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Abstract— ODIS is an omni-directional mobile robot
designed to autonomously or semi-autonomously in-
spect automobiles in a parking lot. Periodically, its
position and orientation references need to be reset.
This paper considers visual servoing to parking lot
lines as one possible approach. Analysis and simula-
tions demonstrate that a surprisingly simple propor-
tional controller in the image coordinates can accom-
plish position and orientation alignment with parking
lot lines. Unlike previous work, no image Jacobian ma-
trix is necessary. Knowledge of the camera focal length
is not required, but the camera and vehicle axes are
assumed to be aligned, and the vehicle is assumed to
rotate about the camera frame’s y-axis.

I. INTRODUCTION

HE Utah State University Omni-Directional In-

spection System (ODIS) is a small mobile robotic
system that can be used for autonomous or semi-
autonomous inspection under vehicles in a parking
lot [1], [2]. Customers for such a system include
military police and other law enforcement and secu-
rity entities [3]. The robot features (a) three “smart
wheels” [4], [5] in which both the speed and direction
of the wheel can be independently controlled through
dedicated processors, (b) distributed computing over
8 processors, (¢) a sensor array with a laser, sonar
and IR sensors, and a video camera. The “smart
wheel” [4] is a unique feature in ODIS which was de-
veloped by the Center for Self-Organizing and Intel-
ligent Systems (CSOIS). This has resulted in the T-
series of omni-directional (ODV) robots [5]. With the
ODV approach, the CSOIS robots, including ODIS,
can achieve complete control of orientation and mo-
tion in a plane, thus making the robots holonomic.
Fig. 1 shows the ODIS design.

ODIS was designed to operate for an extended pe-
riod outdoors and will periodically need to reset its
fiber-optic gyro and position references. Since the
robot will be operating in a parking lot, lines, which
serve as guides for automobile parking, are natural ref-
erences for both position and orientation. ODIS is
equipped with a color camera for inspection tasks, so
visual servoing to parking lot lines seems like a natural
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Fig. 1. ODIS Design.

fit. The purpose of this paper is to study a very simple
algorithm for aligning ODIS to a line.

Hutchinson, Hager, and Corke [6] reviewed previ-
ous work in visual servoing and provided a tutorial
introduction to standard methods. Visual servoing ap-
proaches were divided into 4 categories. In this paper
a “dynamic image-based look-and-move” approach is
used. It is “image based” since errors are computed
in the image. It is “dynamic look-and-move” since
the errors determine corrective velocities for the robot,
which must then be then fed to a lower-level robot ve-
locity controller. In contrast to most image-based ap-
proaches, the method here does not require the use of
an image Jacobian matrix. The image Jacobian ma-
trix maps robot velocities to image feature velocities.
Since the inverse map is needed in a robot controller,
the image Jacobian must usually be inverted some-
how. Instead of using this technique, the approach in
this paper involves a simple proportional controller to
map image errors to vehicle velocities. Although the
image errors are nonlinearly related to the vehicle posi-
tion errors, with significant coupling between degrees
of freedom, convergence to the desired position and
orientation occurs for virtually any initial condition of
interest.

Much of the previous work has focused on servoing



to point features. In contrast, the approach discussed
in this paper makes use of lines. Some examples of pre-
vious papers, which have considered servoing to lines,
are discussed next.

Espiau, Chaumette, and Rives [7] considered a very
general version of the visual servoing problem. Servo-
ing to lines, as well as points, planes, circles, spheres,
etc. were all discussed. In contrast to this paper, the
image Jacobian matrix was an important part of their
control method (However, they used the term “inter-
action matrix” instead of image Jacobian matrix).

Hager [8] used Pliicker coordinates for lines. Both
points and lines were used as features in the visual
servoing problem. Stereo vision was assumed. He also
used an inverse image Jacobian matrix to accomplish
the mapping from image errors to manipulator veloc-
ities. In this paper, lines are assumed to lie in a plane
(the parking lot) parallel to the camera’s z-z plane.
Specifically, a line can be represented by a point (x, z)
in the parking lot plane (y = —c¢ < 0) and an angle
(). This is much less general but allows a simpler
representation than that used in [8].

Andreff, Espiau, and Horaud [9] discussed the prob-
lem of aligning a desired image of lines with an im-
age containing lines. They used a similar but slightly
different representation of lines than [8] (normalized
Pliicker coordinates). Instead of an image-based ap-
proach, they recovered the line parameters in the cam-
era frame coordinates, and used this to drive the error
in alignment to zero.

Madsen and Christensen [10] presented an algorithm
to direct a manipulator-mounted camera to line up
with the normal to a plane formed by two polyhedral
edges. It was based on the angle between the image
of the two edges. The mobile robots in the work of
Castellanos and Tardés [11] made use of lines in the
camera image to locate themselves and to build maps,
but no visual servoing was performed.

A representative example of visual servoing for mo-
bile robots is the work of Burschka and Hager [12].
They considered path tracking of a nonholonomic mo-
bile robot. Points (not lines) were the feature servoed
in the image. Like most of the image-based work (but
in contrast to the approach in this paper), an inverse
image Jacobian matrix was used to relate image errors
to commanded vehicle velocities.

The paper is organized as follows: Section II
presents the equations for the models of the camera,
vehicle kinematics, and proportional controller. Sec-
tion III offers 2 results on the stability of the propor-
tional controller. Section IV presents a representative
simulation result. Section V offers some possible ex-
tensions of the approach which will be considered in
the near future. Finally, conclusions are briefly dis-
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Fig. 2. Camera Frame, Image Plane, and Parking Lot Line.

cussed in Section VI.

No experimental results are reported in this paper.
However, some preliminary results have been reported
in [13], which focused on ODIS hardware and software.

II. THE MODEL
A. Perspective Map

A perspective projection model is assumed for the
camera. The projection map is given by

(1)

Note that, under perspective projection, straight lines
in the camera frame map to straight lines in the image
plane.

Fig. 2 illustrates the conventions for the camera
frame, image plane, and parking lot line. Consider
a point in the camera frame with coordinates (z,y, z).
Now, add the unit vector (sin, 0, cos ) to this point
to obtain a second point. It will be assumed that
—m/2 < 1 < w/2. The angle that the image of this
vector makes with respect to the positive v-axis in the
image can be easily derived.

The mappings of the 2 points, under the perspective
projection are given by

(w,0) = ().

(@9.2) = 2@y)

(z +sinv,y, z + cos )

—

m(z +sin, y).

Taking the difference of the 2 image points gives a
vector in the image plane:

m(z siny — x cos 1, —y cos ).

Note that the vector always has a positive v component

since y < 0 (the camera is above the parking lot). The

angle of this vector with respect to the positive v-axis
ztany — x

is then given by
6 =sin~! ,
V(ztany — z)2 + o2

where the angle is positive if the vector has a positive
u component. Note that, based on Fig. 2, the image

(2)



plane should be visualized with u positive in the left di-
rection, and positive 6 is then in the counter-clockwise
direction.

B. Proportional Controller

Assume an image processing algorithm is available
to extract the starting point and angle of the image of
a parking lot line. Such an algorithm has been previ-
ously developed by researchers in the CSOIS.

A simple controller (based on intuition) is given by

Ty k1 (u —uq) (3)
Zy = ka(v—wq) (4)
s k3 (0 — 0a), (5)

where k;, i = 1,2, 3 are positive controller gains, u, uq
are the horizontal coordinates of the actual and desired
point in the image, v, vq are the vertical coordinates
of the actual and desired point in the image, and 6
and 0, are the actual and desired angles that the line
makes with the positive v-axis in the image. Refer-
ring to Fig. 3, &, is the x component of the vehicle’s
velocity and is positive when the vehicle moves to the
left. 2, is the z component of the vehicle’s velocity
and is positive when the vehicle moves forward. wv
is the angular velocity of the vehicle and is positive
when the vehicle rotates counter-clockwise. The sub-
script v is used to denote variables associated with the
vehicle’s frame. On the other hand, &, z, 1 are rates
associated with the movement of features with respect
to the camera frame. The relationship between these
is discussed in Section II-C.

The motivation behind this controller is clear (see
Fig. 3): If the line appears too far to the left in the
image (u > ug — recall that u is positive to the left),
then the robot should move to the left. Similarly, if
the line appears too high in the image (v > vy), the
robot should move forward. Finally, if the line is ro-
tated counter-clockwise beyond the desired angle in
the image (@ > 6;), then the vehicle should rotate
counter-clockwise.

Consider the case

(6)

Thus, the desired image is a line which is centered
horizontally and oriented vertically. Setting w = 6 = 0,
v = vg in the projection map (1) gives desired values

ud:9d20

x=0, z=y\vg, v =0.

Thus, if the image line is in the desired position and
orientation, the vehicle must be oriented parallel to the
line (¢» = 0), and if the line were extended toward the
vehicle, the vehicle would be located on this extended
line (z = 0).
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Fig. 3. Variables for Kinematic Equations. Point A should be
understood as lying on an imaginary extension of the line. Note
that the convention for v is consistent with Fig. 2.

There are several reasons why it is not clear if the
controller will work. First of all, the relationship be-
tween image and actual positions is related by the per-
spective map, which is nonlinear. More significantly,
however, the angle of the line in the image can some-
times direct the vehicle to rotate in the wrong direc-
tion. Recall that parallel lines in the world will map to
converging lines in an image. Each of these has a dif-
ferent angle with respect to the positive v axis. Thus,
if the vehicle takes corrective cues from the angle of an
image line, it could easily rotate away from the correct
orientation.

Subsequent sections will demonstrate the surprising
result that the controller produces asymptotic conver-
gence to the correct orientation and position for virtu-
ally any initial position and orientation of interest.

C. Vehicle Kinematic Equations

Fig. 3 illustrates the important variables involved in
the vehicle kinematic equations. The equations can be
derived from the standard relative motion equation for
rigid bodies:

UB = VA +W X Tp/A,

where A and B are points on a rigid body, vp is the
velocity vector of B, v is the velocity vector of A, w
is the angular velocity vector of the body, and rp,4 is
the relative position vector drawn from A to B. Points
A and B are labeled in Fig. 3, where point A is to be
understood as lying on the line and not on the vehicle
(it might be helpful to visualize an imaginary extension
of the line). All calculations will be done with respect
to the camera frame. vg = (&, 2) is the velocity of the
point B as seen in the camera frame. As the vehicle
moves with velocity (&, 2,), the point A on the line
(or its imaginary extension) will appear to move with
velocity — (&, 2,). Thus, va —(&y, 2y). Clearly,
rB/A = (v,z). Finally, the line will appear to rotate
about the point A in the counter-clockwise direction
if ¢ is increasing. Thus, w has magnitude 7,/} and is



in the counter-clockwise direction when w > 0. Note
that v increasing means Yy < 0. Substituting these
results into the relative motion equation and adding
an equation corresponding to the previous statement
gives the vehicle kinematic equations:

i = —m’v+1.ﬁz (7)
'.é = 72',"1}71/11‘ (8)
= . (9)

D. Final Model

Combining equations (1-9) gives the following set of
differential equations:

i = —kAS — kgzsint stany -
z V(ztany — )2 + o2
po= —k(\ —ug) +
z
ks sin™? ztany — o
V(ztany — )2 + y2
; . tany — x
= —kgsin! : .
v ’ <\/(ztan1/1—x)2+y2>

Note that y can be considered a parameter since it is
constant (From Fig. 2, it is the location of the ground
with respect to the camera, which does not change).
There appear to be 6 parameters: ki, ko, k3, A, ¥, vq.
However, some of these can be eliminated by using the
following dimensionless variables and parameters:

s 1 s _ 1 N
Tr = (—5) T, 2= (—5) Z, Vg = (X) Vd
. Ak R .
= (=20) 1, by = (5 ) boy s = (45 ) s
Note that the expressions in parentheses are all con-
stant and are all positive since ¥y < 0 and vy < 0.
Solving for x, z, vgq, t, ko, k3, and substituting into
the original equations gives the dimensionless equa-
tions below. With the risk of introducing some confu-

sion, the carets have been dropped for simplicity. Note
that derivatives are with respect to dimensionless time.

) x
r = ——= -
z

ztany — x

sin ™!
k3zs <\/(ztanw—x)2+1> (10)
P, ('Hzl/”d>+

.1 ztany —x
ks sin <\/(ztanwx)2+1> (11)

ztany — x

v e <\/(ztan1/1x)2+1>' (12)

Thus, through simple scaling, the system can be sim-
plified to have only 3 independent parameters of in-
terest: ko, k3, vg. This new system will have all the
same qualitative properties of the the original system.
In particular, the stability properties of correspond-
ing equilibria will be the same. Also, having obtained
the system flow for the simplified system from a set of
initial conditions, it is easy, in principle, to scale all
variables and obtain the flow for the original system.

III. STABILITY ANALYSIS

The system in equations (10-12) has a single equi-
librium at (z,z,1) = (0,—1/v4,0) within the domain
D = {(z,2,9) : 2 > 0,—7/2 < ¢ < w/2}. Lya-
punov’s indirect and direct methods were used to test
the stability of this equilibrium. Both demonstrated
local asymptotic stability, but they provided different
additional information.

A. Lyapunov’s Indirect Method

Let w = (x,2,9). The system in equations (10—
12) is of the form w = f(w), with equilibrium @ =
(0, —1/v4,0). The linear approximation to the system
at the equilibrium is given by

k: k:

af V4 — ﬁ 0 —é
6—w(’l,U) = 0 kg’l)d 0
k3 0 fa

The characteristic equation is then
(X = kovg) (A2 — vgA + k3) = 0.

So, the eigenvalues are

2

Vd v
A = kovg, — + 4/ 4 — ks.
2Ud, 9 4 3

All 3 eigenvalues have negative real parts, given the
constraints ko > 0, vg < 0, kg > 0. This leads to the
following:

Theorem 1: If ko > 0, k3 > 0, and vg < 0, then the
equilibrium (z,z,%) = (0,—1/v4,0) of the visually-
servoed, omni-directional robot equations (10-12) is
locally asymptotically stable.

B. Lyapunov’s Direct Method

Again, w = (z,z,%¢), and equations (10-12) are
of the form w = f(w), with equilibrium @ =
(0,—1/v4,0). Recall that D = {(z,z,¢) : z >
0,—m/2 <1 < w/2}. Consider the coordinate change
p=h(w), h: D —R3 p=(q,r,s), given by

g = In(—zvg)
= ztany —x
s = ztany +x



The coordinate change is one-to-one, onto and has in-
verse h™! : R® — D given by

s—r
r =
2
1
z = ——e
Vg
_1 (va(s+r)e
= _—t (et 7
P an ( 5

In order to conclude that D is a region of attraction for
the system in equations (10-12), it will be necessary to
consider the dynamics of the coordinate-transformed
system. These dynamics are described by

-

and this system has equilibrium p = 0. This equi-
librium will be shown to be globally asymptotically
stable, and this will allow the conclusion that w is an
asymptotically-stable equilibrium for the original sys-
tem, and D is a region of attraction.

Consider the Lyapunov function candidate for the
original system

oh~!
dp

@»)f(h-%p» (13)

(204)? — 1 — 2In(—2v4) B

V(l‘, 2, w) = xQ + 2
Vd
21n(cosv)
v3 '
Composing this with h~! gives
2
- 1
Vi) = S (e o1o2g) -
4 v
2

2
—2111( >
Vg

It is clear that this is always positive except at
(g,r,s) = (0,0,0). Also, it can be shown that ||p| =
ll(g,7,5)|| — oo means V o h™! — o0o. Due to space
constraints, this is not demonstrated here.

Next, consider the derivative of the Lyapunov func-
tion candidate V o h~! along system trajectories
of (13). With some algebra, it can be shown that fol-
lowing identity holds:

d

—V
dt

VA +vi(s+1r)2e 2

oV

= 5, (@D F(T )

(h™(p))
Fortunately, this is simply Voh™t, which is much eas-
ier to compute than attempting to differentiate Voh ™!
along system trajectories of (13).

The derivative of V along system trajectories of the
original system (10-12) is

V(w,z,1) =
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72{E_ — 2%, (Z+ 1/1)d)2(2'7 1/”Ud) B

22

ztany — x

<\/(ztan1/1 —xz)2+41

Composing this with h=1(q,r, s) gives

k
2TS(Z tane + x)sin~*
vz

)

V(h~Y(g,rs) =

—q 4 1)2(e? + 1
el D
Vd
—q
2k‘3e ssin~! (77" )
Vd r2+1

Since €4 > 0 for all g, if it can be shown that e?(V o
h=1) < 0 in all of R —(0,0,0), then, it will be possible
to conclude that V o h=' < 0 in all of R? — (0,0,0).
Multiplying by e? gives

el(Voh™) =

9 1)2(e? 41
S R

I

Now, the second term on the right side of equation (14)
is completely decoupled from the other terms, and it
is negative if ¢ # 0 (given the constraints kg > 0,
vg < 0). For this reason, the analysis will focus on the
following function, which contains the remaining two

(i)

r

—_— 14
r24+1 14

3 .
2—ssin
Vd

r

Vg 9 ks . 4
r,s) = —(r—s)°+2—ssin —_—
a(rs) = Sr =) S

Vq

First, rewrite g in the form

E(7"2 + 5%) —

2
1
sin~? (

k3 r
1-2—= —_ ,
’Ud< 1}37‘ T2+1>>7’8

and note the existence of the following limit:

g(r, s)

lim L si 1( " ) 1
1m — Sin — =
r—07r r2 41

Now, compare g with the function
L oo, 2
—3 (r° +s%) + ars,

which is less than zero for all (r,s) # (0,0) if |a| < 1.
From this, it is clear that the condition to be satisfied

()<

-
VrZz 41

ks 1
~1<1-2-%-sin"}
vg T



Since

-
vr2 +1

g(r,s) < 0 for all (r,s) # (0,0) if k3/v3 < 1. This
means that e?(V o h~!) in equation (14) is less than
zero for all (¢, 7, s) in R3—(0,0,0). Finally, since e? > 0
for all ¢, it is possible to conclude that Voh~' < 0 for
all (¢,r,s) in R® —(0,0,0).

At this point, all of the conditions for the Barbashin-
Krasovskii theorem [14] have been satisfied for the sys-
tem in the p coordinates (13) provided that ks /v3 < 1.
Specifically,

1
0<—sin—1< )<1,r;£0,
T

V(h1(0)) =0 and V(A '(p)) > 0, ¥p # 0,

Ip|l = 00 = V(h™'(p)) — oo, and
d

dt

This means that for the coordinate-transformed sys-
tem in (13), p = 0 is globally asymptotically stable.
Given the nature of the coordinate transformation, it
is possible to then conclude the following:

Theorem 2: If ko > 0, ks > 0, vg < 0, and k3/v3 <
1, then D = {(z,2,¢) : 2 > 0,—7/2 < ¢ < 7w/2}
is a region of attraction for the asymptotically stable
equilibrium (0, —1/vg4, 0) of the visually-servoed, omni-
directional robot equations (10-12).

V(h™'(p)) <0,¥p#0

IV. SIMULATIONS

Simulations were performed to verify the analysis
and to gain some understanding of the motion result-
ing from the simple proportional controller of Sec-
tion II-B. Parameters for the simulation in equa-
tions (10-12) were ko = 1, ks = 1, vg = —1. Fig. 4
shows z, z, and v (the coordinates of the line, as seen
from the camera frame) as the system converges to
the equilibrium, (z,z,¢) = (0,1,0). Note that v is
initially at the correct value but (due to the angle de-
termined from the image) initially increases as the con-
troller attempts to drive the perceived error to zero.
Also, note that the controller specifies an initial value
for @, which has the correct sign (the vehicle moves
left, as it should), but the rotation of the vehicle causes
x, the x component of the line position as seen from
the camera frame, to move in the wrong direction.

Fig. 5 shows the motion of the vehicle for the same
simulation which generated the plot in Fig. 4. The
vehicle is represented as a triangle, with the camera
located at the narrow vertex. The vehicle begins by
turning clockwise, since the initial image of the line is
clockwise (See Fig. 6). It also moves forward and to
the left. It moves forward because the starting point
of the image line is above the desired value of v = —1.
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Fig. 4. Position and Location of Line in Camera Frame as
Vehicle Moves.

Fig. 5. Motion of Vehicle.

It moves to the left because the starting point of the
image line is greater than the desired value of u = 0.
Again, note that the vehicle initially had the correct
orientation, but the simple controller of Section II-B
caused it to move away from this orientation.

The frames in Fig. 6 show the motion of the image
of the line in the camera, as the vehicle moves as in-
dicated in Figure 5. Initially, the image line is at 45°
clockwise with respect to the v-axis (z =1, ¢ = 0 in
equation (2)). As the vehicle rotates to try to correct
this perceived orientation error, the line is shifted more
to the left in the image. The vehicle’s motion to the left
tends to counteract this effect, but the rotation causes
more of a shift than the translation (see also the initial
movement of z in the wrong direction in Fig. 4). As
the vehicle moves forward, the image line moves down
in the image. At an intermediate time, the image line
is nearly vertical in the image, although the vehicle
does not actually have the correct orientation. This
occurs when the extension of the line passes through
the y-axis of the camera frame (See fifth plot in Figs.
5, 6). When this occurs, ztany = z, and so § = 0
(equation (2)).

The motion of the vehicle is certainly not optimal.
A major reason is the use of the image line angle ()
to correct the vehicle angle (¢)). From equation (2) it
is clear that 6 is not a good indicator of 1. The exces-
sive rotation of the vehicle in Fig. 5 and the excessive



Fig. 6. Image of Line as Vehicle Moves.

motion of the line image in Fig. 6 can be reduced by
using smaller values of the angle gain, k3.

V. EXTENSIONS

Recall that the model derivation assumed the vehicle
rotated about the y-axis of the camera frame (Fig. 3).
In actuality, the vehicle is currently programmed to ro-
tate about its approximate center. A natural question
is whether the simple proportional controller could still
be used in this case, or whether the controller or ve-
hicle program would need to be modified. To answer
this, the kinematic equation (7) would need to be re-
placed by

T = _j:v +'(/J(Z+L)a

where L was the distance between the camera frame’s
y-axis and the vehicle’s axis of rotation. A prelimi-
nary check using Lyapunov’s indirect method showed
that the equilibrium was locally asymptotically stable
if ksL < —vg (using dimensionless variables and pa-
rameters).

The vehicle is also currently programmed to accept
changes in z, z, and v, rather than velocities. A nat-
ural question here is whether a linear discrete propor-
tional controller would correctly align the vehicle if it
replaced the controller in equations (3-5). This will
likely be investigated in the near future.

VI. CONCLUSIONS

The majority of visual servoing work has made use
of point features instead of lines. Also, for image-based
servoing, it is common to calculate an image Jacobian
matrix and use its inverse to determine corrections to
robot position based on image errors. In this paper,
lines in a plane were used as features, and although an
image-based approach was used, no image Jacobian
was needed. Despite this, asymptotic convergence to
the desired location and orientation was proven for
virtually any initial condition of interest. A simula-
tion demonstrated successful servoing. The motion in
this particular case included large, undesirable angle
swings and image movement, but it was mentioned
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that these could be reduced by decreasing the angle
gain.
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