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Abstract: In our previous work (Chen et al., 2003a), a robust PID autotuning
method was proposed by using the idea of “flat phase”, i.e., the phase derivative
w.r.t. the frequency is zero at a given frequency called the “tangent frequency”
so that the closed-loop system is robust to gain variations and the step responses
exhibit an iso-damping property. However, the width of the achieved phase flatness
region is hard to adjust. In this paper, we propose a phase shaping idea to make
the width of the phase flatness region adjustable. With a suitable phase shaper,
we are able to determine the width of the flat phase region so as to make the
whole design procedure of a robust PID controller much easier and the system
performance can be enhanced more significantly. The plant gain and phase at the
desired frequency, which are identified by several relay feedback tests in an iterative
way, are used to estimate the derivatives of the amplitude and phase of the plant
with respect to the frequency at the same frequency point by the well known Bode’s
integral relationship. Then, these derivatives are used to design the proposed
robust PID controller. The phase shaper, based on the idea of FOC (Fractional
Order Calculus), is actually a fractional order integrator or differentiator. In this
paper, no plant model is assumed during the controller design. Only several relay
tests and calculations are needed. Simulation examples illustrate the effectiveness
and the simplicity of the proposed method with an iso-damping property.
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1. INTRODUCTION

There is a magic number α, the ratio between
the integral time Ti and the derivative time Td,
in the modified Ziegler-Nichols method for PID
controller design. This magic number α is chosen
as a constant, i.e., Ti = αTd, in order to obtain a
unique solution of PID control parameter setting.
The control performances are heavily influenced
by the choice of α as observed in (Tan et al.,
1996). Recently, the role of α has drawn much
attention from researchers, e.g., (Wallén et al.,
2002; Panagopoulos et al., 1999; Kristiansson and
Lennartsson, 1999). For the Ziegler-Nichols PID
tuning method, α is generally assigned as 4 (As-
trom and Hagglund, 1995). Wallén, Åström and
Hägglund proposed that the tradeoff between the
practical implementation and the system perfor-
mance is the major reason for choosing the ratio
between Ti and Td as 4 (Wallén et al., 2002).

In our recent work (Chen et al., 2003a), a new
relationship between Ti and Td was given instead
of the equation Ti = 4Td proposed in the modified
Ziegler-Nichols method (Astrom and Hagglund,
1995; Hang et al., 1991). It was proposed in
(Chen et al., 2003a) to add an additional condition
called the “flat phase condition” that the phase
Bode plot at a specified frequency wc where the
sensitivity circle tangentially touches the Nyquist
curve is locally flat which implies that the sys-
tem will be more robust to gain variations. In
other words, if the gain increases or decreases a
certain percentage, the gain margin will remain
unchanged. Therefore, in this case, the step re-
sponses under various gains changing around the
nominal gain will exhibit an iso-damping prop-
erty, i.e., the overshoots of step responses will be
almost the same. As presented in (Chen et al.,
2003a), this additional condition can be expressed

as d 6 G(s)
ds

|s=jwc
= 0 which can be equivalently

expressed as

6
dG(s)

ds
|s=jwc

= 6 G(s)|s=jwc
(1)

where wc is the frequency at the tangent point
as mentioned in the above, called “tangent fre-
quency” (Chen et al., 2003a). In (1),

G(s) = K(s)P (s) (2)

is the transfer function of the open loop system
including the controller K(s) and the plant P (s)
and the PID controller can be expressed as

K(s) = Kp(1 +
1

Tis
+ Tds). (3)

endorsement by the National Academy of Sciences or the
National Science Foundation.

PID controller designed by the “flat phase” tun-
ing method proposed in (Chen et al., 2003a) can
exhibit a good iso-damping performance for some
classes of plants. There are three important con-
stants in this new tuning method, namely, the
“tangent phase” Φm, the “tangent frequency wc

and the “gain adjustment ratio” β which are
required to design a PID controller with iso-
damping property. However, the “flat phase” tun-
ing method can not determine the width of the flat
phase region. Therefore, the limited width of the
flat phase makes the sensitivity circle very difficult
to be be tangentially touched by the Nyquist curve
on the flat phase. Consequently, it is hard to select
Φm, wc and β properly, if not impossible.

The main contribution of this paper is the use
of a modified tuning method which gives a PID
controller K(s) and a phase shaper C(s) both
to achieve the condition (1) and to determine
the width of the flat phase region. Comparing
to the tuning method proposed in (Chen et al.,
2003a), in the modified tuning method, the PID
controller does not need to fulfil all the phase
requirement by itself alone. The PID controller
K(s) is used to just determine the upper limit fre-
quency of the flat phase region. After that, a phase
shaper, which comes from the idea of the approx-
imate fractional order differentiator or integrator
(Manabe, 1961; Oustaloup et al., 1996; Podlubny,
1999; Raynaud and Zergäınoh, 2000; Vinagre and
Chen, 2002), is applied to achieve the lower limit
frequency and also make the flat phase exactly
match the phase requirement. The approximation
method for the fractional order calculus opera-
tors used here is the continued fraction expansion
(CFE) of the Tustin operator (Chen and Moore,
2002). Clearly, if the width of the flat phase region
can be determined, it is much easier to design a
robust PID controller which can ensure that the
sensitivity circle tangentially touches the Nyquist
curve on the local flat phase region.

The remaining parts of this paper are organized
as follows. In Sec. 2, a modified flat phase tuning
method is proposed. The phase shaper idea is
discussed in detail in Sec. 3. In Sec. 4, the whole
design procedures of the PID controller and the
phase shaper are summarized. Some simulation
examples are presented in Sec. 5 for illustrations.
Finally, Sec. 6 concludes this paper with some
remarks on further investigations.

2. A MODIFIED FLAT PHASE TUNING
METHOD

As discussed in (Chen et al., 2003a), for the PID
controller tuning, we concentrate on the frequency
range around the “tangent frequency”. If the “tan-
gent phase” Φm and the “tangent frequency” wc



are pre-specified, 6 P (jwc), |P (jwc)| and sp(wc)
can be obtained, where 6 P (jwc) is the phase and
|P (jwc)| is the gain of the plant at the specific
frequency wc; sp(wc) represents the derivative of
the phase of the open loop system, which can be
approximated by Bode’s Integral (Karimi et al.,
2002b,a) as follows:

sp(wc) = wc

d6 P (jw)

dw
|wc

≈ 6 P (jwc) +
2

π
[ln|Kg| − ln|P (jwc)|] (4)

in which |Kg| = P (0) is the static gain of the
plant.

Furthermore, the PID controller parameters can
be set as follows:

Kp =
1

|P (jwc)
√

1 + tan2(Φm − 6 P (jwc))|
,(5)

Ti =
−2

wc[sp(wc) + Φ̂) + tan2(Φ̂)sp(wc)]
, (6)

Td =
−Tiw0 + 2sp(w0) +

√
∆

2sp(w0)w2
0Ti

(7)

where Φ̂ = Φm − 6 P (jwc) and ∆ = T 2
i w2

0 −
8sp(w0)Tiw0 − 4T 2

i w2
0s

2
p(w0) (Chen et al., 2003a).

In the modified tuning method, for the open loop
system G(s) = C(s)K(s)P (s), the PID controller
K(s) and the phase shaper C(s) are designed
separately. We use the same tuning method pro-
posed in (Chen et al., 2003a) to design the PID
controller here. In designing the PID controllers,
the following guidelines should be observed:

• For the plant without integrator whose static
phase equals 0◦, selecting Φm = 90◦, under
the condition (1), we obtain the phase plot of
K(s)P (s) with a flat phase at −90◦ for all the
frequencies below wc as shown in Fig. 1(a);

• For the plant with an integrator whose static
phase equals −90◦, selecting Φm = 0◦, we
obtain the phase plot of K(s)P (s) with a flat
phase at −180◦ for all the frequencies below
wc as shown in Fig. 1(b).

The above observations inform us that since we
have already obtained a flat phase at −90◦ or
−180◦, the only thing that needs to be done is
just moving the flat phase to our desired phase
requirement −π + Φm, which means we would
better have a phase compensator with a con-
stant phase Θ (−90◦ < Θ < 90◦) which is the
most important characteristics of fractional order
differentiators or integrators sα (−1 < α < 1)
(Manabe, 1961). Figure 2(a) gives the Bode plot
of the fractional order integrator s−0.5 which has
a constant phase at −45◦. Therefore, we can sim-
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Fig. 1. Comparisons of the achieved flat phase
regions for plants with and without an in-
tegrator

ply select the phase shaper as a fractional order
differentiator/integrator.

3. THE PHASE SHAPER

3.1 FOC Approximation

From the discussions in the previous section,
clearly, the phase shaper comes from the idea
of FOC (Fractional Order Calculus) (Oustaloup
et al., 1996; Podlubny, 1999; Raynaud and Zergäınoh,
2000; Vinagre and Chen, 2002). However, in prac-
tice, fractional order integrators or differentiators
can not exactly be achieved or implemented with
the ideal Bode plot shown in Fig. (2)(a) because
they are infinite dimensional linear filters. A band-
limit FOC implementation is important in prac-
tice, i.e., the finite-dimensional approximation of
FOC should be done in a proper range of frequen-
cies of practical interest (Chen and Moore, 2002;
Oustaloup et al., 2000). Therefore, we can only
design a phase compensator having a constant
phase within a proper frequency range of interest.

In general, there are several approximation meth-
ods for FOC which can be divided into discretiza-
tion method and frequency domain fitting method
(Oustaloup et al., 2000; Chen et al., 2003b).
Oustaloup proposed a continuous time frequency
domain fitting method (Oustaloup et al., 2000)
that can directly give the approximate s-transfer
function. The existing discretization methods,
e.g., (Machado, 1997; Vinagre et al., 2001), ap-
plied the direct power series expansion (PSE) of
the Euler operator, continuous fractional expan-
sion (CFE) of the Tustin operator and numerical
integration based method.

3.2 Phase Shaper Realization

In designing a phase shaper, two factors in select-
ing the approximation method should be consid-
ered:



1) The phase shaper has a flat phase within the
desired frequency range;

2) the phase shaper should have a lower order.

Therefore, in our study, a fourth order continued
fraction expansion (CFE) of Tustin operator is
employed which can give us a satisfying approxi-
mation result. The obtained discretized approx-
imation of the fractional order integrator s−0.5

with the discretization sampling time Ts = 0.1s
is give by

C(z) =
3.578z4 + 1.789z3

− 2.683z2
− 0.894z + 0.224

16z4
− 8z3

− 12z2 + 4z + 1
.(8)

which its Bode plot shown in Fig. 2(b).
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Fig. 2. Comparison of Bode plots for s−0.5 and
the discretized approximation using CFE of
Tustin operator (4/4)

From Fig. 2(b).it is seen that the phase of (8)
is nearly constant at −45◦ within the frequency
range between 4 rad./sec. and 30 rad./sec. The
position of the constant phase area is greatly
related with the discretization sampling time Ts

and the width of that area shown on the Bode plot
is fixed. To make the analysis more convenient,
we transform the z-transfer function (8) to the
s-transfer function (9) using the Tustin operator.

C(s) =
0.025s4 + 17.9s3 + 1252s2 + 1.67e004s + 3.58e004

s4 + 186.7s3 + 5600s2 + 3.2e004s + 1.78e004
(9)

The Bode plot of (9) is shown in Fig. 3. The
transfer function (9) shows us an illustrative ex-
ample of a phase shaper with the property of
locally constant phase Θ (−90◦ < Θ < 90◦). The
position of the constant phase region is adjustable
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Fig. 3. Bode plot of the continuous-time fourth
order approximation using CFE of the Tustin
operator

by selecting different Ts. Combining the PID con-
troller K(s) which makes the system K(s)P (s)
have a flat phase in the lower frequency area, the
phase shaper C(s) can be used to ensure that the
open loop system C(s)K(s)P (s) has the flat phase
with the expected width centered at the desired
position. It is obvious that the constant phase area
of C(s) and the flat phase area of K(s)P (s) must
have an intersection and wc for the PID controller
design turns into the upper limit of the flat phase
of the open loop system and the lower limit of the
flat phase is determined roughly by 1

10Ts

rad./sec.

4. DESIGN PROCEDURE

As discussed in Sec. 2, the PID controller and
the phase shaper are designed separately. In what
follows, the design procedures will be summarized

4.1 PID Controller Design

How to determine sp(wc) was discussed in (Chen
et al., 2003a) based on the experimental mea-
surement of 6 P (jwc) and |P (jwc)|. Therefore,
let us summarize what are known at this point
for PID controller design. We are given i) wc; ii)
Φm = 90◦ or 180◦; iii) measurement of 6 P (jwc)
and |P (jwc)| (Chen et al., 2003a) and iv) an
estimation of sp(wc) (Chen et al., 2003a).

Then, using (5), (6) and (7), we can retrieve the
PID parameters Kp, Ti and Td.

4.2 Phase Shaper Design

The steps for designing phase shaper include i) se-
lecting α, based on the phase margin requirement
for the open loop system, for the fractional order
integrator or differentiator sα; ii) calculating the
approximation transfer function for the fractional
order integrator or differentiator; iii) selecting a
proper discretization sampling time Ts to deter-
mine the position of the constant phase area of
the approximation transfer function.

4.3 Gain Adjustment

Note that, among the above design procedures,
only the phase requirement for the open loop sys-
tem C(s)K(s)P (s) is considered. However, we also
need to care about the gain so that the sensitivity
circle touches the flat phase region of the Nyquist
curve exactly and the gain crossover frequency is
settled within the flat phase. Therefore, a gain β

is used to match the gain condition

G(jwgc) = βC(jwgc)K(jwgc)P (jwgc) = 1.(10)



where wgc is the desired gain crossover frequency
of the open loop system ( 1

10Ts

< wgc < wc). It is
suggested to select wgc at the midpoint of the flat
phase area.

Equivalently, we use βC(s) to update C(s) so that
the open loop system C(s)K(s)P (s) matches both
of the phase and gain requirement.

4.4 Selection of wc and Ts

Because wc and Ts determine the width and the
position of the flat phase, it is very important to
give a guidance to select wc and Ts. Two factors
influence the selections of wc and Ts: 1) the desired
gain crossover frequency wgc should be within the
flat phase region; 2) the flat phase area may not
be so wide as well, i.e., the width is below 0.2
rad./sec. For better performance, it is suggested
that wc <0.3 rad./sec.

5. ILLUSTRATIVE SIMULATION

The modified tuning method presented above will
be illustrated via some simulation examples. In
the simulation, the following classes of plants,
studied in (Wallén et al., 2002), will be used.

Pn(s) =
1

(s + 1)(n+3)
, n = 1, 2, 3, 4; (11)

P5(s) =
1

s(s + 1)3
; (12)

P6(s) =
1

(s + 1)4
e−s; (13)

P7(s) =
1

s(s + 1)3
e−s; (14)

5.1 The General Plant P2(s)

We still consider P2(s) in (11) first, which was
studied in (Wallén et al., 2002; Chen et al., 2003a).
For the PID controller design, because the plant
P2(s) does not include any integrator, Φm should
be set as 90◦ and wc = 0.25 rad./sec. With
these specifications, the PID controller K2(s) is
designed as

K2(s) = 1.095(1 +
1

4.892s
+ 1.829s). (15)

The specifications of the phase shaper C2(s) are
set as α = −0.5, which means that we use the
fractional order integrator s−0.5 as the original
form of the phase shaper, Ts = 1 sec. and β =
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9.091. The phase shaper designed by the proposed
method is

C2(s) =
0.0226s4 + 1.626s3 + 11.38s2 + 15.18s + 3.252

s4 + 18.67s3 + 56s2 + 32s + 1.778
.(16)

For comparison, the corresponding PID controller
designed by the modified Ziegler-Nichols method
is K2z = 0.232(1 + 1

1.011s
+ 0.253s) while the

corresponding PID controller designed by the “flat
phase” tuning method (Chen et al., 2003a) is
K2f = 0.671(1 + 1

2.149s
+ 1.657s).

The Bode and the Nyquist plots are compared in
Figs. 4 and 5.

From Fig. 4, it is seen that the phase plot between
0.1 rad./sec. and 0.3 rad./sec. is flat. The phase
margin roughly equals 45◦. In Fig. 5, the Nyquist
curve of the open loop system is tangential to the
sensitivity circle at the flat phase. And we can also
see that the flat phase is wide enough to accom-
modate the gain variation of the plant. The step
responses of the closed-loop systems are compared
in Fig. 6. Comparing the closed-loop system with
the proposed modified controller to that with the
modified Ziegler-Nichols controller, the overshoots
of the step response from the proposed scheme
remain invariant under gain variations. However,
the overshoots of the modified Ziegler-Nichols con-
troller change remarkably.
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5.2 Plant With An Integrator P5(s)

This case is omitted due to space limitation.
Please refer to the combined case in Sec. 5.4.

5.3 Plant With A Time Delay P6(s)

This case is omitted due to space limitation.
Please refer to the combined case in Sec. 5.4.

5.4 Plant With An Integrator And A Time Delay
P7(s)

For the plant with an integrator and a time delay
P7(s), the proposed PID controller is K7(s) =
0.228(1+ 1

4.002s
+1.343s) with respect to wc=0.25

rad./sec. and Φm=0◦. The proposed phase shaper
is

C7(s) =
4.528s4 + 56.35s3 + 112.7s2 + 42.93s + 1.59

0.5062s4 + 24.3s3 + 113.4s2 + 100.8s + 14.4

with respect to α = 0.5, Ts = 1.5 sec. and
β = 0.022.

The controller designed by the modified Ziegler-
Nichols method is K7z = 0.266(1 + 1

10.136s
+

2.534s). The corresponding PID controller de-
signed by the “flat phase” tuning method (Chen
et al., 2003a) is K7f = 0.268(1 + 1

10.795s
+ 2.438).

6. CONCLUSION

This paper presents an extension of our previous
work where a robust PID autotuning method was
proposed by using the idea of “flat phase”, i.e.,
the phase derivative w.r.t. the frequency is zero at
a given frequency called the “tangent frequency”
so that the closed-loop system is robust to gain
variations and the step responses exhibit an iso-
damping property. However, the width of the
achieved phase flatness region is hard to adjust.
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A phase shaping idea is proposed to make the
width of the phase flatness region adjustable.
With a suitable phase shaper, we are able to
determine the width of the flat phase region so
as to make the whole design procedure of a ro-
bust PID controller much easier and the system
performance can be enhanced more significantly.
The plant gain and phase at the desired frequency,
which are identified by several relay feedback tests



in an iterative way, are used to estimate the
derivatives of the amplitude and phase of the
plant with respect to the frequency at the same
frequency point by the well known Bode’s integral
relationship. Then, these derivatives are used to
design the proposed robust PID controller. The
phase shaper, based on the idea of FOC (Frac-
tional Order Calculus), is actually a fractional
order integrator or differentiator. In this paper,
no plant model is assumed during the controller
design. Only several relay tests and calculations
are needed. Simulation examples illustrate the
effectiveness and the simplicity of the proposed
method with an iso-damping property. From the
illustrative simulation, it can be seen that the
proposed phase shaping approach to robust PID
controller tuning gives a satisfying performance
for a class of plants.

Our further research efforts include 1) Testing on
more types of plants; 2) Experiment on real plants
3) Exploration of nonminimum phase, open loop
unstable systems.
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