitive operation of the sys-
tem; X;€ R",U;€ R",Y; € RF are the state vector;
the input vector and the output vector, respectively;
t€fto, T1C[0,T] is the time variable with ¢ty and T
given; A(t), B(t) and C(t), the system matrices with
appropriate dimensions, are given as follows,
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where A(G)(A<j<M +1),BG)1<ji<My+ 1)
and C(j)(1<j< M3 + 1) are uncertain matrices, and
A1 <i < N,1<j <My +1), Bi(H)1 <i <
Ny, 1< j < Ma+ 1) andC(J)(l <1 <N, 1 <5<
M;+ 1) are known vertex matrices, a;,b; and ¢; are
unknown constants.

Iterative learning control of repetitive linear systems
has been studied by many researchers. [1] proposed a
first-order iterative control law and this law has been
widely used. [2] studied the iterative learning control
with the same non-zero initial condition at each itera-
tion. [3] proposed an initial state learning law to au-
tomatically initialize the system at each iteration. [4]
have considered the iterative learning control design of
repetitive linear time invariant system with unknown
system matrices 4,B and C by using the estimated
knowledge of 4, B and C. However, the iterative learn-
ing control design of linear time varying system uncer-
tain system (1)-(4) has not been considered yet. Gen-
erally, we only have some rough knowledge of .-I(t) , B(¢)
and C(t). For example, we may know that A(t),B(t)
and C(t) are in some intervas, but it is very difficult to
estimate the actual matrices in practice. Moreover, it
is impossible to use the method in [4] to obtain an op-
tima learning gain with a fast convergence speed. So
far, there does not exist any effective approach for the
design of the optimal iterative learning controller for
repetitive linear time varying systems with parametric
uncertainties.

In this paper, we present an effective approach for
the design of iterative learning control for linear time
varying uncertain system (1)-(4) by using some rough
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knowledge of A(t), B(t) and C(t). We formulate our
problem as a group of convex optimization problems
and this makes the problem computationaly tractable
by some existing tools [5]. Some sufficient conditions
are derived for the convergence of the learning system.
Our approach extends the potentia application of iter-
aive learning control and enlarges the class of systems
to include parametric uncertainties. For simplicity, we
only consider the case that Ay = M, =Mz = 1. The
result obtained in this paper can be easily generdized.

The rest of the paper is organized as follows. Section
2 considers the formulation of the problems. Section 3
derives the main results of this paper. A numerical ex-
ample is given in Section 4 to illustrate the application
of the main result. The concluding remarks are given
in section 5.

2 Problem Formulation

In this paper, we let Yy(t), X4(to), Xq(t) and Uy(t) de-
note respectively the desired output, the desired initial
state, the desired state and the corresponding input
to achieve Y,(t) and X,(t). The norms are defined as
follows:

ol

> b2 be R
i=1
4] = \/Amas(AT4) 1 A € RO
20,T] —

Ih(E)lx = sup e MA@ ; b
te[o,T)

R

and p(A) is the spectral radius of matrix 4 and
A) the maximum eigenvalue of matrix 4.

maz(

Given a system described by (1)-(4), and a desired
output trajectory Yy(t), the tracking error e;(t) at
the ith repetition is given by e;(t) = Yy(t) — Y(t).
Then the iterative learning problem is formulated as
follows. Starting from an arbitrary continuous ini-
tial input Uy(t) and an arbitrary initial state Xo(¢0),
which may be different from X(ty), obtain the sub-
sequence {U;(t), X;(to)li =1,2,3,---} for the system
(1) iteratively such that when i — o0, Y(t) — Yy(t)
and X;(tp) = X4(tp). Furthermore, Y;(¢)—Y,(t) and
Xi(t) — X4(t) are independent of the initialization error
Xi(to) — X4(to) when i — oc.

To solve the above problem, the following D-type iter-
ative learning laws can be used [1,2].

Uipr(t) = Ui(t) « T(t)éi(t) (5)
where T(t) denotes the learning gain. The resulting
system is convergent if [1,2]

sup I~ COBOI@lI<e < 1
t€(to,T]

(6)
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To ensure the existence of a T(t) satisfying (6), we need
the following assumption:

Assumption 1 C( )B (1),@-(2)3]-( ) and
Ci(1)B;(2) + C5(2)B;(1) ae full row rank for al
1_<z§N3 and all 1 <j< Ny

To handle the mismatch in the initial state, we further
assume that

Assumption 2 Repeatability of the initia set-
ting is satisfied within an admissible derivation
leve, i.e,

[[Xa(to) — Xi(to)ll < bzo(d)
bro(i) S T‘obxo(i - 1)

(7)
(8)

where 0 <rg < 1.

Our design objective is to find control gain 1i(t) such
that the following cost function is minimized.

Ji 11— CcH)BHL@) (9)

sup
te(tg,T)

Remark 1. Cost function .J; determines the conver-
gence speed of the learning process under law (5). Cost
function .J; was considered by /6] with different method
for the case where B and C are constant matrices.

3 Main Results

We shall first derive some supporting results.
Lemma 1. Suppose that ||A(¢)||<a, then

llo(t, to)]] < 27t

where
Pl — 4wl to)
d(to,to) = 1
Proof: The proof is straightforward. a

Lemma 2. The following three conditions are equiva-
lent.
1. There exists al’ such that

II- CBI|| < a <1

2. There exist ana< 1 and I' such that

al
(I —oBD)T

I -CBT

r |20

(10)
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3. CB is full row rank.

d

Proof: The proof is straightforward.

Lemma 3. Suppose that there exists a constant matrix
I such that

I - CU)BMI| <1

T - (C(1)B(2) + C(2)B
I - C@)B2)I <1

(I)rli<1

Then,

sup [|[{ -C(t)B

te [io ,T]

Or@®l < 1 (11)

where

T(t) (12)
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S Triee
+II = (C(2)B(1) + C(1)BQ2))T ||t + IT — C(2) B2)T||t*)]|
< max{|lI - C()BLT|,|II - (C(2)B(1) + C(1)B(2))T],
Il —C(2)B(2)I||}
< 1
Therefore, (11) holds. U
Lemma 4. There exists a I such that
I -C1)B(MWI|| < 1 holds for all C(1) and

B(1) defined in (3) and (4) if and only if there exists
a ' such that |{|I —C;(1)B;(1)I'||< 1 holds for all
i(1<i< N3) and all j(1<j<N,).
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— The proof is straightforward.

O
Similarly, a-e have
Lemma 5. There exists a T such that
|1 —C(2)B(2)[}] < 1 holds for all C(2) and

B(2) defined in (3) and (4) if and only if there exists
al such that ||[7—C;(2)B;(2)T]|]< 1 holds for all
1(1<i< N3) and all j(1<j<N,).

Lemma 6. There exists a I" such that ||I—(C(1)B(2)+
C(2)B(1))['|| < 1 holds for all C(l), C(2), B(1) and
B(2) defined in (3) and (4) if and only if there exists
al such that ||I—(Ci(1)B;(2) + C; (2)B (I < 1
holds for all i(1<i < Nj) and all j(1<j<Ny).

Using Lemmas 2-6, we know that if we can find a T’
such that

a,lj<1 1<1<3;1<i<N;;1<j5<Ny; (13)

Caval I-C;(1)B,(1)r 1>0 (14)
(I — C:(1)B;(1)I)" I ’
1<i<Ny1<j< Ny

a1 I—w(1,2)T .
(1 - ¥(1 207 - 1 >0; (15)
1<i<N31<j< N,

azqi ;1 I-Ci(2)B;(2)T .

(1 - C@ B, @) I ] 2 0:(16)

1<i<N3;;1 <3<V
where
¥(1,2) = (Ci(1)B;(2) + Ci(2)B; (1))

Then, we can design a controller of the form (5) with
['(t) defined in (12) such that (6) holds for linear time
varying uncertain system (1)-(4). Although (13)—( 16)
can be easily solved by using linear matrix inequalities
[5], the convergence speed may be dow if we only find
I saisfying (13)-(16).

Thus, to improve the convergence speed, we need to
find a ' to minimize .J; defined in (9). Such a I’ can
be found by using the following lemma

Lemma 7. There exists a I' such that J, defined in(9)
is minimized and J;< 1 if and only if there exists a
solution to the following 3N3/N>—objective optimal prob-
lem.

(17)

Inrin{(ll,m}7 I mrin{as,Ng,A\"z}

subject to (13) - (16).

Proof:
mas 2-6.

The proof is straightforward by using Lem-
O
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This multi-objective optimal problem defined in
Lemma 7 is difficult to be solved. So, we only consider
its smplified version by converting it into the following
3N3 N, convex optimization problems.

mrin{al_i,j} (18)
subject to (13)-(16), and

Al 2 Aspq; SEFLLISsS3p# 4
1<p<N3qg#j;1<qg <N, (19)

where 1 <1<3,1<i<Nsgand1<jy <Ny

These optimal problems can be easily solved by using
linear matrix inequalities [5]. From the solution of the
above optimization problems, our learning control laws
are given as (5) and (12).

Theorem 1. Suppose that there exists at least one op-
timal solution, al*’i’].< 1, to one of the above 3N3/N,
convex optimization problems.  Then, the iterative
learning control law (5) and (12) ensures that Y;(t) -
Yd(t) and Xi(to)%‘Yd(to) when 7 — co.

Proof: From Lemmas 226, w-e know- that

sup |[I — CO)BOT)] < a7, ; <1
tefto,T) '

From (1), we have
eir1(t) = Yu(t) — Yiri(t)
= (I- C@)B{)I(t))et)
+C{t)p(t, to) B(to)F (to)ei(to)
=C(t)o(t, to)(Xiti(to) — Xi(to))
+C(t)/t doLDBOIT)  (yar (20)

dr
Teking the norm of equation (20), we have

ei+1(t)

< arglled®I +IC(E)b(t, to) B(to)T (to)llle: (to)ll
—||C(t)¢(t to)ll[|(Xit1 (to) = Xi(to))ll
do(t, 7)B(r)T
owBEDEOIO e (g 1)
to
Note that
do(t, ) B(1)I'(1)
dr
= —A(r)e(t,7)B(r)I(r)
1427
+o(t, T)B(2)I'(t) — o(t, T)B(T)Fm
and
Al < max 1A} + | max, {I4INT —to) 24
IBWI < max (IB(UI}+ | max (IBAINT —to) 2
ICOI < max DGO+ max (ICINT —t0) 2 ¢
BN < max {1B: ()i} = d

Using Lemma 1, we have
llp(t, to)l| < e*(*~f0) < T ~t0)

Thus, we have

lles+1 ()]
<, eI+ E@IT] + 1+ ro)e® T by (4)
+, e e T ((@a+ BT + dIT|)lle: (7)]|d22)

Multiplying e~*! on the both side of (22), we have

llei+1 ()lIx

éEa (T- to)((

A1>burn nalll 1S VNI

+e(Eb|IT|| + 14 70)e® T b,0(2)

S (a’;,l,] +

Clearly, there exists an A* such that

. peT=t0) (4 + 1)b||T|| +d||T
0, + ((a A? ICH + 4T )

Using Assumption X2, we know that
bIO(i)STObIO(i— 1)

Therefore, when i — oo, we have Y;(t) — Y4(¢t) and
)&’i(t) — ‘Yd(t). O

4 An lllustrative Example

To illustrate the theoretical result, we consider a two-
input tw-o-output system

O e A N

we = [0 )= [T g

s = [ ] s - [T
s = X5 W s = e Ghe )
G = 135 fﬂ $ Ca(1) {24.255 g]

G = [y 53 ee=[7 5

o - (- [

Based on Theorem 1, an optima gain is obtained to be

o [05454 0 4
= 10.5454  0.4924| "

1
rd) =——
(*) 1+t+4¢2
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Figure 1: Tracking Errors

Suppose that the actual system is described by

A+ A1) | A@) + @),

44 t = T
®) 2 2
-1 —o0.5t 0
L o -1 —0.4t (24)
B(t) = (0.9B1(1) + 0.1B2(1)) + (0.9B1(2) + 0.1B2(2))t
[ 49926 +2.5541¢t  -1.2593 —0.6474¢ -
T [-2.8111 —1.4389t  0.9444 + 0.48561 (23)
ct) = (0.9C\(1)+0.1Cx(1)) + (0.9C1(2) + 0.1C>(2))t
_ [1575 +0.63t 2.1+ 0.84t (26)
T | 315 +1.26t 6.3 +2.52t

With the proposed iterative learning law (5) applied to
(24)-(26), the tracking errors are shown in Figure 1.
Clearly, both Y; and Y5 track Yy, and Yy, perfectly
after the 24th iteration, where the simulation is stopped
if max{|¥1(t)— Ya1(t)].|¥1(t) ~ Yas ()|} < 0.01.

5 Conclusion

In this paper, we have considered the iterative learning
control of repetitive linear time varying system with
polytope uncertainties. We have formulated our ap-
proach as a group of convex optimization problems and
this makes the problem computationally tractable by
using some existing tools. Some sufficient conditions
are aso derived to ensure the convergence of the learn-
ing system.
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