RIOTS + AD: Integrating Automatic Differentiation into Com putational Optimal Control

YangQuan Chen Jinsong Liang
Department of Electrical and Computer Engineering  Department of Mechanical and Aerospace Engineering
Utah State University Utah State University
Logan, Utah 84322-4160, USA Logan, Utah 84322-4130, USA
yqchen@ieee.org jsliang@ieee.org
Jason Gu Rees Fullmer
Department of Electrical and Computer Engineering  Department of Mechanical and Aerospace Engineering
Dalhousie University Utah State University
Halifax, Nova Scotia, Canada B3J 2X4 Logan, Utah 84322-4130, USA
jason.gu@ieee.org rrfullmer@engineering.usu.edu

~ Abstract—RIOTS is a toolbox for Matlab? , written mostly ~ of OCPs [6], [7], [8]. It is a powerful method for solving op-
in C, Fortran and M-file scripts, that provides an interactive  timization problems by breaking up a complex optimization
environment for solving a very broad class of optimal contrd problem into a number of simpler problems. The solution

problems (OCPs). Automatic differentiation (AD) can numeri- f the simpl bl leads to th uti f1h iqinal
cally compute fast and accurately the derivatives of a fungon O (N€ SIMpler problems leads 1o the solution of the origina

in general form that can be represented by a piece of code prOblem. This is an attractive feature with guaranteed@jlob
(Matlab or C/C++). The integration of AD makes RIOTS a optimum. Although the computers are nhow more and more
more powe(ful and user-friendly tool for computational optimal powerful, use of dynamic programming idea to solving OCPs
fc?or}gogn-cli—hg‘urpaegf%rrtgeiicﬁlr?tzs rg;ien RIEDT Sinigolg%:rgorggng is still not popular today due to the inherent drawbacks of DP
grating ' method: curse of dimensionality, problems in the expanding

comparisons are made to show that AD is a useful function ; . . ; S
for RIOTS. grids and problems in the interpolations etc., that linst it

Index Terms— Optimal control problem solver, automatic dif- use to only solving problems of very low dimension.
ferentiation, consistent approximation, B-splinés, Rung-Kutta . ln_v'ew Pf Ehef a}bqve discussions, while solving OCPs
integration. is still an “art”, it is important to have a good software

environment for the user to play with. Ideally, no compil-
ing/linking is required. To this regard, RIOTS is the most
I. INTRODUCTION favorable due to the Matlab platform. RIOTS is designed as
S . . . . . a Matlab toolbox written mostly in C, Fortran and M-file

Optimization is a routine work in engineering practicescripts. It provides an interactive environment for satyim
In general, optimization tasks can be classified into tWQery proad class of optimal control problems. RIOTS runs
categories: static optimization tasks and dynamic ones. Dyinder Windows 98/2000/XP or Linux operating systems.
namic optimization has not been developed as “maturedye yser-OCPs can be prepared purely in M-files and no
as static optimization. More often, dynamic optimizatien i compiler is needed to solve the OCPs. To speed up the OCP
referred to as opt|_mal coqtrol problems (OCPs)". Numdncasowing process, there are two ways to proceed: by using
methods for solving optimal control problems h:_:\ve NOfhe Matlab Compiler or by providing the user-OCP in C
reached the stage that, say, methods for solving diff@entiyhich is to be compiled by a C-compiler and then linked with
equations have reached. Solving an optimal control problegyme pre-built linking libraries (currently, Microsoft &ial
can, _dependlng on the d|ﬁ|qulty of the .problem, requirgs++ and GNU GCC are supported, for Windows and Linux,
significant user involvement in the solution process. Th'?espectively).
sometimes requires the user to understand the theory ofty se RIOTS, the user needs to provide the first order

optimal control, optimization and/or numerical approxima gerivative with respect to state variables and controklseis
tion methods. Among the existing software packages fQf the functions describing the optimal control problem.
numerically solving dynamic optimization or optimal casitr 4 some complicated problems, the derivatives are hard, if
problems, such as SOCS [1], RIOTS [2], DIRCOL [3],not impossible, to obtain manually. If not provided by the
or MISER3 [4], no single program can solve all sort of ser, the derivatives can still be calculated by RIOTS using
problems. For a recent survey on solving OCPs, refer 10 [Sjhe numerical differentiation, which is slow and inaccerat
Nevertheless, theoretically speaking, it is well knowntthaatomatic differentiation (AD) [9],[10] is a technique to
dynamic programming (DP) of Bellman can solve all typegolve the above problems. AD is able to compute any

order derivatives of a function in general form that can be
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The paper is organized as follows. In Sec. I, we introduce THREE CATEGORIES OF PROGRAMS IRIOTS

the main features of RIOTS. In Sec. Ill, we introduce briefly

AD and the available AD implementations for use with ggﬂ%ﬁéﬁn 8533},‘;2“0” Hﬁ'(',';yrams
RIOTS, mainly ADMAT and ADOL-C. In Sec. IV, the main SToTate ot ~ontrol—_error
results integrating AD in RIOTS are presented. Section V check deriv pdmin distribute
concludes the paper. check _grad aug _fagrng est _error
eval fnc outer make_spline
transform

II. RIOTS: A GENERAL OPTIMAL CONTROL PROBLEM
SOLVER

RIOTS is a group of programs and utilities, designed
as a toolbox for Matlab. The numerical methods used by « Solves a very large class of finite-time optimal controls
RIOTS are supported by the theory in [13], which uses the problems that includes: trajectory and endpoint con-
approach of consistent approximations as defined in [14]. straints, control bounds, variable initial conditionse@r
In this approach, a solution is obtained as an accumulation final time problems), and problems with integral and/or
point of the solutions to a sequence of discrete-time ogtima  endpoint cost functions.
control problems that are, in a specific sense, consistente System functions can be supplied by the user as either
approximations to the original continuous-time, optimahe¢ object code or M-files.
trol problem. The discrete-time optimal control problems a « System dynamics can be integrated with fixed step-
constructed by discretizing the system dynamics with one size Runge-Kutta integration, a discrete-time solver or
of four fixed step-size Runge-Kutta integration methods and a variable step-size method. The software automatically
by representing the controls as finite-dimensional B-gslin computes gradients for all functions with respect to the
Note that RIOTS also includes a variable step-size integrat controls and any free initial conditions. These gradients
routine and a discrete-time solver. The integration prdsee are computed exactly for the fixed step-size routines.
on a (possibly non-uniform) mesh that specifies the splines« The controls are represented as splines. This allows for a
breakpoints. The solution obtained for one such discrétize  high degree of function approximation accuracy without
problem can be used to select a new integration mesh upon requiring a large number of control parameters.
which the optimal control problem can be re-discretized to « The optimization routines use a coordinate transforma-
produce a new discrete-time problem that more accurately tion that creates an orthonormal basis for the splines
approximates the original problem. In practice, only a few  subspace of controls. The use of an orthogonal basis
such re-discretizations need to be performed to achieve an can results in a significant reduction in the number of

acceptable solution. iterations required to solve a problem and an increase
RIOTS provides three different programs that perform the  in the solution accuracy. It also makes the termination
discretization and solve the finite-dimensional disctates tests independent of the discretization level.

problem. The appropriate choice of optimization program « There are three main optimization routines, each suited
depends on the type of problem being solved as well as the for different levels of generality of the optimal con-
number of points in the integration mesh. In addition to ¢hes trol problem. The most general is based on sequential
optimization programs, RIOTS also includes other utility quadratic programming methods. The most restrictive,
programs that are used to refine the discretization mesh, to but most efficient for large discretization levels, is based
compute estimates of integration errors, to compute etisna on the projected descent method. A third algorithm uses
for the error between the numerically obtained solution and the projected descent method in conjunction with an
the optimal control and to deal with oscillations that aiise augmented Lagrangian formulation.
the numerical solution of singular optimal control problem « There are programs that provide estimates of the integra-
tion error for the fixed step-size Runge-Kutta methods
A. Major features of RIOTS and estimates of the error of the numerically obtained
optimal control.
« The main optimization routine includes a special feature
for dealing with singular optimal control problems.

The name RIOTS stands forRécursivé |ntegration
Optimal Trajectory Solver.” This name highlights the fact
that the function values and gradients needed to find the. The alaorithms are all founded on ridorous converaence
optimal solutions are computed by forward and backward theor 9 9 9
integration of certain differential equations. Y-

RIOTS is a collection of programs that are callable from In addition to being able to accurately and efficiently
the mathematical simulation program Matlab for Windowsolve a broad class of optimal control problems, RIOTS is
and Linux. Most of these programs are written in either cgesigned in a modular, toolbox fashion that allows the user t
Fortran (and linked into Matlab using Matlab’s MEX/DLL experiment with the optimal control algorithms and consttru
facility) or Matlab’s M-script language. All of Matlab’s ic- new algorithms. The programmuter and aug_.lagrng
tionality, including command line execution and data entrglescribed in detail in [2], are examples of this toolbox
and data plotting, are available to the user. The followig iapproach to constructing algorithms.

a list of some of the main features of RIOTS. RIOTS is a collection of several different programs (in-

Sherative | © but would not lead t ) cluding a program which is, itself, calledbts ) that fall
erative IS more accurate but wouid not lead to a nice acronym. H H . H H H H

: . . into roughly three cate :
SRIOTS runs in Matlab versions 4.x, 5.x, 6.x. The Matlab Sggin gny gories: integration/simulationtioes,

Toolbox is required. Evaluation versions are downloadatem OPtimization routines, and utility programs. Of these pro-
http://www.accesscom.com/"adam/RIOTS/ grams, the ones available to the user are listed in Tab. |



Several of the programs in RIOTS require functions that 1) Transcription for Free Final Time Problemd$roblem
are available in the Matlab Splines toolbox. In addition ta@DCP is a fixed final time optimal control problem. However,
these programs, the user must also supply a set of routirfese final time problems are easily incorporated into the
that describe the optimal control problem which must béorm of OCP by augmenting the system dynamics with
solved. Several example optimal control problems comivo additional states (one additional state for autonomous
supplied with RIOTS. Finally, there is a Matlab script cdlle problems). The idea is to specify a nominal time interval,
RIOTSdemwhich provides a demonstration of some of thda, b], for the problem and to use a scale factor, adjustable
main features of RIOTS. by the optimization procedure, to scale the system dynamics
and hence, in effect, scale the duration of the time interval
: : This scale factor, and the scaled time, are representedeby th
B. Optlmgl conFroI problems in R,IOTS extra states. Then RIOTS can minimize over the initial value
RIOTS is designed to solve optimal control problem of thgy the extra states to adjust the scaling. For example, tee fr

form final time optimal control problem
OCP: min {f(u, ) = go(&, (b)) a+T
(LR fatlxR" wing (M) + [ ity
b ? a
+/ lo(t, z, u)dt} subjectto y = h(t,y,u),y(a) = (,t € [a,a + T,
) ‘ can, with an augmented state vector= (y,z"~!,2"), be
subject to: converted into the equivalent fixed final time optimal cohtro
i=h(t,u), o) =¢ te o) prablem ;
U'ann(t) < uj(t) < uz‘nam(t)vj = 17 cee, M, Lnégg(g’ I(b)) * /a l(t’ v U)dt
5nin ng Sg%jnazvjzla"'vna xnﬁ(xnilvyau)
subjectto & = h(t,x,u) = " ,
It x(t),ul) <0, veQqy tE€]lab, 0
g;(g,l’(b)) < 07 V € Qei, C
» r(a)=&6=| a , t€la,b],
Gee(§;2(0) =0, V€ Qee, @ =¢ §" o

whereic(t) emR”, u(t) € R™, g anx R — R, 1 wherey is the firstn — 2 components ofr, (&, z(b)) =
Rx R"x R™ — R,.h : R x R" X R —>mR and we Gla+ T, y®), It z,u) = (z"1,y,u) andb = a + T.
have used the notatioq = 1,---,¢ and Li:[a,b] is the  Engnoint and trajectory constraints can be handled in the
space of Lebesgue measurable, essentially bounded fosctiqgme way. The quantity = b — a is the nominal trajectory
[a,b] — R™. The functions inOCP can also depend upon g ration. In this transcription;” ! plays the role of time and
parameters which are passed from Matlab at execution tmga is theduration scale factoso named becauggs™ is the
usingget flags . Refer to [2] for details. _ effective duration of the trajectories for the scaled dyiasm
The subscriptw, ti, ei, andee on the functionsg(-,-)  Thus. for anyt € [a, b, 2" (t) = €%, 2" (t) = a+ (t—a)e"
and I(-,-,-) stand for, respectively, “objective function”, ynq the solutiont;, for the final time ist; = z"~1(b) =
“trajectory constraint”, “endpoint inequality constrélimnd +(b—a)¢™. Thus, the optimal duration i&* —= ty—a=
“endpoint equality constraint”. The subscripts fof,-) and , _ )" = Ten. If,a =0 andb = 1, thent; = T* = ¢n,
I(-,-,-) are omitted when all functions are being considereghg main disadvantage to this transcription is that it coisve
without regard to the subscript. The functions in the d@scri |inear systems into nonlinear systems.
tion of problemOCP, and the derivatives of these functiéns For autonomous systems, the extra variable! is not

must be supplied by the user as either object code or as Magded. Note that, it is possible, even for non-autonomous
files. The bounds on the componentsofindu are specified systems, to transcribe minimum time problems into the

on the Matlab command line at run-time. . form of OCP using only one extra state variable. However,
The optimal control problenOCP allows op_tl_mlzauon this would require functions liké(t, z,u) = h(tz",y, ).
over both the _controu a_nd one or more _of the initial states gjnce RIOTS does not expect the user to supply derivatives
§. To be concise, we will define the variable with respect to the argument it can not properly compute
n=(u,€) € Hy = L™[a,b] x R™. derivatives for such functions. Hence, in the current imple
. _ . _ . mentation of RIOTS, the extra variahi#—! is needed when
With this notation, we can write, for examplg(n) instead  transcribing non-autonomous, free final time problems.
of f(&,u). We define the inner product ofi; as 2) Trajectory constraints :The definition of problem
OCP allows trajectory constraints of the forlq (¢, z,u) <0
to be handled directly. However, constraints of this form ar
The norm corresponding to this inner product is given byuite burdensome computationally. This is mainly due to the
I 0 llz,=< n,n >%2' Note thatH, is a pre-Hilbert space. fact that a separate gradient calculation must be performed
2 for each point at which the trajectory constraint is evaddat
61 the user does not supply derivatives, the problem cah tstilsolved At .the expense of mcre_ased ConStramt violation, _reduf:ed
usingriots  with finite-difference computation of the gradients. solution accuracy and an increase in the number of itersition

<Mm,M2 SH,=< ui,ue >, + < &,& > .



required to obtain solutions, trajectory constraints caedn- C. An example: bang-bang OCP
verted into endpoint constraints which are computatignall This is a textbook OCP problem [15] with control bounds

much easier to handle. This is accomplished as f?""‘{"s- Thd free final time. It is used to demonstrate the transoripti
system is augmented with an extra state variafte' with  of 5 free final time problem into a fixed final time problem.

"L (t) = pmax{0, L(t, 2(t), u(t))}2 The transcribed problem has bounds on the control and free
X TR ’ initial states. Alsodistribute.m (see [13]) is used to improve
2" (a) =0, integration mesh after an initial solution is found. A more

accurate solution will then be computed by re-solving the

where > 0 is a positive scalar. The right-hand side is o - .
squareléi so that it ig differentiable with regpectﬁmndu p_roblem on the new mesh. For self-containing, this OCP is
" given as follows:

Then it is clear that either of the endpoint constraints

gei (€, (b)) = 2™ (b) <0 or Problem Bang : Iill%l Ju,T)=T
Gee (& (D)) = 2" TH(B) =0 subject to
is satisfied if and only if the original trajectory constriain 1 =x2; x1(0) = 0,21(T) = 300
is satisfied. In practice, the accuracy to whi€ICP can )
be solved with these endpoint constraints is quite limited iy =u;  w2(0) = 0,22(T) =0
because these endpoint constraints do not satisfy the stapy
dard constraint qualification [13]. This difficulty can be —2<u(t) <1, Vtelo,T).

circumvented by eliminating the constraints altogethed, an

instead, adding to the objective function the penalty ternihis problem has an analytical solution which is given by

go(&,2(b)) = x™t1(b) where nowp serves as a penalty 7* = 30. Whent € [0,20), u*(¢t) = 1, zi(t) = ¢*/2,

parameter. x5(t) = t while whent € [20,30], u*(t) = =2, zi(t) =
However, in this approach, must now be a large positive —t* 4+ 60t — 600, x5 (t) = 60 — 2t.

number and this will adversely affect the conditioning afth The above OCP is a minimum-time problem with two

problem. states and one input. This problem is converted into a fixed
3) Continuum Objective Functions and Minimax Prob<inal time problem using the transcription described in Sec.
lems: Objective functions of the form Only one extra state variable was needed since the problem

has time-independent (autonomous) dynamics. First we will
define the integration mesh and then the initial conditions.

min max [(¢, z(t), u(t))
u  t€la,b]
can be converted into the form used in probl@aP by >> N = 20; % Discretization level

= 10 0 i i i
augmenting the state vector with an additional statesuch zz I:[O'T}I(\)J"T]' % N/gm’\ilr(?;?l?i?l!len?r?tleﬂ/n;le
that T

w=0; w0)=¢! The nominal time interval is of duration T. Next, we

) , i ) specify a value for:i3, the duration scale factor, which is the
and forming the equivalent trajectory constrained problem;nitial condition for the augmented state. The quanfiy®

min  £7t! represents our guess for the optimal duration of the mameuve
(¥ >> x0=[0 0 1]; % Init. cond. for aug. sys.
subject to >> fixed=[1 1 O]'; % with init. cond. fixed
>> x0_lower=[0 0 .1]';%free init.cond. low bnd
I(t,x(t),u(t) — " <0, telab]. >> x0_upper=[0 0 10];%free init.cond. up bnd
o o . _ . >> X0=[x0,fixed,x0_lower,x0_upper]
A similar transcription works for standard min-max objeeti X0 =
functions of the form 0 1.0000 0 0
b 0 1.0000 0 0
min Héaxgu(%f) +/ l”(t,x(t),u(t)dt _ 1.0000 0 0.1000 10.0000
u VEQo o

_ _ _ _ ~ The first column ofX0 is the initial conditions for the
In this case, an equivalent endpoint constrained problem wiproblem; there are three states including the augmenttsd sta

a single objective function, The initial conditions for the original problem wer€0) =
min ¢+ (0,0)T. The initial condition for the augmented state is set
w,Ent1 to 20(3) = £ = 1 to indicate that our initial guess for the
. optimal final time is one times the nominal final time of
subject to

3 (u, €) — €1 < 0 c T =10, i.e.&3T. The second column o0 indicates which

g s =Y, Ve initial conditions are to be considered fixed and which are to

is formed by using the augmented state ve¢tonw, ) with  be treated as free variables for the optimization program to
, ntl adjust. A one indicates fixed and a zero indicates free. The
w=0, w0)=¢ third and fourth columns provide lower an upper bound for

2 =1"(t,z(t),u(t)) , 2(0)=0, veq,, the free initial conditions.
. >> u0=zeros(1,N+1);% f=x(3,1)=x0(3)
defining >> [Ux.f]=riots(X0,u0,t,-2,1,[],100.2);

g"(u, &) = g"(u,§) + 2" (b) . >> T % Show the final time.



Solution on uniform mesh Solution on redistributed mesh
T T

ans = 15 T T 15
29.9813

I

In this call toriots , we have also specified a lower
bound of -2 and an upper bound of 1 for all of the control
splines coefficients. Since we are using second order spline
this is equivalent to specifying bounds on the value of the
control at the splines breakpoints, i.e. boundsudt),). We
also specify that the second order Runge-Kutta integratio
routine should be used. The objective valfie= ¢3 is the
duration scale factor. The final time is given by+ (b —
a)é? = T¢3 = 10f. Here we see that the final time is
29.9813. A plot of the control solution indicates a fairlyphd -1}
transition region whereas we expect a bang-bang solutiol
We can try to improve the solution by redistributing the -
integration mesh. We can then re-solve the problem using tr

0.5

-0.51
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new mesh and starting from the previous solution intergolat ~ -2s; m = 30 25, m > -
onto the new mesh. This new mesh is storedémw_t , and Time Time
new_u contains the control solution interpolated onto th|§:ig. 1. Bang-bang OCP solutions with and without mesh reitistion

new mesh.

>> [new_t,new_u]=distribut(t,u,x,2,[],1,1);

redistribute_factor = 7.0711 methods are slow. Furthermore, the finite difference method
Redistributing mesh. gives only the approximate values of the derivatives wiite t
>> X0(1) = X(.A): symboli_c d_ifferentiation method is ir_lcapable of computing
>> [ux.fl=rots(X0,new_u,new_t,-2,1,[],100,2); the derivatives of complicated functions, such as the func-
>> 10 tions including the logic switches or case branching. AD,
ans = on the other hand, can be used to obtain the derivatives of
30.0000 general functions without the above limitations. The rtssul
Notice that before callingiots  the second time, we set Tom AD are accurate and the process is relatively fast.
the initial conditions (the first column aX0) to x(;,1) , The basic idea is that, any general function, no matter

the first column of the trajectory solution returned from thd'oW complicated, can be composed of some basic functions
preceding call toriots . Because® is a free variable in and operators. If the derivatives of these basic functions

the optimizationx(3,1) is different than what was initially @€ known, the derivative of the general functions can be
specified forx0(3) . Sincex(3,1) s likely to be closer computed using the chain rule. For more information on
to the optimal value fox? than our original guess we set AD, refe_r to [9][10Q]. For the comparison between symbolic
the current guess foX0(3,1) to x(3,1) . We can see differentiation and AD, refer to [16].

the improvement in the control solution and the solution Currently there are several AD implementations available,
for the final time. The reported final time solution is 3oincluding ADOL-C for C/C++ functions [11], ADIFOR for

and this happens to be tlexact answer The plot of the FORTRAN [17], and ADMIT/ADMAT [18][12] for Matlab.
control solution before and after the mesh redistributign 10 avoid starting from scratch, we chose to make use of these
shown below. The circles indicate where the mesh points af¥@ilable AD tools. _
located. The improved solution does appear to be a bang-Since RIOTS accepts the user-OCPs in both the Matlab M-
bang solution. ile format and the C-file format, to integrate AD into RIOTS,
two sets of AD tools, for M-file and C-file respectively,
are needed. For Matlab M-files, only ADMAT is available.
l1l. A B RIEF INTRODUCTION TOAUTOMATIC For C-files, there are two candidates, namely ADMIT and
DIFFERENTIATION ADOL-C. ADMIT computes the derivative by calling a set

RIOTS needs the first order derivative of user-providedf Matlab M-files. So, to use ADMIT for C-file input, M-
functionsh, g and tt I[2]. These derivatives can be providedunctions will be called during the C execution process. Due
either by the user or by RIOTS itself using the numericaio the interpretative nature of the Matlab environmentjrogl
finite difference approach. Both methods have their limitaM-files within C-files will severely slow down the speed of
tions. For some complicated optimal control problems, th€ execution, which is unacceptable, because the high speed
derivatives of user-provided functions can be very hard, it one of the main advantages using C-file interface instead
not impossible, to obtain while the approximate derivativeof M-file interface. So, we choose ADOL-C, a pure C/C++
calculated through the finite difference are inaccurate arichplementation, to integrate into RIOTS for C-file interfac
computationally slow. AD can be used to solve the above
problems.

As a relatively new technology, AD is able to compute
derivatives of a general function numerically of any order. We chose four optimal control problems to test the ro-
Although finite difference and symbolic differentiationnca bustness and the speed, two main concerns to using AD. For
also be used to obtain the derivatives of functions, bottetailed description of the four testing problems, refei2fo

IV. WITH AND WITHOUT AD: SOME COMPARISONS



TABLE Il

EXECUTION SPEED COMPARISON FORDOL-C (SEC.)

V. CONCLUDING REMARKS
The main features of RIOTS and the results of its inte-

Problem | User-provided Deriv.] Finite Diff. | ADOL-C Eration with AD are introduced in this paper. To our best
Rayleigh 0.03 0.12 XX nowledge, RIOTS is the first software package for optimal
Bang 0.06 021 XX control problem solution integrated with AD tools. AD tools

Goddard 0.09 1.25 XX significantly simdplif%/ the user-supplied files and improbe t
Boeing N/A 2.80 XX execution speed of optimization process. We believe that in
the near future, AD is a must-have feature for all software
packages for numerical optimal control.
TABLE IIl
EXECUTION SPEED COMPARISON FORMDMAT ( SEC.) VI. REFERENCES
RPrOII)IerE User-pro(\)ngded Derw. F|n|;e5 'f'ﬁ' A%’;A'Z‘T [1] J. T. Betts, “SOCS: the sparse optimal control softwaamify,”
aylelg : . : http://www.boeing.com/assocproducts/socs/index.,htnilech. Rep.,
Bang 0.9 2.7 247 1996.
Goddard 6.2 2198 2272.9 [2] A. Schwartz, E. Polak, and Y. Q. CheRIOTS: a MATLAB toolbox
Boeing N/A 195 178.9 for solving optimal control problems1997. [Online]. Available:

(3]

ADOL-C passed all four tests smoothly, showing its good 4]
robustness. While ADMAT also passed all the tests, somé
manual adjustments of the formula expressions are negessar
For example, for the following Matlab functions, [5]

funciton y=foo(x)
- N [6]
y =0
-
ADMAT failed to computedy/dx, when x is a vector. g
Instead, the function has to be written as 8]
function y=foo(x) [9]

y=0"x(1)*x(2) [10]

Comparison of execution speed using user-provided
derivatives (C-files), finite difference, and ADOL-C is show [11]
in Table IF.

From Table I, we can expect that although ADOL-C will
be a bit slower than using the user-provided derivativestbut[12]
will (and should) be faster than the finite difference metho
for all the testing optimal control problems. We tend t
conclude that for the complicated optimal control problems
in which the derivatives of user-provided functions areyver[14]
hard, very time consuming and very error-prone, to derive
manually, ADOL-C can replace finite difference completely1s)
without any performance sacrifice. Moreover, ADOL-C can
be used to double check if the user-derived derivative nesti 6!
are correct or not by using the RIOTS utility functions
check _deriv andcheck _grad . [17]

The comparison of execution speed using user-provided
derivatives (M-files), finite difference, and ADMAT is shown[1g]
in Tabl1 IlI.

From Table Ill, we can see that ADMAT is much slower
than the other two. Combined with its non-robustness, it
shows that integrating ADMAT into RIOTS is not a very
successful practice. The reasons for the slowness are not

13]
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Hemisphere

APPENDIXI
FOUR TESTING OPTIMAL CONTROL PROBLEMS

completely clear to us. The most possible reason is the Please refer to [2].

software bugs in the implementation of AD making use
of the operator overloading technology in Matlab. We are
expecting the further improvement of ADMAT. However, as
a last remark, again, ADMAT interface with RIOTS is still

useful in the sense that this extra AD functionality of RIQTS
although slow, can be used to double check if the user-drive
derivative routines are correct or not by using the RIOTS
utility functionscheck _deriv. andcheck _grad .

"The accurate timing for ADOL-C will be provided in the finalrs®n
of this paper when the ADOL-C interface to RIOTS will be futlysted.



