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Abstract— This paper presents linear approximation ideas to
range identification problem for a perspective dynamic system
(PDS). Using a recently introduced linear approximation tech-
nique, the perspective dynamic system, which is a special class
of nonlinear systems, can be approximated by a sequence of
linear, time-varying (LTV) subsystems. Observer design problem
of the original nonlinear PDS reduces to the observer design
of this sequence of LTV subsystems. For each LTV subsystem,
existing standard observer methods can be applied.

I. I NTRODUCTION

Recently, vision systems have been used broadly in a
variety of applications, such as robot navigation, assembly
line operation, and automatic video surveillance, due to its
easy acquiring of data and the rich information in the data.
Within these vision applications, it is always desirable to
estimate motion dynamics of a moving object from image
sequences, such as obstacle avoidance for robots and visual
feedback for assembly line operations. Among various 3-
D motion estimation algorithms, algorithms that arise from
control point of view has been established in perspective
dynamic system (PDS) framework. The PDS is a special
class of nonlinear systems with linear dynamic system and
homogeneous observation functions.

With a stationary camera observing a moving object, we
assume that the object follows an affine motion described by
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Then, a typical PDS will consist of the above linear dynamic
system with the following homogeneous output observations:

y1(t) =
X(t)

Z(t)
, y2(t) =

Y (t)

Z(t)
. (2)

Basic issues relating to a PDS include observability, identi-
fiability, controllability problems [1], [2], [3], [4], andrange
identification task [4], [5], [6] etc. This paper concerns the
range identification for a PDS using linear approximation
based nonlinear observers. The range identification problem
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can be formally defined as: assuming that the motion parame-
tersai,j andbi in (1) for i, j = 1, 2, 3 are known, to estimate
the position of an object with an unknown initial condition
from observations on the imaging surface [4], [5], [6].

Range identification for a PDS via nonlinear observers
has been proposed since 1990’s. Typical nonlinear observers
applied to the range identification problem, referred to as
perspective nonlinear observers hereafter, include the identifier
based observer (IBO) presented in [4], the state observer
(referred to as SMO due to the employment of sliding mode
method) in [5], and the range identification observer (RIO) in
[6].

For a general nonlinear system, observer design techniques
fall into the following categories:

1) Assuming bounded or local/global Lipschitz conditions.
2) Lyapunov based design.
3) Linear approximation based technique.
4) Via transformations [7].

The IBO and SMO observers belong to the first category,
while the RIO belongs to the second. In this paper, perspective
nonlinear observer design is pursued in the linear approxi-
mation category, where the nonlinear system is approximated
by a sequence of LTV subsystems. Observer design of the
original nonlinear system reduces to the observer design of
this sequence of LTV subsystems, allowing the use of well-
known linear techniques [8], [9].

The paper is organized as follows. Section II introduces
the linear approximation technique and applies this technique
to the range identification problem. For each approximation
subsystem of the original PDS, observer design is carried out
using the LTV observer in [10], whose detailed procedures are
presented in Sec. III. Section IV presents simulation results
of the linear approximation based observer with comparisons
among several other perspective nonlinear observers for the
range identification problem. Finally, section V concludesthe
paper.

II. L INEAR APPROXIMATION TECHNIQUE

A. Introduction to Linear Approximation Technique

A recently developed method for replacing a nonlinear sys-
tem by a sequence of LTV approximations is briefly described,



where the sequence of LTV subsystems converges on any
compact time interval, uniformly in time, to the solution of
the original nonlinear system under the condition of local
Lipschitz. Consider the following nonlinear system

ẋ(t) = A(x)x(t) + B(x)u(t),

y(t) = C(x)x(t),
(3)

with x(0) = x0 ∈ R
n. The sequence of LTV approximations

is introduced as [8], [9]:







ẋ[0](t) = A(x0)x
[0](t) + B(x0)u

[0](t),

ẋ[i](t) = A(x[i−1](t))x[i](t) + B(x[i−1](t))u[i](t),
x[0](t) = x0, for i = 0, x[i](t) = x0, for i ≥ 1.

(4)

Using the above linear approximations, global convergenceis
guaranteed in the sense that if the solution of the original non-
linear system exists and is bounded in the interval[0, τ ] ⊆ R,
then the sequence of LTV approximations converges uniformly
on [0, τ ] to the solution of the original nonlinear system [9].

B. Linearization of PDS

Define y3(t) = 1/Z(t). The range identification problem
discussed is to estimateZ(t), or its inversey3(t). Let y(t) =
[y1(t), y2(t), y3(t)]

T . The derivative ofy(t) is:







ẏ1(t) = a13 + (a11 − a33)y1 + a12y2 − a31y
2
1

− a32y1y2 + (b1 − b3y1)y3,
ẏ2(t) = a23 + a21y1 + (a22 − a33)y2 − a31y1y2

− a32y
2
2 + (b2 − b3y2)y3,

ẏ3(t) = −(a31y1 + a32y2 + a33)y3 − b3y
2
3 .

(5)

From now on, we use the vector variablex to denote the state
vector in (5) to be consistent with the general nonlinear system
(3).

After changing the variables, the dynamics (5) can be
rewritten in the form of (3) as:

ẋ(t) =
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(6)
with

Q1(t) = a33 + a31x1 + a32x2. (7)

Applying the linear approximation idea described in Sec. II-
A, the nonlinear system (6) can be replaced by a sequence of

linear approximations specifically of the form:
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(8)
where x[−1](t) = x0 for i = 0, Q

[i]
1 (t) = a33 + a31x

[i]
1 +

a32x
[i]
2 , andB(t) andC(t) are constant matrices.

III. O BSERVERDESIGN FORLTV SYSTEMS

Using the sequence of LTV approximations in (4), the
observer design of the original nonlinear system can be
converted to the observer design of this sequence of LTV
subsystems. In [8], the state estimation of each LTV subsystem
is performed using the algorithm in [10] due to its simplicity
in implementation. For the range identification problem in
concern, the LTV observer in [10] is temporarily adopted to
illustrate the idea in this paper. Other LTV observer techniques
can also be applied.

A. LTV Observer for Each Approximation Subsystem

Consider (8) and assume temporarily thatx[i−1](t) and
y[i](t) are known signals for thei-th approximation subsystem.
Each approximation subsystem can be regarded as a stand
alone LTV system in the form

ẋ(t) = A(t)x(t) + B(t)u(t),

y(t) = C(t)x(t),
(9)

where A(t) = A(x[i−1](t)) is available sincex[i−1](t) is
assumed known.B(t) and C(t) are constant matrices and
u(t) = 1. Based on these assumptions, the following sequence
of LTV observers can be constructed as in [8] using the
observer design algorithm of [10] for the sequence of LTV
subsystems:






˙̄̂x
[0]

(t) = F̄ ˆ̄x
[0]

(t) + Ḡ(x0)y
[0](t) + B̄(x0)u

[0](t),

˙̄̂x
[i]

(t) = F̄ ˆ̄x
[i]

(t) + Ḡ(x[i−1])y[i](t) + B̄(x[i−1])u[i](t),

x[0](0) = x0, for i = 0, x[i](0) = x0, for i ≥ 1,
(10)

with
x̂[i](t) = P (t) ˆ̄x

[i]
(t), for i ≥ 0, (11)

whereP (t) is a Lyapunov transformation to be designed. The
matricesB̄, Ḡ, and F̄ can be calibrated fromP (t) as to be
shown in equations (17), (20), and (22).

In the following, detailed LTV observer design procedures
in [10] are given for each LTV subsystem of a PDS. The



readers are strongly recommended to refer [10] for notations
and algorithms.

Using the same variables as in [10], for thei-th subsystem,
the observability matrix is

N(t) = [N1(t), N2(t)]
T , (12)

where

N1(t) = C(t) =

[
1 0 0
0 1 0

]

,

N2(t) = C(t)A(t)

=

[
a11 − Q

[i−1]
1 a12 b1 − b3x

[i−1]
1

a21 a22 − Q
[i−1]
1 b2 − b3x

[i−1]
2

]

.

(13)
If N(t) is of full rank and if one row ofN2(t), say the first
row, is always linearly independent with the two rows ofN1(t)
for all t ∈ [0,∞], we can form a matrixN̄(t)

N̄(t) =





1 0 0
a11 − Q

[i−1]
1 (t) a12 b1 − b3x

[i−1]
1

0 1 0



 , (14)

whose inverse exists with the following form:

N̄−1(t) =


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1 0 0
0 0 1

Q
[i−1]
1 (t)−a11

b1−b3x
[i−1]
1

1

b1−b3x
[i−1]
1

−a12

b1−b3x
[i−1]
1



 .

(15)
It has been noticed that the observability indices aren1 =
2 and n2 = 1. A Lyapunov transformationP (t) can be
constructed as

P (t) = [A(t)α1 − α̇1, α1, α2], (16)

whereα1 andα2 are the 2-nd and the 3-rd column of̄N−1(t),
respectively.

After gettingP (t) and following the algorithm procedures
in [10], we have:

1) Obtain Ā(t), B̄(t), C̄(t):

Ā(t) = P−1(t) (A(t)P (t) − Ṗ (t)),
B̄(t) = P−1(t)B(t) = P−1(t)[a13, a23, 0]T ,
C̄(t) = C(t)P (t).

(17)

From (17), the calculation of̄A(t) requires the calculation
of Ṗ (t). If N̄(t) is a constant matrix,α1 andα2 are constant
vectors. Then,P (t) becomes[A(t)α1, α1, α2], which contains
at mostx[i−1](t). In this case, the calculation oḟP (t) only
requires ẋ[i−1](t) besidesx[i−1](t). However, if α1 is not
constant, but having terms ofx[i−1](t), we are in a more
complex situation to calculatëx[i−1](t). Notice that in the
linear approximation framework, the input signalx[i−1](t) to
thei-th subsystem has no analytical formula, which is different
from the situation whenA(t), B(t), C(t) in (9) has analytical
formulae oft, where the matrixP (t) is also in an analytical
form and its derivativeṖ (t) can be calculated straightforward.

To calculateẍ[i−1](t), more information is needed besides
ẋ[i−1](t) andx[i−1](t). This is because:

ẍ[i−1](t) =
d

dt
[ẋ[i−1](t)],

=
d

dt



A(x[i−2])x[i−1](t) +





a13

a23

0







 , (18)

= A(x[i−2])ẋ[i−1](t) + Ȧ(x[i−2])x[i−1](t).

In the above equation, the calculation ofȦ(x[i−2]) requires
ẋ[i−2](t). Thus, the input to each LTV subsystem for the range
identification problem includex[i−2](t) and ẋ[i−2](t), as well
asx[i−1](t) and ẋ[i−1](t).

2) Choose the desired eigenvalues(λ1, λ2, λ3). The re-
sulting coefficients of the characteristic polynomial are
(β0, β1, β2) in the form of

n∏

i=1

(λ − λi) = λn + βn−1λ
n−1 + · · · + β1λ + β0. (19)

3) Obtain Ḡ(t):

Ḡ(t) = (A2 − A3 + A4)C
−1
1 , (20)

where

A2 = [Ā(:, 1), Ā(:, 3)], C1 = [C̄(:, 1), C̄(:, 3)],

A3 =





0 0
0 1
0 0



 , A4 =





β0 0
β1 0
β2 0



 ,
(21)

and whereĀ(:, i) and C̄(:, j) denote thei-th and thej-th
column of Ā and C̄, respectively.

4) F̄ (t): Using the above design procedures,F̄ (t) becomes

F̄ (t) =





−β0 1 0
−β1 0 1
−β2 0 0



 . (22)

B. Comments on Availability of Signals

In the LTV observer (10), it is assumed thatx0, x
[i−1](t)

and y[i](t) are known signals for thei-th approximation
subsystem. Unfortunately, the signalsx0, x

[i−1](t) andy[i](t)
are unknown from the original nonlinear system (6). If
x0, A(x), B(x) are all assumed known, all the information
of the original nonlinear system is available and there is no
need to construct an observer. In other words, the fundamental
nature of an observer is messed up using the “observer” in
(10).

Then, how the linear approximation technique can help for
the observer design of an original nonlinear system? For the
PDS in (6),C(x) is a constant matrix. Outputs of the sequence
of LTV subsystems will converge to the actual outputy(t) of
the original nonlinear system. That is:

lim
t→∞

y[i](t) = y(t), as i → ∞. (23)



By replacingy[i](t) with y(t) andx[i−1](t) with x̂[i−1](t), we
construct the following sequence of LTV observers, which we
call LAO for an abbreviation of linear approximation observer:

LAO







˙̄̂x
[0]

(t) = F̄ ˆ̄x
[0]

(t) + Ḡ(x′

0) y(t) + B̄ u(t),

˙̄̂x
[i]

(t) = F̄ ˆ̄x
[i]

(t) + Ḡ(x̂[i−1]) y(t) + B̄ u(t),

x[0](0) = x′

0, for i = 0, x[i](0) = x′

0, for i ≥ 1,
(24)

with
x̂[i](t) = P (t) ˆ̄x

[i]
(t), for i ≥ 0,

whereu(t) and y(t) are the input and output of the original
nonlinear system (6).̂x[i−1](t) is the state estimation from the
(i-1)-th subsystem.

In (24), the state estimate is denoted byx̂[i](t) as an abuse
of the variable. It is worthy emphasizing thatx̂[i](t) is not the
estimate ofx[i](t), but the estimate of statex(t) of the original
nonlinear system. Besides, the initial conditions of each LTV
subsystem are chosen to bex′

0, which is different fromx0.
As noticed, based on the linear approximation techniques, a
sequence of observers needs to be constructed. Fortunately,
this drawback is not that severe due to the modularity feature
of each observer.

The application of the LTV observer in [10] requires the
LTV system to be uniformly observable (N(t) is invertible)
and have a lexicographic basis (one row inN2(t) in (13)
must always be able to form a3 × 3 nonsingular matrix
with N1(t)). Obviously, the above observability condition of
the LTV observer imposes restrictions on the overall LAO
observer. LTV observers that have less restricted observability
conditions, possibly with only mild Lipschitz requirement,
thus need to be investigated and applied. Due to the above
mentioned restriction, the LTV observer in [10] is only tem-
porarily applied to illustrate the main point of this work.
That is, after applying the linear approximation technique,
observer design of a nonlinear system can be reduced to the
conventional observer design of a sequence of LTV systems.

Remark 3.1: The linear approximation based observer can
be applicable to general nonlinear systems that satisfy themild
local Lipschitz condition for linear approximation, not just
a special class of nonlinear systems, as for which the IBO,
SMO, and RIO are designed. Further, for a PDS with possible
more general nonlinear imaging surface, this LAO can still be
applied.

IV. SIMULATION RESULTS AND DISCUSSIONS

Simulation results of the LAO observer are presented along
with three other perspective nonlinear observers, the IBO [4],
SMO [5], and RIO [6], for a PDS system when the target is
moving according to the following affine motions:

1) Motion1:
[

Ẋ

Ẏ

Ż

]

=

[
−0.2301 0.4043 −0.5769
0.1276 −0.3003 0.2839
0.2450 −0.4247 0.4319

] [
X

Y

Z

]

+

[
0.5
0.25
0.3

]

,

[X0, Y0, Z0]
T = [0.4, 0.6, 1.0]T .

(25)

2) Motion2:
[

Ẋ

Ẏ

Ż

]

=

[
−1.7073 −0.6368 −1.0540
0.2279 −1.0026 −0.0715
0.6856 −0.1856 0.2792

] [
X

Y

Z

]

+

[
0.5
0.25
0.3

]

,

[X0, Y0, Z0]
T = [0.4, 0.6, 1.0]T .

(26)

In this section, the linear approximation technique is first
implemented to verify/show, via example, how thex[i](t)
signals in (4) converge to the statex(t) of the nonlinear
system. Secondly, detailed experimental results are presented
for the LAO observer’s convergence using the two motions
in (25) and (26), where we again emphasize that the state
estimateŝx[i](t) in (24) converge to the actual statex(t) of the
nonlinear system, not thex[i](t) in (4). Finally, performance
comparisons of our LAO with the other three perspective
nonlinear observers are presented.

A. Simulation Validation of Linear Approximation Technique

Given a nonlinear system (3), if all the information about
the system is known, i.e., its initial condition, its structure, its
parameters, and its input, then a sequence of LTV subsystems
can be formed, as illustrated in Fig. 1. In each subsystem of the
sequence, it receivesx[i−1](t) signal from its previous block
such that the matricesA(x[i−1](t)), B(x[i−1](t)), C(x[i−1](t))
can be determined. In this way, each subsystem becomes a
LTV system.
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Fig. 1. A sequence of LTV subsystems of a nonlinear system.

Using Motion1, the statesx[i](t) for i = 1, 2, 3 are shown
in Fig. 2. It is observed that the convergence pattern ofx[i](t)
to x(t) is up and down aroundx(t), and finally converges to
x(t).

 
x1

[i]  for i = 0 to 9 x2
[i]  for i = 0 to 9 x3

[i]  for i = 0 to 9 

(a) (b) (c) 

[0] 

[1] [2] 

[3] 

[4] 

[5] 
x2(t) x1(t) 

x3(t) 

Fig. 2. x
[i]
1,2,3(t) of (8) underMotion1 without noise.

B. Performance Study of LAO Observer

Block diagram of the LAO observer is shown in Fig. 3,
where the inputs to each observer module include: 1) the
actual output of the original nonlinear system, 2) the con-
trol input, and 3) P (t), F̄ (t), B̄(t), Ḡ(t) calculated using

x̂[i−1](t), ˙̂x
[i−1]

(t) and possiblyx̂[i−2](t), ˙̂x
[i−2]

(t) signals.
The “LTVObs” function, implemented by a S-function in



Matlab Simulink due to its demanding matrix manipulations,
calculates theP (t), F̄ (t), B̄(t), Ḡ(t) matrices in equations
(16), (17), (20), and (22). With the above calculated matrices,
the other part of the LTV observer module outputs the state
estimates according to (11).

 

Original Nonlinear System 

LTV Observer Module 

Different Initial Condition  

Fig. 3. Matlab simulation block diagram of the LAO observer.

Under Motion1 and Motion2, the LAO observer is tested
in the cases of no noise and with uniform noise bounded by
±10−2 with two different initial conditionsx′

0 = [0, 0, 0]T

and x′

0 = [−1, 2, 1]T . In this paper, only simulation results
with x′

0 = [0, 0, 0]T are presented to save space and maintain
clarity. The design parameters for the LAO observer areλ1 =
−1, λ2 = −2, λ3 = −3. That is,β0 = 6, β1 = 11, β2 = 6.

In Fig. 4, x̂[i]
1,2,3(t) for i = 0, . . . , 9 are plotted together with

their true state trajectories for the ideal case of no noise.To
extensively test the LAO observer, the simulation time is set
to be 80 seconds. It is observed that asi increases,̂x[i]

1,2,3(t)
reachx1,2,3(t) closer and closer. The LAO is also tested when
the output is corrupted with uniform noise bounded by±10−2,
as shown in Fig. 5. Compared with Fig. 4,x̂

[i]
1,2,3(t) in Fig. 5

are more noisy, but still showing good convergence to their
true trajectories.

 

(a) 

State estimates of x1(t) for i = 0 to 9 

[0] 
[1] 

[2] 

[3] 

x2 

(b) 

State estimates of x2(t) for i = 0 to 9 

[0] 

[1] [2] 

x3 

(c) 

State estimates of x3(t) for i = 0 to 9 

Fig. 4. x̂
[i]
1,2,3(t) underMotion1 without noise.

The above simulations are also performed usingMotion2,
where the corresponding results are shown in Figs. 6 and 7,
respectively. The simulation time is set to be 20 seconds due
to the simple varying pattern of the system’s outputs.

 

(a) (b) (c) 

State estimates of x1(t) for i = 0 to 9 State estimates of x2(t) for i = 0 to 9 State estimates of x3(t) for i = 0 to 9 

Fig. 5. x̂
[i]
1,2,3(t) underMotion1 with uniform noise bounded by±10−2.

 

(b) (c) (a) 

[0] 
[2] 

[1] 

x2 

[0] 

[1] 

[2] 

x3 

State estimates of x1(t) for i = 0 to 9 State estimates of x2(t) for i = 0 to 9 State estimates of x3(t) for i = 0 to 9 

Fig. 6. x̂
[i]
1,2,3(t) underMotion2 without noise.

C. Comparison Among Perspective Nonlinear Observers

At the last part of simulations, a comparison between the
LAO and the other three perspective nonlinear observers is
performed using the two motions in (25) and (26), where the
simulation results are shown in Figs. 8 and 9, respectively.
In these comparisons, we usex′

0 = [0, 0, 0]T . The observer
parameters for the other three observers are listed in the
following using the same variables as in the corresponding
original papers [4], [5], [6]:

1) IBO: M = 10, G = 10, γ = 1, A = I2×2, P = −I2×2/2,
whereI2×2 denotes the identity matrix of dimension 2.

2) SMO: M = 10, α = 5, α1 = α2 = 10, δ1 = δ2 =
0.2, λ̂1(0) = λ̂2(0) = 1.

3) RIO: γ1 = γ2 = 30, ks1 = ks2 = 5, α1 = α2 = 5.

The above observer parameters are selected based on a similar
converging speed in the absence of noise along with acceptable
performance in the presence of noise.

Figures 8 and 9 show the state estimation error,x3(t) −
x̂3(t), for all the four observers. Note that in Figs. 8 and
9, x̂

[9]
3 (t) is taken asx̂(t) for the LAO observer. In Fig. 8,

the plots in (a) and (b) are the comparisons among the four
observers in the ideal case of no noise, while (c) and (d) show
the comparison in the presence of uniform noise bounded by
±10−2. Similarly, in Fig. 9, (a) shows the results without noise
and (b) with uniform noise. Notice that a different simulation
time (80 seconds) is used in Fig. 8 for the LAO for an

 

(a) (b) (c) 

State estimates of x1(t) for i = 0 to 9 State estimates of x2(t) for i = 0 to 9 State estimates of x3(t) for i = 0 to 9 

Fig. 7. x̂
[i]
1,2,3(t) underMotion2 with uniform noise bounded by±10−2.



extensive testing of its performance. From Figs. 8 and 9, it can
be observed that the LAO observer has a slower converging
speed than the other three observers designed specifically
for the PDS. Though different observer design parameters
might result in different converging speed, it is not surprising
that the LAO, which is based on the linear approximation
technique applicable to more general nonlinear systems, would
not perform as well as the perspective nonlinear observers
designed specifically for a PDS, as the other three observers
in comparison.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) (b) 

x3 – estimate of x3 without noise x3 – estimate of x3 without noise 

(c) (d) 

x3 – estimate of x3 with uniform noise x3 – estimate of x3 with uniform noise 

LAO 

LAO 

Fig. 8. Comparison of LAO with the other three perspective nonlinear
observers underMotion1 with x0 = [0.4, 0.6, 1.0]T and x′

0 = [0, 0, 0]T :
(a, b) without noise; (c, d) with uniform noise bounded by±10−2.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) (a) 

x3-estimate of x3 without noise x3-estimate of x3 with uniform noise 

Fig. 9. Comparison of LAO with the other three perspective nonlinear
observers underMotion2 with x0 = [0.4, 0.6, 1.0]T and x′

0 = [0, 0, 0]T :
(a, b) without noise; (c, d) with uniform noise bounded by±10−2.

V. CONCLUDING REMARKS

In this paper, a recently developed linear approximation
technique, which replaces a general nonlinear system (satis-
fying local Lipschitz condition) by a sequence of linear time-
varying (LTV) approximations, is used for the design of a state
observer for the range identification of a perspective dynamic
system (PDS). Using the linear approximation idea, state

estimation of the original nonlinear system is reduced to a state
estimation of a sequence of LTV subsystems, where standard
linear methods can be applied. Since the linear approximation
based observer is applicable to a broad class of nonlinear
systems, when applied to the range identification problem,
it has a slower converging speed compared to several other
nonlinear observers designed specifically for a PDS. More-
over, observability condition of the LTV observer imposes a
restriction on the resultant overall observer. LTV observers
with less restricted condition thus need to be investigatedand
applied in this linear approximation framework. However, the
LAO observer proposed in this paper has a straightforward
application to PDS with more general setup, e.g. with a general
imaging surface as in certain omnidirectional vision systems.
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