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ABSTRACT
In this contribution, to discretize the fractional order

differentiators in continuous time domain, a new IIR (infinite
impulse response) type digital fractional order differentiator
(DFOD) is proposed by using a new family of first order digital
differentiators expressed in the second order IIR filter form.
The integer first order digital differentiators are obtained by the
stable inversion of the weighted sum of Simpson integration
rule and the trapezoidal integration rule. The distinguish-
ing point of the proposed DFOD lies in an additional tuning

knob to compromise the high frequency approximation accuracy.

Key words: Fractional differentiator, fractional-order dy-
namic systems, fractional-order differentiator, discretization,
Tustin operator, Al-Alaoui operator, recursive.

INTRODUCTION

Fractional calculus is a 300-years-old topic. The theory of
fractional-order derivative was developed mainly in the 19-th
century. Recent books (Oldham and Spanier, 1974; Satiq
1987; Miller and Ross, 1993; Podlubny, 1994) provide a good
source of references on fractional calculus. However, applying
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fractional-order calculus to dynamic systems control is just a re-
cent focus of interest (Lurie, 1994; Podlubny, 1999; Oustaloup
et al, 1995, 1996; Raynaud and Zergalnoh, 2000). For pioneer-
ing works, we cite (Manabe, 1960, 1961; Oustaloup, 1981; Ax-
tell and Bise, 1990).

In theory, the control systems can include both the fractional
order dynamic system or plant to be controlled and the fractional-
order controller (FOC). However, in control practice, it is more
common to consider the fractional-order controller. This is due
to the fact that the plant model may have already been obtained
as an integer order model in the classical sense. In most cases,
our objective is to apply fractional order control to enhance the
system control performance. For example, as in the CRONE
control (Oustaloup, 1995; Oustalogb al, 1995, 1996) frac-
tal robustnesss pursued. The desired frequency template leads
to fractional transmittance (Oustalogb al, 1999; Oustaloup
and Mathieu, 1999) on which the CRONE controller synthesis
is based. In the CRONE controller, the major ingredient is the
fractional-order derivatives’, wherer is a real number and
is the Laplacian operator. Another example is th&|con-
troller (Podlubny, 1999; Pdi$, 1999), an extension of PID con-
troller. In general form, the transfer function ofBH is given
by Kp+Tis*)‘ + Tqs", whereA andp are positive real numbers;
Kp is the proportional gainT; the integration constant ang
the differentiation constant. Clearly, taking= 1 andp= 1, we

1CRONE is a French abbreviation faEtntrole Robuste d’Ordre Non Entier
(which means non-integer order robust @B‘ﬁip{ight 0 2003 by ASME



obtain a classical PID controller. N= 0 (T; = 0) we obtain a
PDH* controller, etc. All these types of controllers are particular
cases of the PD* controller. It can be expected that the' B¥

FRACTIONAL-ORDER DERIVATIVE AND
CRETIZATION
Fractional calculus is a generalization of integration and dif-

ITS DIS-

controller may enhance the systems control performance due toferentiation to non-integer (fractional) order fundamental oper-

more tuning knobs introduced. Actually, in theory? B itself

is an infinite dimensional linear filter due to the fractional order
in the differentiator or integrator. It should be pointed out that a
band-limit implementation of FOC is important in practice, i.e.,

the finite dimensional approximation of the FOC should be done

in a proper range of frequencies of practical interest (Oustaloup

et al, 2000; Oustaloup and Mathieu, 1999). Moreover, the frac-

tional order can be a complex number as discussed in (Oustaloup

et al, 2000). In this paper, we focus on the case when the frac-
tional order is a real number.

The key step in digital implementation of a FOC is the nu-
merical evaluation or discretization of the fractional-order dif-
ferentiators’. In general, there are two discretization meth-
ods: direct discretizatiorandindirect discretization In indirect
discretizationmethods (Oustaloupt al., 2000), two steps are
required, i.e., frequency domain fitting in continuous time do-
main first and then discretizing the §ittransfer function. Other
frequency-domain fitting methods can also be used but with-

out guaranteeing the stable minimum-phase discretization. Ex- 1994).

isting direct discretizationmethods include the application of

ator 4Df, wherea andt are the limits and, (r € R) the order

of the operation. The two definitions used for the general frac-
tional integrodifferential are the @nwald-Letnikov (GL) defi-
nition and the Riemann-Liouville (RL) definition (Oldham and
Spanier, 1974), (Podlubny, 1994). The GL definition is that

(2] e
D f(t) =limh™" —1‘(_)ft—'h 1
aDt (1) i J;( ) J (t—ijh) 1)
where[-] means the integer part while the RL definition
1 d st f(r)
r — -
D) = r(n—r) dt”/a (t—r)’*”*ldT @

for (n—1<r < n)and wherd (-) is the Euler'sgammafunction.

For convenience, Laplace domain notion is usually used to
describe the fractional integro-differential operation(Podlubny,
The Laplace transform of the RL fractional deriva-
tive/integral (2) under zero initial conditions for order (0 <

the direct power series expansion (PSE) of the Euler operator I < 1) is given by (Oldham and Spanier, 1974):

(Machado, 1997; Vinagret al., 2001, 2000a,b), continuous frac-
tional expansion (CFE) of the Tustin operator (Vinagteal,

2001, 2000a,b; Chen and Moore, 2002), and numerical integra-
tion based method (Machado, 1997; Chen and Moore, 2002).

However, as pointed out in (Al-Alaoui, 1993, 1995, 1997), the

E{aD" F(1);s} = SR (s) ©)

The key point in digital implementation of a FOC is the nu-

Tustin operator based discretization scheme exhibits large errorsmerical evaluation or discretization of the fractional-order differ-

in high frequency range. A new mixed scheme of Euler and
Tustin operators is proposed in (Chen and Moore, 2002) which
yields the Al-Alaoui operator (Al-Alaoui, 1993).

The above discretization methods fhilead naturally to the
DFOD's usually in IR form. Recently, there are some methods
to directly obtain the DFOD's in FIR (finite impulse response)
form (Tsenget al,, 2000; Tseng, 2001). However, using an FIR
filter to approximates” may be less efficient due to the very high
order of the FIR filter. In this paper, a new IIR (infinite im-
pulse response) type digital fractional order differentiator (FOD)
is proposed by using a new family of first order digital differen-
tiators expressed in the second order IIR filter form. The integer
first order digital differentiators are obtained by the stable inver-
sion of the weighted sum of Simpson integration rule and the
trapezoidal integration rule (Al-Alaoui, 1995). The distinguish-
ing point of the proposed FOD lies in an additional tuning knob
to compromise the high frequency approximation accuracy.

entiator. In general, there are two discretization methddsct
discretizationandindirect discretization In indirect discretiza-
tion methods, two steps are required, i.e., frequency domain fit-
ting in continuous time domain first and then discretizing the fit
stransfer function. In this paper, we focus on tiiieect dis-
cretizationmethod.

The simplest and most straightforward method is the di-
rect discretization using finite memory length expansion from
GL definition (1). This approach is based on the fact that, for
a wide class of functions, the two definitions - GL (1) and RL
(2) - are equivalent (Podlubny, 1994). In general, the discretiza-
tion of fractional-order differentiator/integratst’, (r € R) can
be expressed by the so-called generating funcienw(z™1).
This generating function and its expansion determine both the
form of the approximation and the coefficients (Lubich, 1986).
For example, when a backward difference rule is used, i.e.,
w(zl)=(1-z1)/T, performing the PSE dflL — z 1)*" gives
the discretization formula for GL formula (1). By using the short
memory principle (Podlubny, 1994), the discrete equivalent of
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the fractional-order integro-differential operatos(z1))*", is
given by

[L/T]

(z ) =172 LT 5 (i ()T ()
5 (7)

J

whereT is the sampling periodl. is the memory length and
(—1)7 (%) are binomial coefficientsﬁ”, (j=0,1,...) where

i
) c
Itis very important to note that PSE scheme leads to approx-
imations in the form of polynomials, that is, the discretized frac-
tional order derivative is in the form of FIR filters. Taking into
account that our aim is to obtain discrete equivalents to the frac-

tional integrodifferential operators in the Laplace domait,
the following considerations have to be made:

(r)
-1

1. &, (0<r < 1), viewed as an operator, has a branch cut along
the negative real axis for argumentsbn (—1, 1) but is
free of poles and zeros.

. A dense interlacing of simple poles and zeros along a line in
thesplane is, in some way, equivalent to a branch cut.

. It is well known that, for interpolation or evaluation pur-
poses, rational functions are sometimes superior to polyno-
mials, roughly speaking, because of their ability to model
functions with zeros and poles. In other words, for evalua-
tion purposes, rational approximations frequently converge
much more rapidly than PSE and have a wider domain of
convergence in the complex plane.

. Trapezoidal rule maps adequately the stability regions of the
splane on the plane, and maps the poirgs=- 0,s= — to
the pointsz = 1 andz = —1 respectively.

THE CONCEPT OF GENERATING FUNCTION

In general, the discretization of the fractional-order differ-
entiators' (r is a real number) can be expressed by the so-
called generating functios = w(z"!). This generating func-
tion and its expansion determine both the form of the approx-
imation and the coefficients (Lubich, 1986). For example, as
shown in the last section, when a backward difference rule is
used, i.e.(z 1) = (1—-z1)/T with T the sampling period, per-
forming the power series expansion (PSE) bf-z 1)*" gives
the discretization formula which is actually in FIR filter form
(Machado, 1997; Vinagret al, 2001). In (Vinagrest al,, 2000b;

a generating function

21-z71

ir
(T 1+r1> :

The DFOD is then obtained by using the CFE (Vinagteal.,
2000b) or a new recursive expansion formula (Chen and Moore,
2002). It is interesting to note that in (Chen and Moore, 2002),
the so-called Al-Alaoui operator is used which is a mixed scheme
of Euler and Tustin operators (Al-Alaoui, 1993). Correspond-
ingly, the generating function for discretization is

((z )™

(6)

8 1-z1\*
(7T1+zl/7) :

Clearly, (7) is an infinite order of rational discrete-time transfer
function. To approximate it with a finite order rational one, con-
tinued fraction expansion (CFE) is an efficient way. In general,
any functionG(z) can be represented by continued fractions in
the form of

(a(z )™

(7)

by (2)
by (2)

b.
80(2)+ 3

G(2) ~ao(2) + (8)

a]_(Z) +

where the coefficients andb; are either rational functions of the
variablez or constants. By truncation, an approximate rational
function,G(z), can be obtained.

The basic idea of this paper is to define a new generating
function by applying a new family of first order digital differen-
tiators expressed in the second order IIR filter form (Al-Alaoui,
1995) via the stable inversion of the weighted sum of Simpson
integration rule and the trapezoidal integration rule.

INTEGER ORDER IIR TYPE DIGITAL INTEGRATOR

It was pointed out in (Al-Alaoui, 1993, 1997) that the mag-
nitude of the frequency response of the ideal integrafasrliés
between that of the Simpson and trapezoidal digital integrators.
Itis reasonable to “interpolate” the Simpson and trapezoidal dig-
ital integrators to compromise the high frequency accuracy in
frequency response. This leads to the following hybrid digital
integrator

H(z) =aHs(z) + (1—a)Ht(2), a€<]0,1] 9)

wherea is actually a weighting factor or tuning knolHs(2)

Chen and Moore, 2002), the trapezoidal (Tustin) rule is used as andHr (z) are thez-transfer functions of the Simpson’s and the

3
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trapezoidal integrators given respectively as follows:

o) = 12 LY (10
and
Hr (2) = ;((sz 11)) (11)

The overall weighted digital integrator with the tuning parameter
ais hence given by

_ T(3-a){+[2(3+a)/(3—a)]z+1}

H(2) = 6Z-1)
_ T(B—a)(z+r1)(z+r2)
N 6(22—-1) (12)
where
3+a+2/3a 3+a-2V3a
MN=————— =
3-a 3—-a

It is interesting to note the fact thet = % andr; =ro=1only
whena = 0 (trapezoidal). Foa # 0, H(z) must have one non-
minimum phase (NMP) zero.

NEW DISCRETIZATION SCHEME: IIR TYPE FRAC-
TIONAL ORDER DIGITAL DIFFERENTIATOR

Firstly, we can obtain a family of new integer order digital
differentiators from the digital integrators introduced in the last
section. Direct inversion dfl (z) will give an unstable filter since
H(z) has an NMP zero,. By reflecting the NMR to 1/r , i.e.
ro, we have

~o L T(B=a)(z+r)?

H(z) = K—6(22—1)

To determineK, let the final value of the impulse responses of
H(2) andH (z) be the same, i.e., lim.1(z— 1)H(2) =lim1(z—
1)H(z), which givesK =rj. Therefore, the new family of the
digital differentiators are given by

1 6(Z2—1) _ er(Z-1)
H(z nT(3—a)(z+r2)2 T(3—a)(z+r2)

w(z) = 5- (13)

We can regardy(z) in (13) as the generating function introduced
in the last section. Finally, we can obtain the expression for the
DFOD as

N
wherer € [0,1], ko = (T(%'Ea))’ andb=r,.

It is well known that, compared to the power series ex-
pansion method, the Continued Fraction Expansion (CFE) is a
method for evaluation of functions with faster convergence and
larger domain of convergence in the complex plane. Using CFE,
an approximation for a irrational functioB(z 1) can be ex-
pressed in the form of (8). Similar to (7), here, the irrational
transfer functionG(z 1) in (14) can be expressed by an infinite
order of rational discrete-time transfer function by CFE method
as shown in (8).

The CFE expansion can be automated by using a symbolic
computation tool such as the MATLAB Symbolic Toolbox. To
illustrate, let us denote = z 1. Referring to (14), the task is to
perform the following expansion:

1-x2 \'
CFE((1+ bx)2>

to the desired order. The following MATLAB script will gener-
ate the above CFE withl andgl containing, respectively, the
numerator and denominator polynomialsxiror z-* with their
coefficients being functions dif andr .

clear alliclose all;syms x r b;maple('with(numtheory));
aas = ( (1-x*x)/(1+b*x)"2 )r; n=3; n2=2*n;
maple(['cfe := cfrac(" char(aas) ’'x,n2);]);
pg=maple('’P_over_Q := nthconver’,’cfe’,n2);
pO=maple(’P := nthnumer’,’cfe’,n2);

qO0=maple('Q := nthdenom’,’cfe’,n2);
p=(pO(5:length(p0))); a=(q0(5:length(q0)));
pl=collect(sym(p),x); gl=collect(sym(q),x);

ILLUSTRATIVE EXAMPLES

Here we present some results foe= 0.5. The values of
the truncation orden and the weighting factom are denoted as
subscripts 06y, 5)(2). LetT = 0.001sec. We have the following:

1789—-89.447"1-4472z22

_l _
Crz000/(2 %) = 44277 1—-72
G (1) = 138849807z 1 — 158272
(202985 ) 415034 172
a 127+41.26z 1 - 112672
Groo50)(Z 1) =

4429821772
Copyright 0 2003 by ASME



1193+ 255621 -97.962°2

G 7Y = '
2075(Z) 4421971 -772 = //*
G (Y = 11344 17.74z 1 — 89.81z 2 3 a0f =
(@L00RE T 4 1698 T — 72 S - ]
(15) =
g 101 4
0 1 ‘U ‘J ‘z
10 10 10 10'
—1 2 3 Frequency (Hz)
G 4, 3578178971789z 144722
(3000)(Z 7) = 81471 477 73 50
. 3029 78.04?1 — 349 8f2 4 88.97273 840* — sg :: new DFOD, T=0.001s, N=2, a=0 (Tustin+CFE) // SREEENN . f
G292 ) = —q735 471 5662 229 S0l | 5% newbFOD, 100010 N2 a5 N
thd — — 7 ° ml— — s :new , T=0.001s, N=2, a=. 7,
9ot 4z ) z 3 —- %% new DFOD, T=0.001s, N=2, a=.75 g BN “
1 1501— 503621 — 12892 + 446573 20 s%5: new DFOD, T=0.001s, N=2, a=1 (Simpson+CFE) : . 1
G(g 0 50) (Z_ ) = a7 26_|_ 2 1 23 632*2 3 § — %5 continuous Bode W J
el _ Z +—23. —Z 10+ 5 i
G @ = 9681— 44271820822+ 36373 oL : - ‘ b
(310'75) o 3247 - 42_1 - 16242_2 + 2_3 10 10 Frequencyl(OHz) 10
G (Z_l) _ 3531208 129747 2+1647z 3 Figure 1. Bode plot comparison for r = 0.5 N =2 and a =
(3,1.00 1246— 4z 1-622& 2+7 3 0,.25,.5,.75,1
(16)
40
G 71 = 7155- 357821 — 536722+ 1789z % + 4472774 g
(40002 ) = 16+8z1-1222—4z3+7 4 3%
G (Y = 55533929771 - 4772772+ 349873 — 195624 %
®029%= ) = 16-248% 1127211245 3+724 £
G Y = 5081— 15017 1 — 4.478 2 +128% > — 3829z 4 10 1
(40S0E )T 1640542 1~ 12272+ 20272 3 + 2 . ‘ ‘ ‘
G ) = 477+9681z° 1 — 9192 — 82087 4422774 10" 10° . 10 10°
(4079 B 16+37.821-1222-189z 3+ 2 * reaueney (7)
1. 4536+3531z 1 -6617z 22974z 34221574 50 -
Cazo0(27) = 16+ 1674z 1— 127 2-8371z 3+ 4 S
. . 401 Y4 I H
17 s L Sh |
, 5 %0r o RN
The Bode plot comparisons for the above three groups of ap- 3 e o 4
proximate fractional order digital differentiators are summarized L \
in Figure 1, Figure 2 and FigL_lre 3 respectively. We can clearly “op /// \\; 4
observe the improvement in high frequency magnitude response. sl ‘ ‘ Y
If trapezoidal scheme is used, the high f itud
pezoidal scheme is used, the high frequency magnitude re- Frequency (i2)

sponse is far from 'the ideal one. The role of the tuning kaob Figure 2. Bode plot comparison for = 0.5, N = 3 and a =
is obviously useful in some applications. MATLAB code for this " 55 5 751
new DFOD is available upon request. e

Forn = 3 andn = 4, the pole-zero maps are shown respec-
tively in Figure 4 and Figure 5 with some different values of . ) .
a. First of all, we observe that there is no complex conjugate S€€N in the next section, whar-= 0, the pole-zero map is always
poles or zeros. We can further observe that for odd order of CFE InSide the unit circle in an interlacing way along the segment of
(n = 3), the pole-zero maps are nicely behaved, that is, all the the real axis corresponding fe= (—1,1).
poles and zeros lie inside the unit circle and the poles and zeros
are interlaced along the segment of the real axis corresponding
toze (—1,1). However, whemis even, and wheais near to 1, THE SPECIAL CASE: TUSTIN OPERATOR ALONE
there may have one cancelling pole-zero pair as seen in Figure 5 Consider the special case fa = 0 in the general
which may not be desirable. We suggest to use anrodtien scheme(14). This is the CFE of Tustin operator. Let the resulting
applying the new discretization scheme of this paper. As can be discrete transfer function, approximating fractional-order opera-

5 Copyright 00 2003 by ASME



— %5 new DFOD, T=0.001s, N=4, a=0 (Tustin+CFE) ]
40 %5 new DFOD, T=0.001s, N=4, a=.25 A
B | - - $%5 new DFOD, T=0.001s, N=4, a=.5 _
30|~ %% new DFOD, T=0.001s, N=4, a=.75 N
3 %5 new DFOD, T=0.001s, N=4, a=1 (Simpson+CFE) !
§ 20— s%%: continuous Bode =
EL e Ry T
<10F 4
0 L L L
0™ 10° 10" 10°
Frequency (Hz)
50
YA\
1
_ 40+ < ﬁ
S RN
g SR
o 30k N
g y BN
Q y \
@ 20 e \ )
k4 Y
g e W
~ :
10+ o e
T T \
0 b 1 1 \
10" 10° 10" 10°
Frequency (Hz)

Figure 3. Bode plot comparison for r = 0.5,

0,.25,.5,.75,1

Pole-Zero Map Pole-Zero Map
1 1
0s 0s < iz
2 )
2 2
2 0fx (o] X o X (o] ) 0P x X (€] X (o]
E E
0.5 0.5
-1 -1
-1 -05 0 05 1 -1 -05 0 05 1
Real Axis Real Axis
Pole-Zero Map Pole-Zero Map
1 1
0.5 X _n=3;a=0.75 0.5
@ )
K 2
= 0fO- - -x X o O = 0O - % X O x
E E
-0.5 -05
-1 -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Real Axis Real Axis

Figure 4. Pole-zero maps for I = 0.5,

tors, be expressed by

n=3anda=0,.25,.75,1

172_1 +r
1+21>

(18)

Pole-Zero Map Pole-Zero Map
1 1
05 0.5
) )
< <
2 ofx -0 X (o] X (o] X O = 0[O0 x X ©] X O xQ
E E
-0.5 -0.5
-1 -1
1 0.5 0 0.5 1 1 0.5 0 0.5 1
Real Axis Real Axis
Pole-Zero Map Pole-Zero Map
1 1
[ x n=4;a=1]
X _n=4;a=0.75 n=4iaz1
0.5 0.5
) )
3 3
< <
2 0 ® O x X -0 xQ 2 0 ® O x X0 xQ
E E
0.5 0.5
-1 -1
-3 -2 -1 0 1 -2 -15 -1 -0.5 0 0.5 1
Real Axis Real Axis

Figure 5. Pole-zeromaps forr =0.5,n=4anda=0,.25,.751

whereT is the sample period, CRH} denotes the function re-
sulting from applying the continued fraction expansion to the
functionu, Y(z) is theZ transform of the output sequeng@T),
F(2) is theZ transform of the input sequendénT), p andq are
the orders of the approximation, aRcandQ are polynomials of
degreeg andg, correspondingly, in the variabie?®.

By using the MAPLE call

Drp:=cfrac(((1-xX)/(1+x))°r,x,p)

wherex =z, the obtained symbolic approximation has the fol-
lowing form:

r 271
D'(z) =1+ 11 1
“or Tt 71
—2t 3 z1
2 r271+2Jr 71
5 r2-1 z1
T 2r(=4+r?) T oo

(19)
In MATLAB Symbolic Toolbox, we can get the same result by
the following script:

syms x r;maple('with(numtheory)’);
f = (@-x)/(1+x))°r;
maple(['cf := cfrac(’ char(f) ’,x,10);])

maple('nd5 := nthconver’,’cf’,10)
maple('num5 := nthnumer’,’cf’,10)
maple('den5 := nthdenom’,’cf’,10)

In Table , the general expressions for numerator and denom-
inator of D" (z) in (18) are listed fop=q=1,3,5,7,9.
With r = 0.5 andT = 0.001 sec. the approximate models

Copyright 00 2003 by ASME



Table 1. D'(2)

p=q | Pp(z'1) (k=1), and Q4(z })(k=0)

1 | (-D*ztr+1

3 | ()X -4z 34 (6r2—9)z 2+ (~1)* 15z Ir + 15

5 (= 1) (r° — 20 + 64r)z° + (-1952 + 154 4 22574
()% (1053 — 735)23 4 (4202 — 10502 2 4 (—1)¥ 9452 1r + 945

7 | (~1)*(784°% + 17 — 565 — 2304)z 7 + (106122 — 11904 —
11025+ 28r)7 76 4 (—1)¥ (53487F + 378> — 11340°3)7 5 4 (99225
598502 + 3150474 + (—1) (173253 — 173250)z 3+ (—218295+
623702)z 2+ (—1)¥13513% 1r + 135135

9 | (-1)%(—524803 + 147456 + r? — 1207 + 43685)z7°° + (458 +
120330 — 9097652 — 4410°° + 893025z 8 + (—1)* (—5742495 —
762305 + 1451835%° + 9907)z 7 + (—13097700+ 95148902 —
7969504 + 138606z + (—1)¢(33648615 — 54054003 +
135135%)z° + (-23648625° + 51081030 + 945945474 +
(-1)(—61486428 + 4729728%)z3 4+ (162162002 —
729729007 2 + (—1)X34459425% 't 4 34459425

for p = q = 17 35 77 9 are. Bode Diagrams Bode Diagrams
z-05 22-0.522—-0.5z+0.125
= 4472 =4472 60
Gi(2) 2705 0 #1052 _-057-0125 10

20

—0.52% — 1.52% + 0.6257 4+ 0.625° — 0.18752
—0.0625%+0.007813

40 /’/
20 0

/
I

Phase (deg); Magnitude (dB)
Phase (deg); Magnitude (dB)

Gr(2) = 4472 7/ +0.52 — 1.5 — 0.6257 + 0.6258 + 0.1875° 100
—0.0625—0.007813 50//\
22— 0.5 — 27" +0.8758 + 1.313° — 0.4688* — 0.3125° 0 0
Go(2) — 4472 +0.078132 + 0.0195% — 0.001953 10° 10° 10° 10! 10° 10° 10*
o "7 +058 - 277 - 0.875° + 1.313° - 04688/ — 0.3125° Frequency (radisec) Frequency (radisec)
—0.078132 +0.0195% + 0.001953 Bode Diagrams Bode Diagrams

100

50/

0

In Figure 6, the Bode plots and the distributions of zeros and 100
poles of the approximations are presented. In Figure 6a the ef-
fectiveness of the approximations fitting the ideal responses in a
wide range of frequencies, in both magnitude and phase, can be
observed. In Figure 7b it can be observed that the approxima-
tions fulfill the two desired properties: (i) all the poles and zeros
lie inside the unit circle, and (ii) the poles and zeros are interlaced
along the segment of the real axis correspondirgad—1,1).

50
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40 40
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Figure 6. Bode plots (approximation orders 1,3,7,9) by Tustin CFE ap-
proximate discretization of S>> at T = 0.001sec.

CONCLUSIONS

We have presented a new IIR (infinite impulse response)
type digital fractional order differentiator (DFOD) with a tuning
knob to compromise the high frequency approximation accuracy.
It is a direct discretization of fractional order differentiators in
continuous time domain. The basic idea is the use of a new fam-
ily of first order digital differentiators expressed in the second The MATLAB codes developed in this paper are available
order lIR filter form (Al-Alaoui, 1995) via the stable inversion of ~ from the authors upon email request.

the weighted sum of Simpson integration rule and the trapezoidal
integration rule.
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