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Abstract

Iterative learning control (ILC) is a technique to
make use of the repetitiveness of the tasks a system is
commanded to execute in a fixed finite time interval.
In this paper, we assume that a measured finite
impulse response series of the plant to be controlled
is available. We present an optimal design procedure
for the commonly used PD-type ILC updating law.
Monotonic convergence in a suitable norm topology
other than the exponentially weighted sup-norm is em-
phasized. For practical reasons, an averaged difference
formula for a numerical derivative estimate is preferred
over the conventional one step backward difference
method for smoothing out the high frequency noise.
Via analysis, we show a trade-off between noise
suppression and rate of monotonic convergence of the
ILC process.

Keywords: Iterative learning control; monotonic
convergence; proportional plus derivative (PD) type
ILC, optimal design, numerical derivative estimate.

1 Introduction

We know that when we do the same job over and over
we can build our “skill” for this specific job. If a ma-
chine is commanded to execute the same task repeat-
edly, should we expect the machine to perform bet-
ter and better? Intuitively, the answer is “yes”. How
to achieve this is through “iterative learning control,”
which is popular because of many applications where
the task is to be executed repeatedly, such as batch
chemical reactors, robot manipulators, wafer steppers,
hard disk servo controllers etc. Usually, in these repet-
itive systems, the feedback controller design did not
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take into account this repetitiveness. By making use of
this repetitiveness, there is a room for further perfor-
mance improvement. Iterative learning control (ILC)
[1, 2] is a technique to enhance the feedback control
performance by utilizing the fact that the system is
operated repeatedly for the same task.

While the formal mathematically-rigorous analysis is
initially due to [1], the basic idea can be traced back to
[3] and even to [4], which is commented in [5]. Detailed
literature reviews and recent developments on ILC re-
search can be found in [6, 7, 8].

Early research efforts on ILC schemes mainly consid-
ered their convergence analysis, without explicit de-
sign or synthesis procedures. However, the conver-
gence conditions found in the literature are typically
not sufficient for actual ILC applications. Therefore,
in recent years increasing efforts have been made on
the design issue of ILC. These can be observed from
the latest books [7, 8] and the dedicated ILC web
server [9]. A recent survey on the ILC design is-
sue [10] has documented various practically tested de-
sign schemes, though mainly for robotic manipulators.
However, to draw attention from industry, the existing
design techniques are still not sufficiently attractive as
compared to the successful use of PID (proportional-
integral-derivative) controllers in industry. The ILC
design issue should better be attacked in a way simi-
lar to PI/PID controller design. With less plant model
information, some design methods similar to PI/PID
controller parameter setting have been proposed, for
example, a three-parameter design procedure using
closed-loop Bode plots [10], a local-symmetric-integral
(LSI) type two-parameter design method [11, 12], a
two-parameter design method using learning feedfor-
ward control (LFFC) with B-splines networks (BSN)
[13, 14, 15, 16], a frequency domain adaptive LFFC
[17], etc. The design method for ILC applications de-
pends on what kind of plant model information as-
sumed. Developing different design procedures with
different kinds of assumed plant knowledge will be a
continuing effort in ILC research.



We would like to argue that, first of all, ILC design ob-
jectives should be first focused on the monotonic con-
vergence issue. Monotonic convergence means “better
and better” from trial to trial. In most practical sit-
uations, “better-worse-better” is not allowable. It is
observed in [18] that although the λ-norm of the track-
ing error from iteration to iteration can be proved to
decay monotonically, the ∞-norm or sup-norm may in-
crease to a huge value before it converges to the desired
level. This transient behavior, which is a serious con-
cern in the practical application of ILC schemes, can
be improved by using an exponentially decaying learn-
ing gain as discussed in [18]. One may argue that,
to make the convergence monotonic in the up-norm or
the 2-norm, one can use a high-gain feedback [19, 20].
However, this is not practical because the high-gain
feedback may saturate the actuators. The fact that in
some ILC schemes the error can grow quite large be-
fore converging has also been qualitatively discussed in
[21, 22] from a frequency domain perspective. The ef-
fect can be explained as a result of the propagation of
high-frequency components of the error by the ILC al-
gorithm. Recently, in the time domain, a condition for
monotonic convergence of ∞-norm of tracking errors
is established in [23]. There are some analysis results
for monotonic convergence of ILC schemes via using
approximate impulse response [24], reduced sampling
rate [25] and for sampled data nonlinear systems [26].
How to achieve the monotonic convergence for discrete
time systems via a proper ILC updating law design is
addressed in a recent work [27] where a time-varying
learning gain is used to achieve monotonic learning con-
vergence. Furthermore, in [28], via extensive simula-
tion experiments and mathematical analysis, two im-
portant facts were presented: (1) the use of high-order
controller dynamics in the time-axis is to condition the
system dynamics so that a monotonic convergence can
be achieved and (2) the use of high-order dynamics in
the iteration-axis is to reject the iteration-dependent
disturbance by virtue of the internal model principle
(IMP). So, for monotonic convergence, high-order ILC
in the iteration direction [29, 30, 31] may not be really
helpful, as also recently discussed in [32].

Based on above discussions, we focus in this paper on
the simple PD-type ILC scheme with only two tuning
knobs. We concentrate on the first-order ILC using the
information of the previous iteration only. In many ap-
plications, via experiments, the finite impulse response
series is available. Based on the experimental finite
impulse response series, we present an optimal para-
meter setting method for the two tuning parameters.
To suppress the high frequency noise in the tracking er-
ror measurements, an averaged difference formula for
the numerical derivative estimate is preferred over the
conventional one step backward difference method. Via
analysis, we show that there is a trade-off between noise
suppression and rate of monotonic convergence of ILC
process.

The rest of this paper is organized as follows. In Sec. 2,
some notations and preliminaries are given. In Sec. 3,
the monotonic convergence condition for the PD-type
ILC scheme is analyzed together with an optimal de-
sign method. In Sec. 4, the averaged difference formula
for numerical derivative estimate is used and its effect
on the ILC convergence rate is analyzed. Finally, con-
clusions are presented in Sec. 5 with several remarks
on the further investigations.

2 Notations and Preliminaries

In what follows, the subscript “k” denotes the k-th it-
eration (trial, repetition). The discrete time index t
in a given trial ranges from 0 to N , i.e., t ∈ [0, N ].
Each time the system operates the input to the system,
uk(t), is stored, along with the resulting system error,
ek(t) = yd(t) − yk(t), where yd(t) is the desired out-
put. The plant to be controlled is a discrete-time lin-
ear time-invariant system of the form (using Z-transfer
function):

Y (z) = H(z)U(z)
= (hdz

−1 + hd+1z
−2 + · · ·)U(z), (1)

where z−1 is the standard delay operator in time, and
the parameters hi are the standard Markov parameters
of the system H(z). Note that we assume with no loss
of generality the relative degree of the system is one in
the sequel. We will also assume the standard ILC reset
condition: yk(0) = yd(0) = y0 for all k. If we define
the “supervectors” [33]

Uk = [uk(0), uk(1), · · · , uk(N − 1)]T ,

Yk = [yk(1), yk(2), · · · , yk(N)]T ,

Yd = [yd(1), yd(2), · · · , yd(N)]T

and
Ek = [ek(1), ek(2), · · · , ek(N)]T ,

then the system can be written as

Yk = HpUk, (2)

where Hp is the matrix of Markov parameters of the
plant, given by

Hp
4
=




h1 0 0 . . . 0
h2 h1 0 . . . 0
h3 h2 h1 . . . 0
...

...
...

. . .
...

hN hN−1 hN−2 . . . h1




. (3)

For this system, the learning controller’s goal is to de-
rive an optimal input u∗(t), for t ∈ [0, N − 1] by eval-
uating the error ek(t) = yd(t) − yk(t) on the interval
t ∈ [1, N ]. This is accomplished by adjusting the input
from the current trial (uk) to a new input (uk+1) for
the next trial. This adjustment is done according to



an appropriate algorithm. The so-called Arimoto-type
discrete-time ILC algorithm is given by

uk+1(t) = uk(t) + γek(t + 1) (4)

where γ is the constant learning gain. We call this
scheme P-type since the derivative information of the
tracking error is not explicitly used.

The convergence properties of the Arimoto-type ILC
algorithm have been well-established in the literature.
Using a contraction mapping approach it is easy to see
that the ILC scheme converges if the induced operator
norm satisfies

‖I − γHp‖i < 1. (5)

Note that this sufficient condition ensures monotone
convergence in the sense of the relevant norm topology.
It is also possible to give the following necessary and
sufficient condition for convergence [33]:

|1 − γh1| < 1. (6)

Unfortunately, this second condition does not guaran-
tee monotone convergence as observed in [23]. In addi-
tion to the necessary and sufficient condition for conver-
gence (6), the other conditions to guarantee monotone
convergence can be found in a theorem given in [23],
i.e.,

|h1| >

N∑

j=2

|hj |. (7)

This is just a sufficient condition which may be too
restrictive since it does not relate to the learning gain
γ.

In what follows, we will focus on the induced norm
condition (5) using optimization techniques based on
the available tuning knobs, e.g., γ in the P-type scheme
(4). In a PD-type scheme, an extra tuning knob is
introduced.

3 Generic PD-type ILC and Its Optimal
Design

By using a one step backward finite difference as the
approximation of the derivative (D) signal, the PD-
type ILC is given by

uk+1(t) = uk(t) + kpek(t) + kd(ek(t + 1) − ek(t)) (8)

where kp and kd are proportional and derivative learn-
ing gains respectively. Introduce the operator T to map
the column vector h = [h1, h2, · · · , hN ]′ to a lower tri-

angular Toeplitz matrix Hp, i.e., Hp
4= T (h). For ex-

ample, let c2 = [0, 1, 0, · · · , 0]′. Then, we have

T2
4
= T (c2) =




0 0 0 . . . 0 0
1 0 0 . . . 0 0
0 1 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0




. (9)

In the sequel, we shall use a more general notion Ti

similar to the definition of T2. Clearly, for i = 1, Ti =
IN . Using supervector representation, we can write

Uk+1 = Uk(t) + kpT2Ek + kd(IN − T2)Ek (10)

where IN = T1 is a square identity matrix of dimension
N . Since Yk = HpUk and Ek = Yd − Yk, from (10) we
have

Ek+1 = HeEk = T (he)Ek (11)

where

He = IN − (kp − kd)HpT2 − kdHp (12)

and
he = vN − [h̄2, h − h̄2][kp, kd]′. (13)

In the above equation, we used the following notations:

vi
4
= [1, 0, · · · , 0]′ ∈ Ri×1

and
h̄2

4
= T2h = [0, h1, h2, · · · , hN−1]′.

The learning process is governed by (11) and the con-
vergence condition is, analogous to (5), that

‖He‖i < 1. (14)

Clearly, if all eigenvalues of He, denoted by λ(He) =
[λ1, · · · , λN ]′, are absolutely less than one, the learning
process will converge. However, maxi|λi| < 1 does not
imply (14). The consequence is that ‖Ek‖i may not
converge monotonically, which is widely recognized. In
practice, we are more concerned with the monotonic
convergence of the 1-norm, ∞-norm and 2-norm of Ek.
The convergence conditions are corresponding to re-
placing ‘i’ in (14) with ‘1’, ‘∞’ or ‘2’.

Since He is a lower triangular Toeplitz matrix, it is easy
to see that

‖He‖1 = ‖He‖∞. (15)

Furthermore, ‖He‖1 = ‖T (he)‖1 < 1 if and only if
‖he‖1 < 1. As shown in [24], if ‖he‖1 < 1, then
‖He‖2 < 1. Conversely, if ‖He‖2 < 1, then ‖he‖2 < 1.
However, it is important to note that ‖He‖2 < 1 does
not imply ‖he‖1 < 1.

So, the condition ‖he‖1 < 1 is a sufficient condition
for monotonic convergence of the 1-norm, ∞-norm and
2-norm of Ek. The ILC design task becomes to opti-
mizing ‖he‖1 < 1 with respect to kp and kd. This is
possible using a numerical simplex method. Here we
present a simple method with explicit formulae. We
define the following optimization problem for ILC de-
sign

J∗
PD = min

kp,kd

JPD
4
= min

kp,kd

‖he‖2
2.

Since ‖he‖1 <
√

N‖he‖2, when J∗
PD is small, it is pos-

sible to ensure that ‖he‖1 < 1.



Let H = [h̄2, h − h̄2] ∈ RN×2 and g = [kp, kd]′. Then,

JPD = [vN − Hg]′[vN − Hg]
= 1 − 2v′NHg + g′H ′Hg. (16)

The optimal g is simply

g∗ = [k∗
p , k∗

d]′ = (H ′H)−1H ′vN (17)

and
J∗

PD = 1 − v′NHg∗ = 1 − h1k
∗
d. (18)

After some simple manipulations, (17) can be written
in the following form:

g∗ =
[

h̄′
2h̄2 h̄′

2(h − h̄2)
h̄′

2(h − h̄2) (h − h̄2)′(h − h̄2)

]−1 [
0
h1

]
. (19)

Therefore,

k∗
p = − h1h̄

′
2(h − h̄2)

h̄′
2h̄2(h − h̄2)′(h − h̄2) − [h̄′

2(h − h̄2)]2
, (20)

k∗
d =

h1h̄
′
2h̄2

h̄′
2h̄2(h − h̄2)′(h − h̄2) − [h̄′

2(h − h̄2)]2
(21)

and

J∗
PD = 1 − h2

1h̄
′
2h̄2

h̄′
2h̄2(h − h̄2)′(h − h̄2) − [h̄′

2(h − h̄2)]2
.

(22)

Remark 3.1 It is interesting to observe from (18) that
J∗

PD = 1 when kd = 0 in (8) with a simpler ILC updat-
ing law

uk+1(t) = uk(t) + kpek(t). (23)

Note that, in this case, we cannot expect monotonic
convergence of ILC since J∗

PD = 1. This in turn veri-
fies that a correct time advance step, which corresponds
to the system relative degree, such as the form in (4) is
essential.

As a comparison, similar to the above optimization
process, we can get the optimal setting of the learn-
ing gain for the P-type ILC given in (4) which is a
special case of (8) when kd = kp = γ. In this case,
correspondingly, we have he = vN − γh. The optimal
learning gain to optimize JP (γ) = ‖he‖2 is given by

γ∗ = h1/(h′h) (24)

and
J∗

P = JP (γ∗) = 1 − h2
1/(h′h). (25)

Remark 3.2 At the first look of (24) and (25), it
seems that it is always possible to make ‖Ek‖2 con-
verge monotonically if we do not care about the speed
of convergence. Since h′h may be quite big for unsta-
ble or highly oscillatory system, γ, according to (24),
has to be very small and in turn J∗

P is very near to 1
which leads to a very slow convergence. We comment
that this situation can be alleviated by using a PD-type
ILC scheme.

It is expected that for a given nominally measured h,
J∗

PD < J∗
P . This means that the optimally designed

PD-type ILC can be better than the optimally designed
P-type ILC in terms of monotonic convergence speed.
It is tedious to verify for any vector h which corre-
sponds to the Markov parameters of the plant Hp. Let’s
examine two simple extreme cases.

Case 1. Let h = [1,−1, 1,−1, · · · , 1,−1]′, i.e., the sys-
tem is z/(1 + z) which is an extreme case for highly
oscillatory systems. When the P-type ILC (4) is con-
sidered, the optimal values from (24) and (25) are
γ∗ = 1/N and J∗

P = (N − 1)/N . With a PD-type
ILC (8), the optimal values via (20), (21) and (22) are
k∗

p = 2, k∗
d = 1 and J∗

PD = 0. Clearly, J∗
PD < J∗

P .

Case 2. Let h = [1, 1, 1, 1, · · · , 1, 1]′, i.e., the system
is z/(−1 + z) which is an extreme case for very lightly
damped systems. For the P-type ILC (4), the optimal
values are the same as in Case 1. With a PD-type
ILC (8), the optimal values are k∗

p = 0, k∗
d = 1 and

J∗
PD = 0. Again, J∗

PD < J∗
P .

Remark 3.3 From the above computations, we found
that the role of N , the length of an iteration, is quite
critical in achieving a monotonic convergence. The big-
ger the N , the more slowly the ‖Ek‖2 converges for P-
type ILC (4). This explains why the P-type ILC con-
verges slowly especially when N is large.

Remark 3.4 We remark that, in the literature, the
following discrete-time ILC

uk+1(t) = uk(t) + kd(ek(t + 1) − ek(t)) (26)

is frequently used as a counterpart of the classical Ari-
moto D-type ILC in continuous time domain. Accord-
ing to Case 1, the optimal ILC law is actually given
by

uk+1(t) = uk(t) + kd(ek(t + 1) + ek(t)). (27)

We argue that, from monotonic convergence point of
view, we should not be confined to (26).

4 Optimal PD-type ILC Design Using
Averaged Derivative Formula

In the generic PD-type ILC scheme (8), a simple one
step backward finite difference is used to estimate the
derivative signal. For a better noise suppression, it is
a common practice to use a central difference formula.
In this case, (8) becomes

uk+1(t) = uk(t) + kpek(t) + kd(ek(t + 1)− ek(t− 1))/2.
(28)

The derivative estimate (ek(t + 1) − ek(t − 1))/2 can
be regarded as an averaged value from two derivative



estimates ek(t + 1)− ek(t) and ek(t)− ek(t− 1). For a
more general averaged formula, we consider the follow-
ing PD-type ILC scheme

uk+1(t) = uk(t)+kpek(t)+
kd

m
(ek(t+1)−ek(t−m+1))

(29)
where m > 0 is the number of averaging points.
Clearly, (8) is a special case of (29) when m = 1. The
value of m depends on the noise suppression require-
ment. In practice, m can be chosen between 1 to 4.

Based on (29), the optimal design of kp and kd is similar
to the procedures developed in Sec. 3. Starting from
(11), using (29), we now have

He = IN − kpHpT2 − kdHp/m + kdHpTm/m (30)

and
he = vN − [h̄2, (h − ĥm)/m][kp, kd]′ (31)

where ĥm = [01×m, h1, h2, ·, hN−m]′. Similarly, we can
get

g∗ =

[
h̄′

2h̄2 h̄′
2(h − ĥm)/m

h̄′
2(h−ĥm)

m
(h−ĥm)′(h−ĥm)

m2

]−1 [
0
h1
m

]
. (32)

Therefore,

k∗
p = −

h1h̄
′
2(h − ĥm)

h̄′
2h̄2(h − ĥm)′(h − ĥm) − [h̄′

2(h − ĥm)]2
, (33)

k∗
d =

mh1h̄
′
2h̄2

h̄′
2h̄2(h − ĥm)′(h − ĥm) − [h̄′

2(h − ĥm)]2
(34)

and from J∗
PD = 1 − [0, h1/m]g∗,

J∗
PD = 1 − h2

1h̄
′
2h̄2

h̄′
2h̄2(h − ĥm)′(h − ĥm) − [h̄′

2(h − ĥm)]2
.

(35)

To show the trade-off between the noise suppression
and the rate of monotonic convergence of ILC process,
re-consider the two extreme cases in Sec. 3. Here we
consider m = 2. For Case 1 , the optimal values
via (33), (34) and (35) are k∗

p = 1/(2N − 3), k∗
d =

(2N − 2)/(2N − 3) and J∗
PD = (N − 2)/(2N − 3). For

Case 2. k∗
p = −1/(2N − 3); k∗

d and J∗
PD are the same

as Case 1. Recall that J∗
PD in Sec. 3 is 0. Clearly, the

smoothing or averaging scheme for noise suppression is
at the expense of slowing down the best achievable ILC
monotonic convergence rate. This trade-off should be
taken into account during ILC applications.

5 Conclusions

In this paper, we have presented an optimal design pro-
cedure for the commonly used PD-type ILC updating
law. Monotonic convergence in a suitable norm topol-
ogy other than the exponentially weighted sup-norm is

emphasized. For practical reason, an averaged differ-
ence formula for numerical derivative estimate is pre-
ferred over the conventional one step backward differ-
ence method in smoothing out the high frequency noise.
Via analysis, we show a trade-off between the noise sup-
pression and the rate of monotonic convergence of ILC
process.

In our further research efforts, the uncertainties in the
measured impulse response function will be addressed
involving the norm minimization of an interval Toeplitz
matrix. Moreover, J∗

PD achieved in this paper can
be further optimized by introducing additional tuning
knobs. We remark that the optimal PD-type ILC us-
ing a time-varying learning gain will be an interesting
problem.
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