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Abstract

For many motion control applications spatial con-
straints are often more important than temporal con-
straints. In recent work we have developed a spatial
control strategy called the ε-controller for mobile ro-
bot applications. The control strategy is based solely
on static path geometry with position (in space) feed-
back. Motivated by this idea, in this paper we consider
the notion of spatial-based iterative learning control.
Specifically, we consider repetitive operation problems
where corrections are made to the control signal trial-
to-trial. Unlike traditional ILC, however, which up-
dates control signals based on the time elapsed along
a trajectory, we instead make updates based on path
errors and progress along the path. The idea is demon-
strated via simulation for a system with bang-bang ve-
locity control.

1 Iterative Learning Control

Iterative learning control, or ILC, is an approach to
improving the tracking response of systems that are
operated repetitively [1, 2]. By “repetitively” we typi-
cally mean that some type of finite-length trajectory is
to be executed over-and-over, starting each execution,
or trial from the same initial condition. For instance,
consider Figure 1. Here we imagine a robot arm in an
assembly line. At the start, the arm is at rest. Once
a workpiece is in place the arm is commanded to move
to some point in space and perform an action (e.g., a
spot weld). It then returns to rest and waits until an-
other workpiece is in place. This process repeats ad

infinitum.

ILC is concerned with improving the performance of
the system (e.g., the robot arm motion in Figure 1)
from trial-to-trial. Typically, ILC performance is mea-
sured as a function of the error along the trajectory,
where it is always implicitly understood that the tra-
jectory is parameterized as a function of time. Thus,
for the example in Figure 1, at trial k each joint an-

Step 1: Robot at rest, waiting for workpiece.

Step 3: Robot moves to desired location
and executes its task.

Step 2: Workpiece moved into position.

Step 4: Robot returns to rest and
waits for next workpiece.

Figure 1: ILC idea.

gle θik(t) would have an associated reference trajectory
θdi (t) (a triangle function in this example) and the joint
torque τik+1(t) at trial k+1 would be updated accord-
ing to an algorithm of the form:

τik+1(t) = τik(t) + f(θdi (t)− θik(t))

for each value of time t ∈ [0, T ], where T is the (fixed)
trial length. In this equation the function f(·) is called
the “learning algorithm.” The design and analysis of
ILC learning algorithms is relatively well understood in
this time-based formulation (the references above can
be consulted for more details on ILC and ILC learning
algorithms).

2 Path Tracking versus Time Tracking: The

ε-Controller

Path tracking problems are common in robotics and
other motion control applications. A system is often
required to follow a path in space with a certain speed
in order to complete a certain mission. The desired
path is often parameterized in time to provide time-
varying position set-points. Since the locus of desired
set-points follow (in time) the trajectory (in space), it
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Figure 2: ε-Controller quantities.

is inferred that a controller that can track the para-
metric set-points in time will effectively track the de-
sired trajectory in space. Because this is an indirect
approach, system dynamics can generate unexpected
results (e.g., in the presence of external disturbances
or in cases of actuator saturation). In particular, satu-
rated actuators may cause the system to “cut corners.”
Thus, if in a particular application the requirement of
“following the path” is more important than the posi-
tion of the WMR along the path at a given time, then
a different approach should be used which is time in-
dependent and is completely spatial. Working in the
context of wheeled mobile robots (WMR), we devel-
oped a novel control law which, while maintaining the
WMR on the path in space, impels it toward the de-
sired endpoint of the path with the desired speed [3, 4].
This path tracking controller (dubbed the ε-controller)
is based completely on static inputs - the geometry of
the path - and the desired speed along with feedback
of the current position of the WMR.

The essential idea of the ε-controller as developed ini-
tially in [3] is shown in Figure 2. The dashed arc repre-
sents the desired path and we assume the desired speed
(Vd) is parameterized along the path (in general it can
be allowed to vary continuously along the path, though
more commonly it is taken as a constant). We assume
the WMR is at the location represented by the vector
r from the center of the arc. As shown in the figure, ε
is the (closest) distance to the path from the WMR’s
position. If we assume the arc representing the desired
path has radius R, then the error is

ε = |R| − ‖r‖

We assume the WMR can “drive” to generate a velocity
vector through suitable kinematics computations and
low-level actuation and control. Let dV∗

I (the super-
script “ * ” denotes setpoint) be the sum of the normal
and tangential velocity components of the WMR, Vn

and Vt, respectively. The job of the epsilon-controller

Cε is to generate the vector (dV
∗

I ) that specifies correc-
tive motion as a function of deviation from the path.
This is done as follows. The normal velocity compo-
nent Vn is the primary corrective action taken by the
Cε to minimize ε. Thus Cε conceptually acts as a reg-
ulator operating on ε. This regulator could consist of
any of several control methods. For the P control case,
for example, we have

Vn = Kp ε (
r

‖r‖
)

where Kp is the proportional controller gain. Multi-
plication by the normalized vector r gives the desired
direction of Vn (we assume computations are done in
the inertial coordinate system). In the tangential di-
rection, we define the normalized vector Vt to be

Vt = (Vd − ‖Vn‖)(
rt

‖rt‖
)

where the quantity (Vd − ‖Vn‖) is never allowed to
be negative. This choice of constraints makes ‖Vt‖ a
function of ε. The result is a tangential velocity which
approaches zero as ε increases and approaches Vd as ε

goes to zero. Finally, (dV∗

I ) is obtained as the (normal-
ized) vector sum of the normal and tangential velocity
vectors. More details of this strategy can be found in
the above-mentioned references. The key concept is the
use of deviation from the geometric path as a control
parameter rather than using the time-based trajectory
error.

3 A Spatial ILC Strategy

In this section we present via a simulation example a
spatial ILC strategy. We consider the following decou-
pled, second-order, relative degree one plant (where t

is an integer and k is the trial index):

xk(t) = 1.9xk(t− 1)− 0.9xk(t− 2) + uxk(t− 1)

yk(t) = 1.9yk(t− 1)− 0.9yk(t− 2) + u
y
k(t− 1)

Our goal is to track, in space, the path shown in Figure
3. We assume that the control inputs on each axis are
limited to be on-off, bang-bang controls with a fixed
velocity v = 0.3. Our goal is to drive the system to
exactly follow the path with no spatial overshoot and to
finish at a final time tf = 100. That is, each trial length
will be 100 time steps. However, it should be stressed
that we do not use time to determine our control input.
Instead, we use progress along the path to determine
when the control is on or off. Progress along the path,
denoted Pr ∈ [0, 1] is determined by finding the closest
point from the actual path to the desired path and then
computing the percentage completion of the total path
length based on that closest point.
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Figure 3: Desired path for example.

Once progress has been determined our control signals
are turned off and on according to the following logic,
shown in pseudo-code:

if (Prk(t− 1) < xoff )

Set uxk(t− 1) = v

Set uyk(t− 1) = 0

else

if (Prk(t− 1) < yon)

Set uxk(t− 1) = 0

Set uyk(t− 1) = 0

else

if (Prk(t− 1) < yoff )

Set uxk(t− 1) = 0

Set uyk(t− 1) = v

else

Set uxk(t− 1) = 0

Set uyk(t− 1) = 0

end

end

end

Basically, the idea is that along the path we turn the
velocity in the x and y directions on and off, as defined
by the variables xoff , yon, and yoff (for this example,
given the geometry of the desired path, we can a priori

pick xon = 0 and yon = 0.5 by default. The distinc-
tion is that the on and off decisions are made based
on progress rather than time elapsed (although time t

appears as an argument of Pr in the pseudo-code, this
simply means the progress at that time and is not used
as a decision trigger; the decision is based on the com-
parison of progress (at that instance) to a threshold).

The next piece we add is the ILC algorithm. This is
used to update the switching variables after each trial
as follows:

xk+1off = xkoff + γx max
t�Pr>0.5

(25− xk(t))

yk+1off = ykoff + γy max
t�Pr≥0.5

(25− yk(t))

That is, we look at the maximum spatial overshoot
after reaching the half-way point along the path and use
this to adjust when we turn off the x drive component.
Likewise, we look at how much y-axis spatial overshoot
occurs after we have come even with the end of the path
and use this to adjust when the y drive component is
turned off. While admittedly ad hoc for this example,
the idea can be extended to more general problems.

The effectiveness of this algorithm for this example is
illustrated in Figure 4, which shows the path outputs
of the first, second, and eighth trials, respectively on
the same graph with the desired path. By the eighth
trial the system follows the path exactly, ending at the
desired time. Figure 5 shows the control inputs for the
first and eighth trial. In the first trial we arbitrarily
(though motivated by path geometry) set xoff = 0.5
and yoff = 1. As can be seen in the figure, the algo-
rithm successfully changed the values of these variables
to eliminate spatial overshoot. We see that xoff is re-
duced, thus reducing the speed of the system so that
it just comes to a stop and does not overshoot. Notice
that, from the perspective of time, the y-axis drive is
turned on much later in the eighth trial than in the first
trial. This is because the overall velocity along the x-
axis is reduced so as eliminate the x-axis overshoot (i.e.,
we don’t drive so hard), thus it takes longer to reach
50% progress. It should also be noted that the spatial
ε-controller would develop a similar profile, though it
would still have spatial overshoot, but it would not nec-
essarily do it in the same trial length (i.e., it might take
longer). The distinction here is that we are making the
improvements on a trial-to-trial basis.
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Figure 4: Example results: first, second, and eighth trials.

4 Conclusions

In this paper we have presented some initial results on
the marriage of the notion of spatial-based control with
that of iterative learning control. Motivated by the
previously-developed ε-controller, we demonstrated via
example a trial-to-trial adjustment of switching vari-
ables in a bang-bang, constant velocity system being
forced to follow a path in a fixed time. The distinc-
tive feature of the ideas is that of switching based on
progress along the path, rather than on elapsed time. A
number of other issue remain for further development,
including:
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(a) x-axis input, trial 1, versus time.

(b) x-axis input, trial 8, versus time. (d) y-axis input, trial 8, versus time.

(c) y-axis input, trial 8, versus time.
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Figure 5: Control inputs.

1. Generalization to more sophisticated paths, in-
cluding arcs.

2. Generalization to adaptation of all switching vari-
ables (in our example two of four were fixed).

3. Generalization to variable velocities (this com-
bined with item two implies the ability to do
learning for pulse-width modulated types of sys-
tems).

4. Generalization to non-bang-bang control.

We are currently working on these ideas as well as their
implementation using a pointing system comprised of
a high-resolution, two axis gimbal with visual measure-
ment of paths.
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