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Abstract

A new iterative learning control (ILC) updating law
is proposed for tracking control of continuous linear
system over a finite time interval. The ILC is applied
as a feedforward controller to the existing feedback
controller. By using the local symmetrical integral of
feedback control signal of previous iteration, the ILC
updating law takes a simple form with only two de-
sign parameters: the learning gain and the range of
local integration. Convergence analysis is presented
together with a design procedure.
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1 Introduction

‘Iterative Learning Control’ (ILC) [2] is a value-
added block to enhance the feedback control perfor-
mance by capitalizing the repetitiveness of system’s
operation. Clearly, the purpose of introducing the
ILC is to utilize the system repetitions as experience
to improve the system control performance even un-
der incomplete knowledge of the system to be con-
trolled.

Since early eighties, increasing attention has been
drawn from the control community. Most of the
existing work focused on the analysis issue of ILC
schemes while the obtained convergence condition is
clearly not enough for actual ILC applications. In
recent years, increasing efforts have been made on
the design issue of ILC. These can be observed from
the latest book [3]. A recent survey on ILC design
issue [8] documented various practically tested de-
sign schemes mainly for robotics applications. Other
efforts in ILC design include using modern tech-
niques like LMI (linear matrix inequality) [6], H>
[1], frequency domain LFT (linear fractional trans-
formation) [9], local ARMA (auto-regressive mov-
ing average) model approximation [10] etc. How-
ever, to draw the attention from the industry, the
above mentioned design techniques are still not suf-
ficiently attractive as compared to the successful use
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of PID (proportional-integral-derivative) controllers
in industries.

This paper makes some efforts in this direction try-
ing to provide a PID-autotuning alike ILC design
procedure with less modeling efforts. A new itera-
tive learning control (ILC) updating law is proposed
for tracking control of continuous linear system over
a finite time interval. By using the local symmetrical
integral (LSI) of feedback control signal of the pre-
vious iteration, the ILC updating law takes a simple
form with only two design parameters: the learning
gain and the range of local integration. Convergence
analysis is presented together with a design proce-
dure. Some practical considerations in the parameter
tuning are also outlined.

The remaining parts of this paper are organized as
follows. Sec. 2 formulates the control problem with
a new learning updating scheme using local symmet-
rical integral of feedback signal. In Sec. 3, a con-
vergence analysis is given. Sec. 4 details the design
issues of the proposed ILC scheme. Finally, Sec. 5
concludes this paper.

2 Local-Symmetrical-Integral-type ILC

2.1 Feedforward-feedback Configuration

ILC, originally proposed as an open-loop control
[2], has been considered as a feedforward con-
trol in addition to an existing feedback controller.
The feedforward-feedback configuration of ILC al-
gorithms has already been a standard consideration
in either ‘analysis’ or ‘design’ [8] work on ILC. A
block-diagram is shown in Fig. 1 where FBC stands
for “feedback controller” and y,4 is the given desired
output trajectory to be tracked. After the i-th iter-
ation (repetitive operation), the feedforward control
signal u%, and the feedback control signal u'y, are to

be stored in the memory bank for constructing the
feedforward control signal at the next iteration, i.e.,
uszl The stored feedback control signal u%, are to
be locally symmetrically integrated (LSI) and multi-

plied by a learning gain ~.

Remark 2.1 System Class: As suggested in [8],
when ILC starts to have a substantial impact on how
control is actually dome in industry, it will be the
linear based ILC that leads the way. In engineering



practice, to design a control system, it is very funda-
mental to have a linear proximal model G(s) for fre-
quencies below a frequency of interest, say, w.. For
a feedback controlled system, it is almost sure that
its frequency response can be well approrimated by a
linear system’s, i.e., G.(s), the closed-loop transfer
function. Therefore, at this point, it is understood
that, G(s) in Fig. 1 is a linearly magjor part of the
plant which may be nonlinear.
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Figure 1: Block Diagram of Local-Symmetrical-
Integral-type (LSI) Iterative Learning Con-
trol

2.2 LSI-type ILC Updating Law

The learning updating law is hence written by

. 0% +Tn
w0 =y O+ g |l ()

while the overall control is simply that
uiga () = u ) + i (k) )

as shown in Fig. 1 where two parameters - v the
learning gain and 77, the width of the LSI, are to be
designed and specified.

Remark 2.2 When 77, — 0: learning updating law
(1) reduced to

gy () = uf () + yulp (). ®3)
This was discussed in [7].

Remark 2.3 Anticipatory Scheme: When the
feedback controller C(s) is of a PD (proportional plus
derivative) type, i.e.,

C(s) = K, + Kgys,
(1) becomes

t+TL ;
u i (t) = uf ()47 K, / TYdT4+v Kqe' (t+T1)—

v'Kdei(t — TL)7

where v = ~/(2T71,). Clearly, this is what was noted
as ‘anticipatory’ scheme [12]. It can be argued that
the effectiveness of ILC method is due to the ‘antic-
ipatory’ or noncausal [5] use of the stored data of
previous iterations.

Remark 2.4 Discrete-time Scheme: Consider
that the sampling period is Ts. Let Ty, /Ts = M. Us-
ing the simple rectangular formula of the numerical
quadrature, one obtains

M

i+1 i 0 i .
Upy (k) = u%s (k) + oM 1 1 E:Mufb(kJFJ)' (4)

Clearly, (4) is simply an algebraic averager [4] - a
special type of noncausal filter discussed in [5].

Here, our control task is to track the given desired
output trajectory yq(t) over a fixed time interval
[0,T] as closely as possible. With an existing feed-
back controller C(s), the main objective of this paper
is to use a learning feed forward controller (LFFC)
given by ILC updating law (1) to achieve a bet-
ter tracking performance. In what follows, we will
perform an analysis on ILC convergence and then
present a practical procedure for ILC design.

3 Convergence Analysis

Before performing the convergence analysis of the
proposed learning scheme, we should clarify the exis-
tence problem. That is, for a given y4(t), we assume
that there exists a unique feedforward u$5(t) such

that yoo(t) — ya(t) for all t € [0,T7.

The convergence of the proposed learning controller
is in the sense that u%, approaches to a fixed point

signal as ¢ increases and meanwhile, y;(t) — yq(?).
This is summarized in the following theorem.

Theorem 3.1 A linear system shown in Fig. 1 is
controlled by a suitable feedback controller which per-
forms a given task repeatedly. A locally-symmetrical-
integral-type ILC scheme (1) is applied as a learning
feedforward controller (LFFC). There exists a real
constant v and a positive Tr,(0 < Tr, < T) such that
the learning process is convergent and furthermore,

lim Uff( s) = Yu(s)/G(s). (5)

T—00

where U]’;f(s) = E[u%p(t)] and Yq(s)
convergence rate is given by

= L[ya(t)]. The

A
p(w,v,Tr) =1 —~vH(w

where G(s) is the closed loop transfer function and

Ge(s) = C(s)G(s)/(1 + C(s)G(s))-

aTL)Gc(jw) |< 17 (6)



Theorem 3.1 implies that the iterative learning con-
troller is essentially applied to inverse the plant to
be controlled in an iterative manner. Since linear
system is considered in this paper, in the sequel, fre-
quency domain notion is used. Using Laplace trans-
formation, the updating law (1) becomes

U7 () = Ups(s) + vH(@, TL)Upn(s) - (7)
where U}b(s) = L[u?}b(t)], s = jw and
~ sin(wTy)
H(Q}, TL) - LUTL .

In (7), the following property of Laplace transforma-
tion is applied:

T sin(w
T S e O

Now we proceed to present a proof of Theorem 3.1.

Proof:
written as

From Fig. 1, the feedback signal can be

Uso(s) = =Ge(5)Us(5) + Ge(5)Ya(s)/G(s). (9)

Learning updating law (7) becomes,

Upt(s) = [ —vH(w,T0)Ge(s)Uyg(s)
+H (w, T1) Ge(5)Ya(s) /G(s). (10)

Iterating (10), one obtains

Uifs) = [1—vH (@, T0)Ge(s) TP (5)
H{1 = [1 = A H (@, T)Gol9) 1 }als) /G (s)(11)

Since H(w,Tr) and G.(s) are essentially with a low
pass filter characteristics, it is clearly possible to
choose a suitable 7 such that (6) is true. In addi-
tion, T, can be used to shape p(w,~,Tr) which is
the convergence rate in (11). Therefore, there ex-
ists a design of v and 77, such that (6) holds and
from (11)lim; 00 Ujs(s) — Ya(s)/G(s) and more-
over, y;(t) — yq(t) for all t € [0,T] as ¢ — oo. [

Remark 3.1 [t is implied in (7) that the initial con-
dition of each iteration should be the same.

4 Design Issues

4.1 Prior Knowledge

In this paper, it has been shown in the above that the
design parameters of the proposed learning control

scheme are only v and T,. One may argue that in
the original D-type ILC scheme [2], there is only one
design parameter I'.

To make a fair comparison between two control
schemes, one must take into account many factors.
Among these factors, the amount of prior knowl-
edge assumed for the controller design is vital for
the control scheme to survive. In [2], the range of
the first Markov parameter should be known a pri-
ori. This is an unusual and nonconventional require-
ment. Moreover, the derivatives of output tracking
error are prone to noise amplification. As argued in
[8], when faced to an actual system, one cannot as-
sume zero knowledge available. In most engineering
practice, it is quite common that the Nyquist curve
information about the system is available. In this
paper, the knowledge we used includes

e The frequency of the desired trajectory, which
is less than a known frequency denoted by wq
and wy < we. w, is the cut-off frequency of the
closed-loop system;

e An estimate of G¢(jw.) or G¢(jwq).

Clearly, the above knowledge is minimal for con-
troller design.

4.2 Design Method for T,

The basic intuition in choosing a T7, is that the T7,
cannot be too large and meanwhile the T}, cannot
be too small. Small 77, will bring in more high
frequency signal components stored in the memory
bank. These high frequency signal components may
be accumulated due to different phase relationship
from iteration to iteration. This is the major rea-
son of the divergence for some ILC schemes which
may be convergent at the initial iterations but as ILC
runs, divergence can be observed in practical appli-
cations [8]. Meanwhile, a too large T, deteriorates
the signal’s low frequency components when smooth-
ing out the high frequency components. Therefore,
a suitably chosen T7, is very important.

A simple consideration is that, the signal’s energy
can not be attenuated by half via H(w,Tr). One
obtains

H(wd,TL) = g (12)

which will give an estimate of T}, by
wdTL ~ 1.392 (13)

using solve(’sin(x)/x =sqrt(2)/2’) of MAT-
LAB Symbolic Math Toolbox. Therefore,

1.392
wd '

Ty, > (14)

An alternative practical design procedure can be like
this. As at the first iteration only feedback controller



is commissioned, at the end of the first iteration,
performing discrete Fourier transform (DFT) of the
feedback signal ug)cb(t) gives the spectrum informa-

tion of the feedback signal. A frequency w! can be
chosen a little bit higher than the frequency corre-
sponding to the magnitude peak in the amplitude-
frequency plot of u$,(t). Then, one can use this w,

to obtain a design of 77, from (14).

From the above discussions, 77, can now be designed.

Remark 4.1 The learning scheme analyzed in [7] is
actually the case when T, — 0 which caters for track-
ing desired trajectory with ultra high signal frequency,
according to the discussion of this subsection. This
is too stringent to be practically useful. Therefore, in
practical use of learning control scheme like the one
proposed in [7], a locally symmetrical integration is
required with a suitable T7,.

4.3 Design Method for v

It is an open problem to get a reasonable estimate
of the upper limit of v with less modeling effort.
However, during practice, one can always start with a
smaller, conservative v via which the learning process
converges. Then fine tune of v is still possible as
discussed in Sec. 4.5. The above discussions indicate
that it is an easy task to make ILC work.

Full knowledge of G.(jw), w < w. may be some-
times impractical. Therefore, it is assumed that at
least the value of G.(jw.) is available. In what fol-
lows, it will be shown that G.(jw.) can be used to
design a reasonable . Let G.(jw) = A(w)e?™). De-
note p = p?(w,~,Tr). Then, from (6),

p=1-2yH(w,Tr)A(w) cos O(w)+72H?(w, Tr,) A%(w).

(15)

Clearly, v should be chosen to minimize p. From
(15), the best 7 should be

cos f(w)
= 1
7= H@ o) AW) (16)
by setting 3_5 = 0. At frequency we,
cos B(w.) (17)

7T H(we, Tr) Alwr)”

It should be noted that v may be negative at certain
frequency range. For most applications, wy is quite
small and in this case v can be given approximately
by

v < V2. (18)

When only G.(jwg) is known, v can be design sim-
ilarly according to (16). If the knowledge of G.(jw)
within a frequency range [wr,wg] is known. A plot

of y(w) is available from (17). This plot is useful in
selecting a suitable v when different frequencies of
interest are to be considered in [wr,wg].

In any case, it is possible to tune v to make the ILC
convergence as fast as possible. However, as shown
in Sec. 4.4, the ILC convergence rate has its limit
governed by the closed loop system dynamics alone.

4.4 Discussion on A Limit of ILC Conver-
gence Rate

Substituting (16) into (15), the corresponding mini-
mal p is given by

(P)min = sin” O(w), (19)

ie.,
p=|sinf(w) |=p*.

The above inequality implies that, for a given w of
interest, the ILC convergence rate cannot be faster
than the limit characterized by p*. This limit is inde-
pendent of learning schemes applied. The only way
to achieve a faster ILC convergence process is to well
design the feedback controller C'(jw) such that the
phase response of the closed-loop system will well
behave as required in (19).

4.5 Some Heuristic Design Consideration

The following heuristic ideas may be helpful in tun-
ing ILC parameters. When applicable, some rule-
based methods could be used.

e Re-evaluate T, at the end of every iteration.
This will not cost a lot but can keep a tight
monitoring of possible variations of the system
dynamics and the uncertainty/disturbance.

e When ILC starts with a smaller v, increase y
while the tracking error keep decreasing and
decrease « while the tracking error keep in-
creasing.

e Use a cautious (larger) T, at the beginning of
ILC process. Decrease T, when ILC converges
to a stage with little improvement. In this case,
smaller 77, leaves more high frequency compo-
nents of the feedback control signal in the mem-
ory bank. This in turn may further improve the
convergence performance.

4.6 An Application Example

The LSI-ILC proposed in this paper has been ex-
tensively studied on a PMLM (permanent magnet
linear motor) platform. The efforts were focused on
ultra precision motion control with less or modest
modeling effort using a feedback-feedforward control
structure. First, a PID feedback controller is de-
signed using a relay automatic tuning method. An
artificial delay is introduced to achieve self-induced



controlled oscillations from which the PID controller
can be automatically tuned. An iterative learning
controller (ILC) is applied as a feedforward controller
to the existing relay-tuned PID feedback controller
to enhance the trajectories tracking performance by
utilizing the experience gained from the repeated ex-
ecution of the same operations. Detailed design steps
and achieved results can be found in [11].

Here, we present a representative experiment result
to verify the theoretical results of this paper. For
detailed experiment setup, again, refer to [11].

A cautious 7 is chosen to be 0.1. As discussed in
the above, it is always possible to make the learn-
ing control work. We use a rectangular integration
formula for the LSI. M is proportional to the length
of the LSI interval Ty,. Different M’s were used to
test the ILC convergence. As shown in Fig. 2, when
M = 0, it is not convergent for the reasons in Re-
mark 4.1. However, the ILC convergence at several
initial iterations can be observed. The similar situ-
ation happened when M = 1,2,3. When M > 4,
the ILC exhibits good convergence property. When
M increases to 20, no further significant improve-
ment, can be obtained. This verifies the ILC design
formula presented in the above for T7,.
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Figure 2: Learning convergence comparison, fixed v =
0.1 with different M (Tracking error RMS
vs. ILC iteration number).

5 Conclusions

A new iterative learning control (ILC) updating law
is proposed for tracking control of continuous linear
system over a finite time interval. The ILC is applied
as a feedforward controller to the existing feedback
controller. By using the local symmetrical integral of
feedback control signal of previous iteration, the ILC
updating law takes a simple form with only two de-
sign parameters: the learning gain and the range of
local integration. Convergence analysis is presented
together with a design procedure. Some practical
considerations in the parameter tuning are also out-
lined. Also, a limit on the ILC convergence rate has
been discussed.

References

[1] Amann, N., Owens, D. H., Rogers, E., and
Wahl, A. (1996). An H., approach to linear
iterative learning control design. International
Journal of Adaptive Control and Signal Pro-
cessing, 10(6), 767-781.

[2] Arimoto, S., Kawamura, S., and Miyazaki, F.
(1984). Bettering operation of robots by learn-
ing. J. of Robotic Systems, 1(2), 123-140.

[3] Bien, Z. and Xu, J.-X. (1998). [terative Learn-
ing Control - Analysis, Design, Integration and
Applications. Kluwer Academic Publishers.

[4] Burdet, E., Rey, L., and Codourey, A. (1997). A
trivial method of learning control. In Preprints
of the 5th IFAC Symposium on Robot Control,
volume 2, Nante, France. IFAC.

[5] Chen, Y., Lee, T. H., Xu, J.-X., and Yamamoto,
S. (1998b). Noncausal filtering based design of
iterative learning control. In K. L. Moore, ed-
itor, Proc. of the First Int. Workshop on It-
erative Learning Control, pages 63-70, Hyatt
Regency, Tampa, FL, USA.

[6] Doh, T.-Y., Jin, K. B., and Chung, M. J. (1998).
An LMI approach to iterative learning con-
trol for uncertain linear systems. In ISTAC,
pages 006.1-006.6, Albuquerque, NM, USA.
TSI Press.

[7] Kuc, T.-Y., Lee, J. S., and Nam, K. (1992).
An iterative learning control theory for a class
of nonlinear dynamic systems. Automatica,
28(6), 1215-1221.

[8] Longman, R. W. (1998). “Designing Iterative
Learning and Repetitive Controllers”. In Z.
Bien and Xu J.-X. eds, “Iterative Learning
Control - Analysis, Design, Integration and
Application”, Kluwer Academic Publishers,
pp- 107-145.

[9] Moon, J.-H., Doh, T.-Y., , and Chung, M. J.
(1998). A robust approach to iterative learning
control design for uncertain systems. Automat-
ica, 34(8), 1001-1004.

[10] Phan, M. and Juang, J. (1996). Designs of learn-
ing controllers based on an auto-regressive rep-
resentation of a linear system. ATAA Journal
of Guidance, Control, and Dynamics, 19(2),
355-362.

[11] K. K. Tan, H. F. Dou, Y. Chen and T. H. Lee
(1999). High Precision Linear Motor Control
Via Relay-Tuned Iterative Learning Based On
Zero-Phase Filtering. IEEE Trans. on Control
Systems Technology. Accepted as a full paper
for publication. 1999.

[12] Wang, D. (1998). An anticipatory iterative
learning control scheme: theory and exper-
iments. In K. L. Moore, editor, Proc. of
the First Int. Workshop on Iterative Learning
Control, pages 79-80, Hyatt Regency, Tampa,
FL, USA.



