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Abstract: A class of evolution systems described by the one-dimensional fractional
wave equation subject to a fractional order boundary controller is considered. Via
hybrid symbolic and numerical simulation and parameter optimization, this paper
has con�rmed, for the �rst time, that the fractional order bo undary controller
not only can stabilize the fractional wave equation, but performs better than an
integer order boundary controller as well.
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1. INTRODUCTION

Fractional di�usion and wave equations are ob-
tained from the classical di�usion and wave equa-
tions by replacing the �rst and second order time
derivative term by a fractional derivative of an
order satisfying 0< � � 1 and 1< � � 2, respec-
tively. Since many of the universal phenomenons
can be modelled accurately using the fractional
di�usion and wave equations (see Nigmatullin
(1986)), there has been a growing interest in in-
vestigating the solutions and properties of these
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evolution equations. Research has been focused on
the analytical solution to the fractional di�usion
and wave equations (see Wyss (1986), Schneider
(1989), Mainardi and Paradisi (1997); Mainardi
(1996), and Agrawal (2002)). Compared with the
publications on the control of the wave equation
(see Morg•ul (2002), Chen (1979), Morg•ul (1998),
Datko et al. (1986), and Mbodje and Montseny
(1995)), research results on the control of frac-
tional wave equations are very few (see Liang et al.
(2003)). In this paper, we study the stabilization
of a cable governed by the fractional wave equa-
tion using a fractional order boundary controller.
The major contribution of this paper is that, for
the �rst time, we have con�rmed, via symbolic
algebra, numerical simulation, and optimization,



that a fractional order boundary controller not
only stabilizes the fractional wave equation, but
also performs better than an integer order bound-
ary controller.

The paper is organized as follows. In Sec. 2, we
give the mathematical description of boundary
control of the fractional wave equation. In Sec. 3,
we brie
y summarize the simulation and opti-
mization methods used. In Sec. 4, the perfor-
mance comparison between the fractional order
controller and the integer order controller is pre-
sented. Finally, Sec. 5 concludes this paper.

2. PROBLEM FORMULATION

We consider a cable made with special smart ma-
terials governed by the fractional wave equation,
�xed at one end, and stabilized by a boundary
controller at the other end. The system can be
represented by
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=
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; 1 < � � 2; x 2 [0; 1]; t � 0 (1)

u(0; t) = 0 ; (2)

ux (1; t) = f (t); (3)

u(x; 0) = u0(x); (4)

ut (x; 0) = v0(x); (5)

where u(x; t ) is the displacement of the cable at
x 2 [0; 1] and t � 0, f (t) is the boundary control
force at the free end of the cable,u0(x) and
v0(x) are the initial conditions of displacement
and velocity, respectively.

The control objective is to stabilize u(x; t ), given
the initial conditions (4) and (5).

In this paper, we adopt the Caputo de�nition for
fractional derivative of order � of function f (t)
(see (Caputo, 1967; Podlubny, 1999)):

d� f (t)
dt � =

1
�( � � n)

tZ

0

f (n ) (� )d�
(t � � )� +1 � n ;

(n � 1 < � � n): (6)

In this paper, we study the performance and
properties of controllers in the following format:

f (t) = � k
d� u(1; t)

dt � ; 0 < � � 1 (7)

where k is the controller gain and � is the order
of fractional derivative of the displacement at the
free end of the cable.

When � = 1, the controller (7) is called integer
order controller and has been widely used in the

boundary control of wave equations and beam
equations (see Chen (1979), Conrad and Morg•ul
(1998), and Chen et al. (1987)). The e�ectiveness
has also been veri�ed when applied to the bound-
ary control of fractional wave equation in Liang
et al. (2003). When 0 < � < 1, can controller
(7) stabilize the system? What advantages does a
fractional order controller have over integer order
controllers? These are the questions this paper
tries to answer.

3. THE NUMERICAL METHODS AND
PARAMETER OPTIMIZATION

TECHNIQUES

The solution to (1)-(5) and (7), be it analytical or
numerical, is still an unsolved problem. Combin-
ing symbolic algebra and numerical computation,
we developed a method which is capable of solv-
ing a wide range of boundary control problems
for fractional di�usion-wave equations. Here, we
summarize the solution steps as follows:

(1) Take the Laplace transform of (1)-(5) and
(7) with respect to t. Based on the de�nition
of (6), the Laplace transform of the Caputo
fractional derivative is (Podlubny, 1999):

L
�

d�

dt �

�
= s� F (s) �

n � 1X

k=0

f k (0+ )s� � 1� k : (8)

Thus, the original PDE of u(x; t ) with initial
and boundary conditions is transformed into
an ODE of U(x; s) with boundary conditions.
The resulting ODE is hard to solve manu-
ally due to the complicity of fractional wave
equation, fractional order controller, and the
initial conditions.

(2) Call the Matlab Symbolic Math Toolbox
function dsolve() to symbolically solve the
ODE. Although dsolve() is able to deter-
mine the arbitrary constants in the solution
using the boundary or initial condition(s), we
�nd that its capability is weak. Here, we feed
only the ODE of U(x; s) to dsolve() rather
than provide both the ODE of U(x; s) and
the boundary conditions. The expression of
U(x; s) with two arbitrary constants C1 and
C2, which are to be determined later, can be
obtained.

(3) Using Matlab Symbolic Math Toolbox func-
tion diff() , di�erentiate U(x; s) with re-
spect to x to get the derivatives of U(x; s).
Substituting U(x; s and its derivatives into
the Laplace transform of (2) and (3), we can
get two equations with two unknownsC1 and
C2.

(4) Passing the two equations obtained in the
last step to the Matlab Symbolic Math Tool-
box function solve() to determine the con-



stants C1 and C2. Now, we have obtained
the explicit expression of U(x; s), which is
usually an extremely long expression.

(5) Due to the complicity of U(x; s), its ana-
lytical inverse Laplace transform is usually
unavailable. We apply the numerical inverse
Laplace transform (see Bran�c��k (1999)) to
U(x; s) to obtain the numerical solution.

Following the above steps, the solution of (1)-(5)
and (7) can be obtained, which in turn can be
used to verify the e�ectiveness of a fractional order
controller.

Another objective of this paper is to compare
the performance of fractional order boundary con-
trollers and integer order boundary controllers,
which can only be achieved when the optimal
fractional order controller is compared with the
optimal integer order controller. In this paper, we
de�ne the following objective function, equivalent
to comparing the settling time which is easier to
implement.

For integer order boundary controllers (� = 1),
we seek the best gaink to

min
k

J (k) = max ju(1; t)j; t 2 [t f � T; tf ] (9)

Subject to: k > 0. For fractional order
boundary controllers (0 < � � 1), the task is to
�nd the best gain k and the fractional order � to

min
k;�

J (k; � ) = max ju(1; t)j; t 2 [t f � T; tf ](10)

Subject to: k > 0 and 0< � � 1. In the above
optimization tasks, u(1; t) is the displacement of
the free end of the cable;t f is the total time of
simulation; T is the time period to optimize within
the time interval [ t f � T; tf ] which is determined
by trial-and-error.

The optimization program we chose isSolvOpt
(see Kuntsevich and Kappel (1997)), a free pro-
gram for local nonlinear optimization problems.

4. PERFORMANCE COMPARISON

To test if fractional order boundary controllers can
be used to stabilize the fractional wave equation,
the following three di�erent systems were simu-
lated

� Case 1: � = 1 :1; k = 0 :1; � = 0 :5,
� Case 2: � = 1 :5; k = 0 :1; � = 0 :7,
� Case 3: � = 1 :9; k = 0 :2; � = 0 :9.

All cases have the same initial conditions

u0(x) = � sin(0:5�x ); v0(x) = 0 : (11)

Remark 4.1. In Case 3, k = 0 :2 were chosen
rather than k = 0 :1, because when the fractional

wave equation is closer to the wave equation (� !
1), the response tends to oscillate and needs a
larger damping to stabilize quicker.

The descriptions of the simulation results are
summarized as follows:

� For � = 1 :1, the displacement of the free end
is shown in Fig. 1. The displacement of the
whole cable for� = 0 :7 is shown in Fig. 2.

� For � = 1 :5, the displacement of the free end
is shown in Fig. 3. The displacement of the
whole cable for� = 0 :7 is shown in Fig. 4.

� For � = 1 :9, the displacement of the free end
is shown in Fig. 5. The displacement of the
whole cable for� = 0 :7 is shown in Fig. 6.
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Fig. 1. Displacement of the free end,� = 1 :1

Fig. 2. Displacement of the whole cable,� = 0 :7

The simulation results show that all simulated
boundary controllers can stabilize the systems.
It is also shown that smaller � means smaller
overshoot and longer rise time, and vice versa.

Next, we will study the performance comparison
between the fractional order boundary controller
and the integer order boundary controller.

First, we will �nd the optimal fractional boundary
controller applied to the classical wave equation
(� = 1) using the initial condition (11). k and
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Fig. 3. Displacement of the free end,� = 1 :5

Fig. 4. Displacement of the whole cable,� = 0 :7
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Fig. 5. Displacement of the free end,� = 1 :9

� are initialized as k = 1 and � = 0 :5. The
optimal values of k and � turn out to be k � =
1; � � = 1, which means the integer order bound-
ary controller achieves the best performance. The
displacement of the free end and the whole cable
are shown in Fig.7 and Fig.8, respectively.

We can see that the response becomes zero for
t > 2, an already well-known result (see Chen and
Zhou (1990)).

Fig. 6. Displacement of the whole cable,� = 0 :7
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Fig. 7. Displacement of the free end,� = 1 ; k =
1; � = 1

Fig. 8. Displacement of the whole cable,� =
1; k = 1 ; � = 1

Is the integer order boundary controller always
better than the fractional order boundary con-
troller? Let us try the fractional wave equation
with � = 1 :5. The optimal fractional order con-
troller turns out to be k � = 0 :7608 and � � =
0:9275. The optimal integer order boundary con-
troller is with gain k � = 1 :1453.

The comparison of the free end displacement
between the optimal fractional order boundary



controller and optimal integer order boundary
controller is shown in Fig. 9. From Fig. 9 we can
see that the response to the optimal fractional
order boundary controller not only has shorter rise
time and settling time, but also has no overshoot.
The plots of the displacement of the whole cable
are shown in Fig. 10 and Fig. 11, respectively.
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Fig. 9. Comparison between two optimal bound-
ary controllers for � = 1 :5

Fig. 10. Displacement of the whole cable,� = 1 :5,
optimal fractional order boundary controller

Fig. 11. Displacement of the whole cable,� = 1 :5,
optimal integer order boundary controller

Finally, we study the case of � = 1 :1, in which
the fractional wave is much closer to the di�usion
equation than to the wave equation. The optimal
fractional order controller is k � = 0 :2455; � � =
0:8882 and optimal integer order controller is
k � = 0 :6787. The comparison of the free end
displacement is shown in Fig. 12. We can see that
the optimal fractional order boundary controller is
again much better than the optimal integer order
boundary controller. The displacements of the
whole cable are comapred in Fig. 13 and Fig. 14,
respectively.
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Fig. 12. Comparison between two optimal bound-
ary controllers for � = 1 :1

Fig. 13. Displacement of the whole cable,� = 1 :1,
optimal fractional order boundary controller

5. CONCLUDING REMARKS

We have studied the fractional order boundary
controller applied to the boundary control of frac-
tional wave equations. Simulation results show
that the studied fractional order boundary con-
trollers not only are applicable, but also in most
cases better than the integer order boundary con-
troller. The boundary controllers considered in
this paper are still in a very simple form. How
to design fractional order controllers best suited



Fig. 14. Displacement of the whole cable,� = 1 :1,
optimal integer order boundary controller

for the fractional di�usion-wave equations will be
a new future research topic.
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