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Abstract—

A new iterative learning control (ILC) updating law is
proposed for tracking control of continuous linear system
over a finite time interval. The ILC is applied as a feedfor-
ward controller to the existing feedback controller. By using
the weighted local symmetrical integral (WLSI) of feedback
control signal of previous iteration, the ILC updating law
takes a simple form with only two design parameters: the
learning gain and the range of local integration. Conver-
gence analysis is presented together with a design procedure.
A set of experimental results are presented to illustrate the
effectiveness of the proposed WLSI-ILC scheme.

Keywords— Iterative learning control; weighted local sym-
metrical integration; convergence analysis; controller design
and tuning.

I. INTRODUCTION

Since early eighties, increasing attention to ‘Iterative
Learning Control’ (ILC) [1], [2] has been drawn from the
control community. Most of the existing work focused on
the analysis issue of ILC schemes. However, the obtained
convergence condition is not enough for actual ILC appli-
cations. Therefore, in recent years, increasing efforts have
been made on the design issue of ILC [3], [4]. A recent sur-
vey on ILC design issue [5] documented various practically
tested design schemes. To draw the attention from the in-
dustry, it is desirable to design the ILC in a way similar to
the successful use of PID (proportional-integral-derivative)
controllers in industries.

This paper attempts to provide a PID-autotuning type
ILC design procedure with less modeling efforts. A new it-
erative learning control (ILC) updating law is proposed for
tracking control of continuous linear system over a finite
time interval. By using the weighted local symmetrical
integral (WLSI) of feedback control signal of the previ-
ous iteration, the ILC updating law takes a simple form
with only two design parameters: the learning gain and
the range of local integration. Convergence analysis is pre-
sented together with a design procedure.
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II. WLSI-TtyPE ILC

The feedforward-feedback configuration of ILC algo-
rithms has already been a standard consideration in either
‘analysis’ or ‘design’ [5] work on ILC. ILC, originally pro-
posed as an open-loop control [1], has been considered as
a feedforward control in addition to an existing feedback
controller. A block-diagram is shown in Fig. 1 where FBC
stands for “feedback controller” and yq is the given desired
output trajectory to be tracked. After the i-th iteration
(repetitive operation), the feedforward control signal u} ;
and the feedback control signal ujcb are to be stored in
the memory bank for constructing the feedforward control
signal at the next iteration, i.e., u}"}l The stored feed-
back control signal u’J}b are to be multiplied with a weight-
ing function h(7), locally symmetrically integrated (WLSI)
and then multiplied by a learning gain ~.
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Fig. 1. Block Diagram of Weighted Local Symmetrical Double-
Integral-type (WLSI) Iterative Learning Control

According to Fig. 1, the ILC updating law is hence writ-
ten by
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where v is the learning gain, h(-) is the local weighting func-
tion and T, is the width of local integration. h(-) should
be chosen according to two properties, i.e., a) locality and
symmetry:

{ h(t) = h(_t)a vt; (2)
h(t) = 0, t ¢ [—TL,TL];

and b) normalization: f_T;L h(r)dr = 1. The overall control
is simply that

i1 (k) = ufh' (k) + ' (k) 3)
as shown in Fig. 1 where two parameters - 7y the learning
gain and T, the width of the WLSI, are to be designed and

specified. Here, two examples of the local weighting func-
tion are presented for illustration shown in Fig. 2. In Fig. 2,

-T; T

Fig. 2. Two simple local weighting functions (rectangular: hi(t);
triangular: ha(t))

the rectangular one is denoted by h4(¢) and the triangular
ha2(t). They clearly satisfy the above two properties set for
general form of h(t).

In practice, the WLSI-ILC is to be implemented digitally.
Consider that the sampling period is Ts. Let Ty /T =
M. Using the simple rectangular formula of the numerical
quadrature, for h(t) = hq(t) shown in Fig. 2, one obtains

M

uff (k) =y () + g D0 (ki) (4)
j=—M
which is the case considered in [6]. For h(t) = ha(t), simi-
larly simple updating formula as (4) can be obtained.

Here, our control task is to track the given desired output
trajectory yq(t) over a fixed time interval [0, 7] as closely
as possible. With an existing feedback controller C(s), the
main objective of this paper is to use a learning feed for-
ward controller (LFFC) given by ILC updating law (1) to

achieve a better tracking performance.

III. CONVERGENCE ANALYSIS

The convergence of the proposed learning controller is in
the sense that u® , approaches to a fixed point signal as i in-
creases and meanwhile, y;(t) — y4(¢). This is summarized
in the following theorem.
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Theorem III.1: A linear system shown in Fig. 1 is con-
trolled by a suitable feedback controller which performs
a given task repeatedly. A weighted local-symmetrical-
integral-type ILC scheme (1) is applied as a learning feed-
forward controller (LFFC). There exists a real constant 7
and a positive T (0 < T < T) such that the learning
process is convergent and furthermore,

Zl;r(r)l() Ui s(s) = Ya(s)/G(s). (5)
where U}f(s) = £[u§cf(t)] and Y4(s) = L[ya(t)]. The con-
vergence rate is given by

p(w,7,Tr) 2|1 = vH(w, Tr)Ge(jw) [< 1, (6)

where G.(s) is the closed loop transfer function and
G.(s) =C(s)G(s)/(1 + C(s)G(s)).

Theorem III.1 implies that the iterative learning con-
troller is essentially applied to inverse the plant to be con-
trolled in an iterative manner. Since linear system is con-
sidered in this paper, in the sequel, frequency domain no-
tion is used. Using Laplace transformation and its convo-
lution theorem, the updating law (1) becomes

Uit (s) = Ujy(s) + yH(w, Tr)Upy(s) (7)
where U, (s) = Lfuby (1), s = jw and

Tr
H(w,T.) = / h(t)e*'dt. (8)
—Ty
Due to its symmetry, H(w,Ty) is with zero phase.
Now we proceed to present a proof of Theorem III.1.
Proof: From Fig. 1, the feedback signal can be written
as
Ugp(s) = =Ge(s)Ugs(s) + Ge(s)Ya(s)/G(s).  (9)

Learning updating law (7) becomes,
Uift(s) = [L—=vH(w,Tr)Ge(s)]Uj(s)

+yH(w,TL)Gc(s)Y4(s)/G(s). (10)

Tterating (10), one obtains
Uil(s) = [1—yH(w,T)Go(s) U (5)
H1 = [1 = vH (w, T1)Ge()) }Ya(s)/G(s). (11)

Since H(w,Tr) and G.(s) are essentially with a low pass fil-
ter characteristics, it is clearly possible to choose a suitable
~ such that (6) is true. In addition, 77, can be used to shape
p(w,v,Tr) which is the convergence rate in (11). There-
fore, there exists a design of v and T, such that (6) holds
and from (11) lim;_, « U}f(s) — Y4(s)/G(s) and moreover,
yi(t) = ya(t) for all t € [0,T] as i — oo. [ ]

Remark III1.1: The convergence condition (6) is similar

to the one obtained in [7] or [8] which is in the form of
| 1= L(jw)G(w) <1, (12)

where G(jw) is the open-loop transfer function of the plant
to be controlled and L(jw) is the learning operator such
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that Upy1(jw) = Uk(jw) + L(jw)Ex(jw) where Ej(jw) is
the tracking error at the k-th iteration. However, it is
harder to find a realizable L(jw) for all w that satisfies (12).
Note that in (6), the closed-loop transfer function G.(jw),
instead of G(jw), is involved which is normally close to
1 at low frequencies and damps rapidly as the frequency
increases. Therefore, it is relatively easier to find a suitable
H(-,-) and a A to satisfy (6). The proposed WLSI-ILC is
hence less model dependant as shown in our experimental
studies.

IV. DESIGN ISSUES
A. Prior Knowledge

In [1], the range of the first Markov parameter should be
known a priori. This is an unusual and nonconventional
requirement. Moreover, the derivatives of output tracking
error are prone to noise amplification. As argued in [5],
when faced to an actual system, one cannot assume zero
knowledge available. In most engineering practice, it is
quite common that part of the Nyquist curve information
about the system is available. In this paper, the knowledge
we used includes
o The frequency of the desired trajectory, which is less than
a known frequency denoted by wy and wy < we. w, is the
systems cut-off frequencys;

e An estimate of G.(jw.) or G.(jwy).

Clearly, the above knowledge is minimal for controller de-
sign. In addition, the local weighting function h(t) for a
given T, should be decided beforehand. Note that here
the full information of the Nyquist curve is not necessarily
known.

B. Design Method for T,

A suitably chosen T}, is very important. Small 77, will
bring in more high frequency signal components stored in
the memory bank. These high frequency signal components
may be accumulated due to different phase relationship
from iteration to iteration. This is the major reason of the
divergence for some ILC schemes which may be convergent
at the initial iterations but as ILC runs, divergence can
be observed in practical applications [5]. Meanwhile, a too
large T, deteriorates the signal’s low frequency components
when smoothing out the high frequency components.

A simple consideration is that, the signal’s energy can
not be attenuated by half via H(w,Tf). One obtains

H(wd,TL) = @

: (13)

For hy(t) and hy(t) shown in Fig. 2, by referring to (8), one
gets

sin(wTyg)

Hy(w,Tr) = Wa (14)
_ 2(1 —cos(wTr))  sin(wTL/2),,
o) = PTT U umz )
= H}(w,Tr/2). (15)

Using Hi(w,Tr,) and applying (13) will give an estimate of
TL by
wdTL ~ 1.392 (16)

using solve(’sin(x)/x =sqrt(2)/2’) of MATLAB
Symbolic Math Toolbox. Therefore,

1.392
T > . (17)
wa
Similarly, when using Ho(w,T%,),
2.004
wdTL ~ 2004, and TL Z (18)
wd

using solve(’2*(1-cos(x))/x"2 = sqrt(2)/2’).
Remark IV.1: The learning scheme analyzed in [9] is ac-
tually the case when 71 — 0 which caters for tracking
desired trajectory with ultra high signal frequency, accord-
ing to the discussion of this subsection. This is too strin-
gent to be practically useful. Therefore, in practical use of
learning control scheme like the one proposed in [9], a local
symmetrical integration is required with a suitable T7,.

C. Design Method for v

It is an open problem to get a reasonable estimate of
the upper limit of v with less modeling effort. However,
during practice, one can always start with a smaller, con-
servative v via which the learning process converges. The
above discussions indicate that it is an easy task to make
ILC work.

Full knowledge of G.(jw), w < w. may be sometimes
impractical. Therefore, it is assumed that at least the value
of G.(jw.) is available. In what follows, it will be shown
that G.(jw.) can be used to design a reasonable . Let
G(jw) = A(w)e’™). Denote p = p?(w,v,Tr). Then, from
(6),

p=1—2yH(w,Tr)A(w) cosB(w) + v H?(w, Tr) A% (w).
(19)
Clearly, v should be chosen to minimize p. From (19), the
best v should be

cos O (w)

' H AW =

. a5 cos A(w.)
by setting g = H(we,Tr) A(we)®

It should be noted that v may be negative at certain fre-
quency range. For most applications, wy is quite small and
in this case v can be given approximately by v < v/2. When
only G.(jwq) is known, 7 can be designed similarly accord-
ing to (20). If the knowledge of G.(jw) within a frequency
range [wr,wp] is known. A plot of v(w) is available from
(20).This plot is useful in selecting a suitable v when differ-
ent frequencies of interest are to be considered in [wr,, wr].

0. At frequency w., v =

V. AN EXPERIMENTAL ILLUSTRATION

Our extensive studies on a PMLM (permanent magnet
linear motor) platform were focused on ultra precision mo-
tion control with less or modest modeling effort using a
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feedback-feedforward structure as shown in Fig. 1. First,
a PID feedback controller is designed using a relay auto-
matic tuning method. An artificial delay is introduced to
achieve self-induced controlled oscillations from which the
PID controller can be automatically tuned. An iterative
learning controller (ILC) is applied as a feedforward con-
troller to the existing relay-tuned PID feedback controller
to enhance the trajectories tracking performance by utiliz-
ing the experience gained from the repeated execution of
the same operations. Detailed design steps and achieved
results can be found in [10].

Here, a set of representative experiment results are pre-
sented to verify the theoretical results of this paper. For
detailed experiment setup, again, refer to [10]. First, a cau-
tious 7y is chosen to be 0.1. As discussed in the above, it
is always possible to make the learning control work. We
use a rectangular integration formula for the WLSI and
the weights are set to be equal for simple implementation.
This is the case for rectangular H(-,-) shown in Fig. 2.
M is proportional to the length of the WLSI interval T7,.
Different M’s were used to test the ILC convergence. As
shown in Fig. 3, when M = 0, it is not convergent for the
reasons in Remark IV.1. However, the ILC convergence at
several initial iterations can be observed. The similar situ-
ation happened when M = 1,2,3. When M > 4, the ILC
exhibits good convergence property. When M increases
to 20, no further significant improvement can be obtained.
This verifies the ILC design formula presented in the above
for TL.
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Fig. 3. Learning convergence comparison, fixed v = 0.1 with different
M (Tracking error RMS vs. ILC iteration number).

As verified in Fig. 3, a suitable M (M = 10) can be
chosen and fixed. Now, different learning gains were used
to test the ILC convergence. As shown in Fig. 4, when ~
increases, ILC converges faster. However, sustainable ILC
convergence (or long term stability of ILC [5]) will not be
guaranteed as v increases from 0.3 and beyond.

Similar results were obtained if a triangular H(:,-), as
shown in Fig. 2, is used. It should be noted again that
the WLSI-ILC scheme proposed in this paper is less model
dependant.
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Fig. 4. Learning convergence comparison, fixed M = 10 with differ-
ent v (Tracking error RMS vs. ILC iteration number).

VI. CONCLUSIONS

A new iterative learning control (ILC) updating law is
proposed for tracking control of continuous linear system
over a finite time interval. The ILC is applied as a feedfor-
ward controller to the existing feedback controller. By us-
ing the weighted local symmetrical integral (WLSI) of feed-
back control signal of previous iteration, the ILC updating
law takes a simple form with only two design parameters:
the learning gain and the range of local integration. Con-
vergence analysis is presented together with a design pro-
cedure. A set of experimental results are briefly presented
to illustrate the effectiveness of the proposed WLSI-ILC
scheme.
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