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How to discretize the fractional order derivative s" (r
is a real number, s is the Laplace transform operator)?
Basically, there are two types of discretization methods

e Indirect discretization methods: Approximate s in con-
tinuous time domain and then c2d.

— Oustaloup’s approximation method;

— stable minimum phase fitting using FDIDENT - a Matlab
toolbox for frequency domain identification.

— and so on.
e Direct discretization methods: Starting from the ap-

proximate generator w(z ') for s and then expand (w(z™1))"
with truncations.

— Euler operator based,
— Tustin operator based,
— Al-Alaoui operator based,

— and so on.
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Direct discretization methods
e FIR form:

— Generating function: w(z™!) = (1 — 271 /T with T the
sampling period.

Power series expansion (PSE) of (1 — z71)*" gives the dis-
cretization formula in FIR filter form

o [IR form:

— Generating function: (Tustin operator based) (w(z™7!)) =

(%;;1) . Use CFE (Continued Fraction Expansion) or re-

cursive expansion to get IIR approximation.

— Generating  function: (Al-Alaoui  operator based)
(w(z ™)) = (%ﬁ:;?) Use CFE to expand it.

— A new generating function in this work.
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Step-1: Get a new second order digital integrator first.

A fact: the ideal integrator 1/s lies between that of the Simpson
and trapezoidal digital integrators.

“Interpolate” the Simpson and trapezoidal digital integrators to
compromise the high frequency accuracy in frequency response, i.e.,

H(z) =aHgs(z)+ (1 —a)Hr(2), a€]0,1] (1)

where a is actually a weighting factor or a tuning knob. Hg(z)
and Hr(z) are the z-transfer functions of the Simpson’s and the
trapezoidal integrators given respectively as follows:

T(2*+4z+1)

Hs(2) = 3(22 —1)

(2)

and
Hy(z) = Zg—jf; (3)
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The overall weighted digital integrator with the tuning parameter
a is hence given by

T3 —a){z*+[23+a)/(3—a)]z+ 1}

H(z) =
(<) 6(22 —1)
T3 —a)(z+r)(z+r)
= > (4)
6(2%2 —1)
where
3+ a4+ 2v3a 3+a—2vV3a
r = , ro = .
3—a 3—a
It is interesting to note the fact that r; = % and ry = ro = 1

only when a = 0 (trapezoidal). For a # 0, H(z) must have one
non-minimum phase (NMP) zero.
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Step-2: Get a new second order digital differentiator.

Be careful: Direct inversion of H(z) will give an unstable filter
since H(z) has an NMP zero 7.
Solution: By reflecting the NMP r; to 1/7; , i.e. 75, we have

- TEB—a)z+ry)
H(z)=K -1

Question: What is K then?
Solution: let the final value of the impulse responses of H(z) and

H(z) be the same, ie., lim, ,(z — 1)H(z) = lim._,(z — 1)H(z),
which gives K = rq. Therefore, the new family of the digital differ-
entiators are given by

I 6(2% —1) o bry(22 - 1)

wiz) = Az mnIB-a)(z+rn)? TB—a)(z+mn) (5)
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We can regard w(z) in (5) as the generating function introduced in
the last section. Finally, we can obtain the expression for the DFOD

i G = @) k() ©

14+ bzt

where r € [0,1], kg = (%)T and b = ry.
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Step-3 Do CFE (continued fractional expansion) for (w(z ™))" =
ko ( = ) Do CFE expansion by MATLAB Symbolic Toolbox.

Let x = . Then do
1—22 \"
CFE | ——
((1 + b:c)2>

to the desired order n. MATLAB script: (pl and g1, respectively,
the numerator and denominator polynomials in x or 2~ with their
coefficients being functions of b and r.)

clear all;close all;syms x r b;maple(’with(numtheory)’);
aas = ( (1-x*x)/(1+b*x)"2 )°"r; n=3; n2=2%n;
maple([’cfe := cfrac(’ char(aas) ’,x,n2);’]);
pg=maple(’P_over_Q := nthconver’,’cfe’,n2);

pO=maple(’P := nthnumer’,’cfe’,n2);

qO0=maple(’Q := nthdenom’,’cfe’,n2);
p=(p0(5:1ength(p0))); q=(q0(5:1length(q0)));
pl=collect(sym(p),x); gql=collect(sym(q),x);
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EXAMPLES

r = 0.5. The values of the truncation order n and the weighting
factor a are denoted as subscripts of Gy, 4)(2). T = 0.001sec.

178.9 — 89.44271 — 44.72272

Gooon(z7") = e 1o
Goam(z) = 138.841958.60374:—11__1,25_82'%_2
Gaoso(z7') = 127;: 11;968’2;1__1356[2

Gaom(-7) = T e
Goron (=) = 2227 17.7427" — 89.81272

44+ 1.6982"1 — z—2
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r = 0.5. The values of the truncation order n and the weighting
factor a are denoted as subscripts of G, 4)(2). T = 0.001sec.

357.8 — 1789271 — 1789272 + 44.72273

G -1y =
oom(z) 8+4z71 —4z72 — 273
Cranm(+Y 392.9 — 78.042 ! — 349.8272 4 88.9723
Z fr—
(3.025) 1132 + 42! — 5.662-2 — -3
Gl (1) = 1501 — 503.62~! — 128022 + 446.52 3
30500 T o6 L 4 1 — 23.632 2 — 23
Clams(+-) 068.1 — 44221 — 820.822 4 36323
Z —
(3.0.75) 3247 — dz-1 — 16.242-2 + 23
B 353.1 — 20821 — 297.422 + 164.72 3
G(3,1.00)(Z ) —

12.46 — 42~1 — 6.228272 + 273
(8)
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r = 0.5. The values of the truncation order n and the weighting
factor a are denoted as subscripts of G, 4)(2). T = 0.001sec.

715.5 — 357.8271 — 536.727 2 4+ 178.9273 + 44.722~*

G - =
oo () 16 + 8271 — 12272 — 4273 + z~4
o 555.3 —392.9271 — 4772272 4 349.8273 — 19.562 4
G(4,0.25)(Z ) - 1 —2 -3 —4
16 — 2,489z~ — 12272 4+ 1.24527° + 2
. 508.1 — 1501271 — 4.478272 + 128923 — 382.9z*
G(470-50)(Z ) - 1 —2 -3 —4
16 —40.54z71 — 122724+ 2027273 + 2
o 4774+ 9681271 — 919272 — 820.8273 4 422. 724
Guom(z) = = > ECR—
16 +37.827t — 12272 — 18.927° + 2
o 453.6 +353.127 ' — 661.7272 — 2974273 + 221.527*
G(4,1.00)(Z ) =

16 4+ 16.74271 — 12272 — 8.37123 + 24
(9)
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Observations:

e No complex conjugate poles or zeros. We can further observe
that for odd order of CFE (n = 3), the pole-zero maps are nicely
behaved, that is, all the poles and zeros lie inside the unit circle
and the poles and zeros are interlaced along the segment of the
real axis corresponding to z € (—1,1).

e However, when n is even, and when a is near to 1, there may
have one cancelling pole-zero pair which may not be desirable.
We suggest to use an odd n when applying the new discretiza-
tion scheme of this paper.

e When a = 0, the pole-zero map is always inside the unit circle
in an interlacing way along the segment of the real axis corre-
sponding to z € (—1,1).
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Consider the special case for a = 0 (Tustin operator).

poe = 13- (5) e {(55) )

- () @ (o

By using the MAPLE call
Drp:=cfrac(((1-x)/(1+x))"r,x,p)

where z = 271, the obtained symbolic approximation has the fol-
lowing form:

Di(z) = 1+— ‘ — . (1)

_§_+ —
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The general expressions for numerator P,(z!) and denominator
Q,(z7) of D"(2) in (10) for p=¢q=1,3,5,7,9.

p=q Pp(zfl) (k=1), and Qq(zfl)(k =0)
1

1 (—D)¥ 2zt +1

3 [ (=1 (P —4r)2 3+ (6r2 - 922+ (—1)F 1527 1r + 15

5 | (=DF(® — 20, + 64r)275 + (—195r2 + 150% +
225)2~4 + (—1)" (10573 — 735r) 273 4 (420r2 — 1050)2 2 +

(—1)F 9452717 + 945
7| (=D)" (78473 + 7 — B6r5 — 2304r)27 + (106122 —
1190r% — 11025 + 28r6)276 + (—1)F (534877 + 3785 —
113407%)27° + (99225 — 5985072 + 3150r%)2~* +
(—1)F (1732503 —  173250r)273 + (—218295 +
62370r2)2~2 + (—1)* 13513521 + 135135
9 (—1)k(—52480r3+147456r+r 12077 4 4368r°) 279
(45r8 + 1203307 — 90976512 — 441075 4 893025)z 8
1) (—5742495r — 76230r° + 145183573 + 990r7) 2 67

13097700 + 951489072 — 796950r* + 13860r° )z

(=

(=

(—1)* (33648615r — 54054007 + 1351357°)2~
(236486257' + 51081030 + 945945r4)z—4
(=
7

¥ (- 614864257" + 4729725r3) 273 + (1621620072
2972900)z 2 + (—1)" 34459425211 + 34459425
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With r = 0.5 and T" = 0.001 sec. the approximate models for
p=q=123,7,9 are:
z—10.5 23 —0.522 — 0.52 +0.125
Gilz) = MT2 s Gale) = M 05— 0125

27 —0.52% — 1.52° + 0.6252* + 0.6252 — 0.187522
—0.0625z + 0.007813

2" 4+0.520 —1.52° — 0.6252* + 0.6252% + 0.187522
—0.06252z — 0.007813
29 —0.528 — 227+ 0.8752% + 1.3132° — 0.46882* — 0.31252°
+0.0781322 + 0.01953z — 0.001953

29 +0.528 — 227 — 0.8752% + 1.3132° + 0.46882% — 0.312523
—0.078132% + 0.01953z + 0.001953

Gr(z) = 44.72

Go(z) = 44.72

In MATLAB Symbolic Toolbox, we can get the same result by the
following script:

syms x r;maple(’with(numtheory)’);

f = ((1-x)/(1+x))°r;

maple([’cf := cfrac(’ char(f) ’,x,10);’]1)
maple(’nd5 := nthconver’,’cf’,10)

maple (’num5 := nthnumer’,’cf’,10)
maple(’den5 := nthdenom’,’cf’,10)
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Concluding Remarks

e A new direct discretization method is presented for fractional
derivatives s".

e A tuning knob within the generating function is introduced.
This generating function is the weighted sum of Tustin and
Simpson operators.

e Matlab code is ready to use.

e Further investigation: optimal balanced time and frequency do-
main approximation of s”.
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Thank you!

Q/A session

FOC web pages:
http://mechatronics.ece.usu.edu/foc
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