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Abstract— Perspective problems arise in machine vision when
using a camera to observer the scene. Essential problems include
identification of unknown states and/or unknown parameters
from perspective observations. Range identification is to estimate
the states/positions of a moving object with known motion param-
eters which has been discussed in the literature using nonlinear
observers with full homogeneous observations derived fromthe
image plane. In this paper, the same range identification problem
is discussed with single homogeneous observation using nonlinear
observers. Our simulation results verify the convergence of the
observers when their observability conditions are satisfied.

I. I NTRODUCTION

In 3-D motion estimation from image sequences, there
are basically two sub-categories of identification problems.
One category is to estimate the parameters of the motion
dynamics of a moving object. The other is to recover the
depth information assuming that the motion parameters are
already known. The solutions to the first sub-category of prob-
lems can be resolved, to the extent possible, via algorithms
such as nonlinear optimization formulations [1], linear least
squares/total least squares approximations [2], application of
epipolar constraints [3], and nonlinear observers [4], [5], [6].
The second sub-category of problem, which is the main focus
of this paper and is referred as range identification problem
hereafter, can be solved by nonlinear observers applied to
perspective dynamic systems (PDS), which is a class of linear
systems with homogeneous observation functions.

With a stationary camera observing a moving object, we
assume that the object follows an affine motion described by
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Then, a typical PDS will consist of the above linear dynamic
system with the following homogeneous output observations:

y1(t) =
X(t)

Z(t)
, y2(t) =

Y (t)

Z(t)
. (2)

At this point, the range identification problem can be described
formally in the framework of PDS. That is, assuming that the
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motion parametersai,j and bi for i, j = 1, 2, 3 are known,
to estimate the position of an object with an unknown initial
condition from observations on the imaging surface [4], [7],
[8]. Let

y(t) = [y1(t), y2(t), y3(t)]
T =

[
X(t)

Z(t)
,
Y (t)

Z(t)
,

1

Z(t)

]T

. (3)

The derivative ofy(t) is:






ẏ1(t) = a13 + (a11 − a33)y1 + a12y2 − a31y
2
1

− a32y1y2 + (b1 − b3y1)y3,
ẏ2(t) = a23 + a21y1 + (a22 − a33)y2 − a31y1y2

− a32y
2
2 + (b2 − b3y2)y3,

ẏ3(t) = −(a31y1 + a32y2 + a33)y3 − b3y
2
3 .

(4)

It is based on the above equivalent nonlinear dynamic system
that nonlinear observers have been designed/applied to esti-
matey3(t) from y1(t) andy2(t).

Several observers have been designed/applied for the nonlin-
ear dynamics in (4), such as the identifier based observer in [4],
the state observer in [7], and the range identification observer
in [8], where bothy1(t) and y2(t) are assumed available. In
this paper, we consider the range identification problem with
single homogeneous observation. That is, when eithery1(t) or
y2(t) is known, instead both of them.

The paper is organized as follows. Section II gives a
motivation to study the single observation case. In Sec. III,
the range identification problem with single observation is
carried out via the identifier based observer in [4]. SectionIV
presents our simulation results and comparisons with the case
when bothy1(t) and y2(t) are available. Finally, section V
concludes the paper.

II. M OTIVATION

Existing vision devices typically use a photographic camera
or a video camera, in conjunction with an off-the-shelf lens,
where a 3-D point is projected onto a plane perpendicular to
the camera’s optical axis assuming a camera pinhole model.
This camera-type projection is a special case of a more general
planar imaging surface shown in Fig. 1, where the plane is
described by its normal vector~n = [n1, n2, n3]

T and a point
on the plane, which is assumed to be[0, 0, 1] for simplicity
without loss of generality.
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Fig. 1. A general planar imaging surface passing through[0, 0, 1] with
normal vector~n = [n1, n2, n3]T .

For any point[Xp, Yp, Zp]
T on the general planar imaging

surface where the subscriptp denotes the projection, we have

n1Xp + n2Yp + n3(Zp − 1) = 0, (5)

where we further assume thatn3 6= 0 to emphasize that the
observations are somewhat facing toward theZ axis. Since the
projection of a 3-D point[X, Y, Z]T can only be observed up
to a homogeneous line as

Xp = Zp

X

Z
, Yp = Zp

Y

Z
, (6)

from equations (5) and (6), we have

Xp =
n3X

Łp

, Yp =
n3Y

Łp

, Zp =
n3Z

Łp

, (7)

with Łp
∆
= n1X+n2Y +n3Z. Defineyg = [yg1, yg2, yg3, yg4]

T

as

yg1 =
X

Łp

, yg2 =
Y

Łp

, yg3 =
Z

Łp

, yg4 =
1

Łp

. (8)

Range identification of a PDS with the general planar imag-
ing surface in Fig. 1 amounts to estimatingyg4 using
(yg1, yg2, yg3).

For a conventional camera,n1 = n2 = 0 and n3 = 1.
Equation (8) reduces to

yg1 =
X

Z
, yg2 =

Y

Z
, yg3 = 1, yg4 =

1

Z
. (9)

Compared with (8), equation (4) is already a PDS with partial
homogeneous observations due toẏg3 = 0. Consider a more
special situation, as shown in Fig. 2, when an object is moving
on a planeP1OP2, whose projection on the image plane is
a line p1p2 that has either a constanty1(t) or a constant
y2(t). If y2(t) is a constant,ẏ2 = 0. Range identification
problem becomes to identifyy2(t) andy3(t) usingy1(t)

1. The
above discussion serves as a motivation to investigate the range
identification problem for a PDS with single homogeneous
observation. However, in the following sections,y2(t) will
be treated as unavailable, not necessarily be restricted asa
constant.

1The case to estimatey1(t) andy3(t) with y2(t) is similar
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Fig. 2. Illustration of PDS with single observation function.

III. N ONLINEAR OBSERVERS FORPDSWITH SINGLE

HOMOGENEOUSOBSERVATION

Range identification for a PDS using(y1(t) andy2(t)) has
been discussed in the literature using the following nonlinear
observers:

1) The identifier based observer (IBO) proposed in [4] that is
motivated from the adaptive control theory and is suitable
for the following class of nonlinear systems:







ẋ1 = wT (x1, u)x2 + φ(x1, u),
ẋ2 = g(x1, x2, u),
y = x1,

(10)

where the matrixwT (x1, u) and the vectorg(x1, x2, u)
are in general nonlinear functions of their parameters.

2) The state observer (SMO) in [7], which is a combination
of the sliding mode control method, the adaptive method,
and the discontinuous observer techniques.

3) The range identification observer (RIO) in [8], which
facilitates Lyapunov-based analysis and is motivated from
the recent disturbance observer results [9].

In the case of single homogeneous observation using only
y1(t), range identification can be solved by a direct application
of IBO since the IBO observer is designed for a class of
nonlinear systems in the form of (10). Further, based on a
resemblance in the constructions of IBO and SMO for the
case of full homogeneous observations (when bothy1(t) and
y2(t) are available), a modified SMO can be used for the single
observation case. However, extension/modification of the RIO
observer for the single observation case, though possible,is
not straightforward and will not be pursued in this paper.

A. Direct Application of IBO

Range identification with single homogeneous observation
can be solved by a direct application of the IBO observer,
which has been applied to estimatey3(t) in [4] when both
y1(t) and y2(t) are available. For the class of nonlinear



systems in (10), the constructed IBO is of the form






˙̂x1 = GA(x̂1 − x1) + wT (x1, u)x̂2 + φ(x1, u),

˙̂x2 = −G2w(x1, u)P (x̂1 − x1) + g(x1, x̂2, u),

x̂(t+i ) = M
x̂(t−i )

‖x̂(t−i )‖
,

(11)

where the sequences ofti is defined via

ti = min {t : t > ti−1 and ‖x̂(t)‖ ≥ γM}, (12)

and the matrixP is a positive definite solution of the Lyapunov
equationAT P + PA = −Q. In (12),M is an assumed upper
bound for the state estimate‖x̂(t)‖ andγ is a fixed constant
with γ > 1. TheG in (11) is a constant scalar gain.

The dynamic system (4) can be rewritten in the form of
(10) as






[
ẏ1

ẏ2

]

=

[
b1 − b3y1

b2 − b3y2

]

︸ ︷︷ ︸

wT ([y1,y2]T )

y3

+

[
a13 + (a11 − a33)y1 + a12y2 − a31y

2
1 − a32y1y2

a23 + a21y1 + (a22 − a33)y2 − a31y1y2 − a32y
2
2

]

︸ ︷︷ ︸

φ([y1,y2]T )

,

ẏ3 = −(a31y1 + a32y2 + a33)y3 − b3y
2
3

︸ ︷︷ ︸

g([y1,y2]T ,y3)

,

(13)
and







ẏ1 = [a12 − a32y1, b1 − b3y1]
︸ ︷︷ ︸

wT (y1)

[
y2

y3

]

+ [a13 + (a11 − a33)y1 − a31y
2
1 ]

︸ ︷︷ ︸

φ(y1)

,

[
ẏ2

ẏ3

]

=

[
Same as ẏ2 in (4)
Same as ẏ3 in (4)

]

︸ ︷︷ ︸

g(y1,[y2,y3]T )

,

(14)

respectively. Define

e1 = y1 − ŷ1, e2 = y2 − ŷ2, e3 = y3 − ŷ3. (15)

The constructed IBO observers for the case when(y1(t), y2(t))
are available and when onlyy1(t) is available take the follow-
ing forms:

IBO
y1+y2

:







[
˙̂y1
˙̂y2

]

= GA

[
e1

e2

]

+

[
b1 − b3y1

b2 − b3y2

]

ŷ3

+

[
a13 + (a11 − a33)y1 + a12y2

a23 + a21y1 + (a22 − a33)y2

]

−

[
a31y

2
1 + a32y1y2

a31y1y2 + a32y
2
2

]

,

˙̂y3 = −G2 [ b1 − b3y1 b2 − b3y2 ] P

[
e1

e2

]

−(a31y1 + a32y2 + a33)ŷ3 − b3ŷ
2
3 ,

(16)

and

IBO
y1

:







˙̂y1 = GAe1 + [a12 − a32y1, b1 − b3y1]

[
ŷ2

ŷ3

]

+
[
a13 + (a11 − a33)y1 − a31y

2
1

]
,

[
˙̂y2
˙̂y3

]

= −G2

[
a12 − a32y1

b1 − b3y1

]

P e1

+

[
a23 + a21y1 + (a22 − a33)ŷ2

−(a31y1 + a32ŷ2 + a33)ŷ3

]

+

[
−a31y1ŷ2 − a32ŷ

2
2 + (b2 − b3ŷ2)ŷ3

−b3ŷ
2
3

]

,

(17)
under the corresponding observability conditions

λmin{w([y1(t), y2(t)]
T )wT ([y1(t), y2(t)]

T )} > ε > 0, (18)

and

λmin{w(y1(t))wT (y1(t)} > ε > 0, (19)

where λmin denotes the smallest eigenvalue of a matrix.
Notationwise, all the observer parameters correspond to their
specific observers, i.e.,G or γ do not share a global meaning.

The two observability conditions in (18) and (19)
are of the same level of complexity. Substituting
wT ([y1, y2]

T ) = [b1 − b3y1, b2 − b3y2]
T and wT (y1) =

[a12 − a32y1, b1 − b3y1] into (18) and (19), we have

λmin{(b1 − b3y1)
2 + (b2 − b3y2)

2} > 0, (20)

and

λmin{

[
ã2 ãb̃
ãb̃ b̃2

]

} > 0, (21)

with ã = a12 − a32y1 and b̃ = b1 − b3y1. The above two
conditions are equivalent to

(b1 − b3y1)
2 + (b2 − b3y2)

2 > 0, (22)

and

(b1 − b3y1)
2 + (a12 − a32y1)

2 > 0, (23)

which are obviously of the same complexity.
Proof of IBO

y1

, the observer in (17) for the single homo-

geneous observation case, is omitted from here since it is a
direct application of the IBO, with its detailed proof provided
in [4].

B. Direct Modification of SMO

The SMO observer proposed in [7] has been applied to the
state estimation of (4) when bothy1(t) andy2(t) are available.
When onlyy1(t) is available, the following observer, which
is based on a modification of the SMO and a resemblance
between SMO and IBO, can also be used for the state



estimation ofy2(t) andy3(t):

SMO
y1

:







˙̂y1 =
λ̂1(t)e1

|e1| + δ1
+ [a12 − a32y1, b1 − b3y1]

[
ŷ2

ŷ3

]

+
[
a13 + (a11 − a33)y1 − a31y

2
1

]
,

[
˙̂y2
˙̂y3

]

= α

[
a12 − a32y1

b1 − b3y1

]
λ̂1(t)e1

|e1| + δ1

+

[
a23 + a21y1 + (a22 − a33)ŷ2

−(a31y1 + a32ŷ2 + a33)ŷ3

]

+

[
−a31y1ŷ2 − a32ŷ

2
2 + (b2 − b3ŷ2)ŷ3

−b3ŷ
2
3

]

,

(24)
whereλ̂1(t) is adaptively updated by

˙̂
λ1(t) =

{
2α1|e1|, if |e1| > 2δ1,
0, otherwise,

(25)

with observability condition similar to that in (19).
The modified SMO observerSMO

y1

in (24) achieves ex-

tremely similar performance toIBO
y1

using properly chosen

observer parameters. However, its proof of convergence is not
as straightforward.

IV. SIMULATION RESULTS

The range identification observersIBO
y1

and SMO
y1

in (17)

and (24) for single homogeneous observation are tested via
Matlab simulations using the first example in [7], where the
target is moving according to the following affine motion:




Ẋ(t)
Ẏ (t)
Ż(t)



 =





−0.2 0.4 −0.6
0.1 −0.2 0.3
0.3 −0.4 0.4









X(t)
Y (t)
Z(t)



 +





0.5
0.25
0.3



 ,

[ X(0) Y (0) Z(0) ]
T

= [ 1 1.5 2.5 ]
T

.
(26)

In our simulations, the observer parameters are chosen to be

G = 10, A = 1, P = −1/2, M = 10, γ = 1, (27)

and

α = 5, λ̂1(0) = 1, α1 = 10, δ1 = 0.2, M = 10, γ = 1, (28)

for the IBO
y1

andSMO
y1

, respectively, with initial conditions

ŷ1(0) = y1(0) = X(0)/Z(0) = 0.4,
[ŷ2(0), ŷ3(0)] ∈ {[−1,−1], [0, 0], [1, 1]}.

(29)

Since theSMO
y1

has an extremely close performance to that of

IBO
y1

, simulation results are only presented for theIBO
y1

.

First, simulation results are presented in Figs. 3, 4, and 5 for
IBO

y1

with the observer parameters (27) and initial conditions

(29) in the ideal case with no noise. After 15 seconds, the
estimations ofy2(t) andy3(t) converge to their true values.

Next, comparison betweenIBO
y1+y2

and IBO
y1

, the observers

in (16) and (17), in the case of full and single observations
is shown in Fig. 6 for the ideal case of no noise with initial

 
Fig. 3. State estimation usingIBO

y1

with [ŷ2(0), ŷ3(0)] = [−1, −1].

 
Fig. 4. State estimation usingIBO

y1

with [ŷ2(0), ŷ3(0)] = [0, 0].

conditions[ŷ1(0), ŷ2(0), ŷ3(0)] = [0, 0, 0] for full observations
and [ŷ1(0), ŷ2(0), ŷ3(0)] = [X(0)/Z(0), 0, 0] for single. It is
observed from Fig. 6 thatIBO

y1

for the single case has a less

converging speed than that ofIBO
y1+y2

.

Finally, the observers inIBO
y1+y2

and IBO
y1

are compared for

their robustness to noise, where observer performance is shown
in Fig. 7 with uniform noise bounded by±10−2. With a
lagging converging performance similar to that in Fig. 6,IBO

y1

achieves estimation accuracy comparable to that ofIBO
y1+y2

after

15 seconds. For fair comparison, in the comparisons shown
in Figs. 6 and 7, same/similar observer parameters are used:
M, G, γ are the same;(A, P ) are chosen to be(1,−1/2) for
IBO

y1

and (I2×2,−I2×2/2) for IBO
y1+y2

, whereI2×2 denotes the

identity matrix of dimension 2.
From the above three-step simulation studies, it can be

concluded thatIBO
y1

, as well asSMO
y1

, can achieve satisfactory

estimation performance with single observation function.It is



 
Fig. 5. State estimation usingIBO

y1

with [ŷ2(0), ŷ3(0)] = [1, 1].

 
 
 

Fig. 6. Estimation error comparison betweenIBO
y1+y2

and IBO
y1

in the ideal

case of no noise.

unsurprising that their converging speed is not as fast as those
with full observations. However, in the presence of noise,
the SMO

y1

using single homogeneous observation manifests

similar robustness performance compared toSMO
y1+y2

using full

observations.

V. CONCLUDING REMARKS

For a perspective dynamic system (PDS) with single ho-
mogeneous observation function, range identification problem
is discussed using nonlinear observers previously used for
the full observation case. Our simulation results show that
converging speed of the observer for the single observation
case is slower than those with full observations. However, both
observers have similar robust performance.

 
Fig. 7. Estimation error comparison betweenIBO

y1+y2

andIBO
y1

in the presence

of uniform noise bounded by±10−2.
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