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Abstract— This paper considers the stability of the
fractional-order linear time-invariant systems with interval
type uncertainties in both fractional orders and the rele-
vant coefficients. It is an extension of our previous result on
the robust stability analysis of the interval type uncertain
fractional order LTI systems with crisply known fractional
orders. We have proposed a stability check procedure for
uncertain LTI systems with interval fractional orders and
interval coefficients. The procedure is demonstrated with
some simple examples.

Keywords— Fractional order dynamic systems, robust sta-
bility check, interval uncertain systems, interval uncertain
orders, interval uncertain dynamics.

I. INTRODUCTION

Recently, a robust stability test procedure is proposed for
linear time-invariant fractional order systems (LTI FOS) of
commensurate orders with parametric interval uncertain-
ties [1]. The proposed robust stability test method is based
on the combination of the argument principle method (2]
for LTI FOS and the celebrated Kharitonov’s edge theo-
rem [3]. In general, an LTI FOS can be described by the
differential equation or the corresponding transfer function
of non-commensurate real orders [4] of the following form:
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where ey, 8, (k= 0,1,2,...) are real numbers and without
loss of generality they can be arranged as o, > ... > a1 >
ag, Bm > ... > B > fo- The coefficients ax, by (B =
0,1,2,...) are uncertain constants within a known interval.

It is well-known that an integer order LTI system is sta-
ble if all the roots of the characteristic polynomial P(s) are
negative or have negative real parts if they are complex con~
jugate {e.g. [5]). This means that they are located on the
left of the imaginary axis of the complex s-plane. When
dealing with non-commensurate order systems (or, in gen-
eral, with fractional order systems) it is important to bear
in mind that P (s®), o € R is a multivalued function of s,
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the domain of which can be viewed as a Riemann surface
(see e.g. [7]). For distributed parameter systems with a
distributed delay, {8] provided an stability analysis method
which may be used to test the stability of fractional order
differential equations. In [9], the co-prime factorization
method is used for stability analysis of fractional differen-
tial systems. However, the robust stability test procedure
and proof of the validity for the general type of the LTI
FQS described by (1) is still open as discussed in [6].

In this paper, we consider an even more complicated
situation where the fractional orders in (1) are not ex-
actly known but interval real numbers with known interval
bounds. For example, consider the following simple case (a
linear time invariant system with interval fractional order
@, interval gain k and interval parameter a):

_k
T s%4a

G(s)

(2)

where @, a and & are not exactly known. It is known,
however, that a € [a,a), a € [a,d] and k € [k, k] with the
bounds @, @, k, &, @, and k precisely known.

A question related to controlling the above simple plant
is: can we find a simple proportional control law to stabilize
it? This amounts to checking the stability property of the
following characteristic “polynomial”:

p(s)=s"+a+ kK, (3)
where K, is the controller gain.

The motivation of this problem can be from the mod-
elling of the dynamics of nonferrous materials and/or their
composites such as the nonlaminated magnetic bearing.
The fractional order of the LTI model may be prompted
by the mean slope of the Bode plot. The variance of the
slopes of the measured Bode plots can be practically de-
scribed by using an interval of width +3¢ centered at the
mean slope.

II. StaBIiLITY CHECK WHEN THE FRACTIONAL
ORDERS ARE CRISP AND COMMENSURATE

For the LTI FOS with no uncertainty, the existing sta-
bility test (or check) methods for dynamic systems with
integer-orders such as Routh table technique, cannot be
directly applied. This is due to the fact that the charac-
teristic equation of the LTI FOS is, in general, not a poly-
nomial but a pseudo-polynomial function of the fractional
powers of the complex variable s.

Of course, being the characteristic equation a& function
of a complex variable, stability test based on the argument
principle can be applied. On the other hand, it has been
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shown, by several authors and by using several methods,
that for the case of LTI FOS of commensurate order, a ge-
ometrical method based on the argument of the roots of
the characteristic equation (a polynomial in this particu-
lar case) can be used for the stability check in the BIBO
(bounded-input bounded-output) sense (see e.g. {10]).

In the particular case of commensurate order systems, it
holds that, oy = ak, Fx = ok, (0 < a < 1),Vk € Z, and the
transfer function has the following form:

Simo b _ e Q)

G(s) = Ky E}?’:g an(5%) = Ropiem)

(4)

With N > M, the function G(s) becomes a proper rational
function in the complex variable s® which can be expanded
in partial fractions of the following form:

N

G(s) = Ky {Z

=1

Ay
24+ M

(5)

where A; (i = 1,2,.., N) are the roots of the polynomial
P{s™) or the system poles which are assumed to be simple
without loss of generality. The stability condition can then
be stated as follows [2], [10}:

A commensurate order system described by a rafional
transfer function (4} is stable if Jarg (X)) > X, with A;
the i-th root of P(s%).

For the LTI FOS with commensurate order where the
system poles are in general complex conjugate, the stability
condition can be expressed as follows (2], [10]:

A commensurate order system described by a ratio-

nal transfer function G{o) = %%%, where 0 = 5% a €

R,(0 < a < 1), is stable if |arg(o:)l > af, with o; the
i-th root of P(c).

The robust stability test procedure for the LTI FOS of
commensurate orders with interval parametric uncertain-
ties can be divided into the following steps [1]:

o stepl: Transcribe the LTI FOS G(s) of the commen-
surate order o, to the equivalent system H{s), where the
transformation is: s¢ — ¢, a € R*;

« step2: Write the interval polynomial P(o,q) of the
equivalence system H (o), where interval polynomial is de-
fined as

n
P(a,q) =D lg7 a)o’;
=0

« step3: For interval polynomial P(a,q), construct four
Kharitonov’s polynomials: p~~(¢),p~(o),p7 (0}, (0);
+ step4: Test the four Kharitonov’s polynomials whether
they satisfy the stability condition: |arg (o} > aF, Vo €
C, with o; the i-th root of P{c);
Note that for low-degree polynomials, less Kharitonov’s
polynomials are to be tested:
o Degree 5: p~(0),p~ (o), p(o);
« Degree 4: p*~ (o), p*(0);
o Degree 3: pt~ (o).

We demonstrated this technique for the robust stabil-
ity check for the LTI FOS with parametric interval uncer-
tainties through some worked-out illustrative examples in
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[1]. In {1], the time-domain analytical expressions are also
available and therefore the time-domain and the frequency-
domain stability test results (see aiso [11]) can be cross-
validated.
III. STABILITY CHECK WHEN THE FRACTIONAL
ORDERS ARE ALSO INTERVAL REAL NUMBERS

In the general case of fractional order systems the trans-
fer function has the form (1). Here, we consider a more spe-
cific form of (1) with interval uncertainties in the fractional
orders and parameters. Then, the Kharitonov polynomial
can be expressed in the following "new” general form:

n
_ - oF
P(s,0,9) = 5 la7 18",
1=0

(6)

where ¢* is parametric interval uncertainties and o* is in-
terval order uncertainties.

Now the question is: can we extend the Kharitonov the-
orem to interval polynomial with interval orders as in (6)
as well? Our conjecture is “yes” for some situations. In-

tuitively, we should have 16 edge polynomials: pZ_(s),

PI3(s), pT2(s), P11 (), p2E(s), p21(s), p3L(8), BIT(s),

pEZ(s), pE3(s), pI2(8), pET(8), PHE(s), pTY(s), p1N(s),
pi1(s), where the upper index is for the order intervals
and the lower index is for parameter intervals.

The general form above is not very appropriate for sta-
bility investigation because there is a large number of poly-
nomials and we need to reduce this number in practice. Let
us consider the combination approach. For examples, if we
have two intervals (one for parameter and one for order),
we can write four new Kharitonov polynomials; if we have
three intervals (two for parameters and one for order), we
can write eight polynomial, etc. In generally, we can write
2™ polynomials where n is the total number of intervals in
the polynomial {6).

Fortunately, in practice, we usually use two or three
terms at most in the fractional order mathematical models
(see e.g. [4]). In this case, we will have to investigate four
or eight edge polynomials.

In what follows, we consider a special case where the non-
integer order intervals are assumed to have commensurate
limits for orders. This assumption is not unreasonable in
the sense that, we can slightly fine adjust (enlarge) the or-
der intervals so that the bounds are commensurate. Then,
we can apply the transform method s — ¢ to check the
stability in o-complex plane.

Therefore, the robust stability test procedure for the LTI
FOS of commensurate orders with parametric interval and
order uncertainties is similar to the previous one presented
in Sec. IT for crisp orders. The robust stability test proce-
dures are summarized in the following:

« stepl: Rewrite the LTI FOS G(s) of the commensurate
order o, te the equivalence system H (o), where transfor-
mation is: s* - o, a € R+;

» step2: Write the interval polynomial P{e,0,¢q) of the
equivalence system H(o), where interval characteristic



polynomial is defined as

n
- ot
P(o,0,q) = g ailol);

i=0

« step3: For interval polynomial P(o,0,q), construct 27
Kharitonov polynomials;

« stepd: Test the 2" Kharitonov’s polynomials whether
they satisfy the stability condition: |arg (¢;)| > aF, Vo €
C, with o; the i-th root of P(o);

The robust stability test procedure for the LTI of frae-
tional orders with parametric interval and order uncertain-
ties, in general form (1), can be divided into the following
steps:

» stepl: Write the interval polynomial P(s,o,q) of the
system G(s), where interval polynomial is defined as (6);
« step3: For interval polynomial P(s,o,q), construct 2"
Kharitonov polynomials;

o stepd: Test the 2" Kharitonov’s polynomials whether
they satisfy the stability condition: |arg(s;)| > §, Vs € C,
with s; the i-th root of P(s);

Note that for pseudo-polynomials of fractional power we
can effective use Matlab Symbolic Math Toolbox. We will
demonstrate this technique for the robust stability check
for the LTI FOS with parametric and order interval uncer-
tainties through the following illustrative examples.

Iv.
A. A Simple Motivating Example

ILLUSTRATIVE EXAMPLES

Consider the simple case mentioned in Sec. I where k =
1, 2 = 1 and fractional order « is within the interval o €
(1,2): .

_— 7
5o+ 1 (7)

We assume that the above simple plant will stabilize
with simple proportional controller with the transfer func-
tion C'(s) = K- To investigate the stability property is
necessary to check out the following characteristic pseudo-
polynomial:

G(s) =

ps)=8"+1+K, (8)

where K, is the controller gain. In this particular case we
will use the controller gain K, = 2 and then we obtain
the characteristic pseudo-polynomial in the form: p(s) =
8® + 3, where o is within the considered interval o € [1,2).

The resulting transfer function of closed control loop has
the following form:

2
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Gc(s) = (9)

B. Graphical Method

Figure 1 shows the pole positions in the complex plane
for characteristic pseudo-polynomial with various values of
.

Figure 2 shows the unit step responses for various values
of order o € [1,2) and for time T = 7 sec.

Imag Axis

X
o
n

=18 -1 =05 0
Real Adg.

Fig. 1. Pole locations for characteristic pseudo-polynomial p(s} =
s“43forac(l,2)

Ampitude y(t}

Onder

Time [sec]

Fig. 2. ‘Transient unit step responses for (9) for various order o €
[1,2).

Remark IV.1: If we compare the unit step responses de-
picted in Fig.2 and the pole distribution depicted in Fig.1,
we can see the correlation. For the single pole [-3] case
when a = 1 (lower limit of &), a monotonous unit step
response results while for the complex conjugate roots
[£1.73] case when o = 2 (upper limit of @), an oscillat-
ing unit step response results.

Consider the other unknown parameter ¢ which is as-
sumed to lie in a known interval ¢ € [1,2]. The transfer
function of controlled system is

1

G(s) =
() 8> 4q

(10)

and the characteristic pseudo-pelynomial of closed control
loop has the form p(s) = s +a + 2.
The resulted closed-loop transfer function has the follow-
ing form:
2

Cels) = miays

(11)
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Fig. 3. Poles location for characteristic psendo-polynomial p(s) =
s*t+at2forac(l,2)and ag[1,2].

The pole locations in the complex plane for the charac-
teristic pseudo-polynomial with various values of order o
and a are shown in Fig. 3 where we can see that the poles in
the stability region of the complex plane has been changed
from curves to a plane, which is exactly depends on the
values & and @ in the pseudo-polynomial.

Ordore Tirme [sec]

Fig. 4. Transient unit step responses for (11) for various order o €
[1,2) and for fixed value of @, a = 2.

Figure 4 shows the unit step time responses for various
values of the order & € {1,2)} with a fixed a = 2.

Remark IV.2: Comparing the unit step responses in
Fig.2 and the unit step responses in Fig.4, we can see an-
other correlation. Both responses are for variable values of
order o € {1,2), but the first one is for the lower limit of
parameter ¢ = 1 and the second is for the upper limit of
parameter ¢ = 2. The difference correlate with the poles
distribution depicted in Fig.3. With a = 2, we have a sin-
gle pole [—4]. When ¢ = 1 (lower limit of &), we obtain a
monotone unit step response. Similarly, we have a complex
conjugate roots [+2.0] when a = 2 (upper limit of @) and
we obtain an oscillating unit step response.
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In both cases, the poles lie in the stability region (left
hand half plane) and we can say that the closed-loop sys-
tem with the mentioned simple plant and simple propor-
tional controller is robustly stable for all parameters « and
a within the known considered intervals.

For better visibility of robust stability, Fig. 5 is presented
to show the 3D projection of the stable plane for charac-
teristic pseudo-polynomial with various values of the order
« and the coefficient a.

Parzmeter a

Fig. 5. Real parts of pseudo-polynomial poles projected in 3D view
according to parameter a and real order a.

C. Kharitonov Based Method

The graphical method presented in the above is best for
the validation of the Kharitonov-based stability check pro-
cedure proposed in Sec. II1.

From Fig. 3, we can observe that the limit points for the
bounded shape in the complex plane: [-3, -4] on the real
axis and [+ 1.73 i, & 2 i] on the imaginary axis.

If we return back to characteristic pseudo-polynomial
p(s}) = s*+a+ K for o € [1,2) and a € [1,2), we can write
the following “new” form for polynomial (for K = 2):

p(s) = s34 [1,2] + 2. (12)

We assume that such form of polynomials are contin-
ucus and analytical functions and have roots, which can
be a single or a complex conjugate (branch points). We
can write the following polynomials based on Kharitenov
principle but modified for interval orders as well:

Ip(s) = s+1+2=54+3 — s=-3,

In(s) = s4+242=5+4 — 5=—4,

3p(s) = $2+142=5+3 > 819 =21.73,
p(s) = $24+2+42=8"+4 - s15,==%2. (13)

From the polynomials in (13}, we actually can obtain the
limit points for shape in the complex plane as depicted in
Fig. 3, as roots of each polynomial, respectively.

When the order interval limits are commensurate, we can
use the method described in Sec. III. The characteristic



pseudo-polynomial (12) we can be rewritten by using the
transform method s* — ¢ as a polynomial in the following
form:

plo) = ol 4 [1,2] +2, (14)

where the transformation is that s%% — o,
According to the test procedure in Sec. III, we can write
the following four polynomials:

(o) = o2+3 - 012 = £1.732,

2p(0) = 644 — ay3 =£2.0004, (15)
() = 0*+3 = 01334 = £0.930 £ 0.930i,
ple) = ot4+4 = 01234 = +1.000 % 1.000i.

Figure 6 shows the pole locations in o- complex plane
for the characteristic polynomisls (15). The closed angular
stability limits for ar/2, for & = 0.5 are also drawn in
Fig. 6.

25 . ; A A
-1 05 L] 05 1 15

Fig. 6. Pole locations for the polynomials (15) and the stability limits
=/4.

The system is stable because all roots oy, Vi of polyno-
mials (15) have |arg (53)| > oF, for o = 0.5.

This result validate the results depicted in Fig. 3 and
Fig. 5. Based on these results, we can declare that system
(10) is robustly stable for interval parametric uncertainties
and interval order uncertainties and can be controlled by a
simple proportional controller C(s) = 2.

D. An Application Ezample

The application example considered in this section is
based on the work of [12] where the application of frac-
tional order controller for temperature control of heat solid
{electrical radiator) was performed.

To obtain the mathematical models of controlled object,
varicus identification methods can be used. In [12], two
models were chosen as the nominal models for control sys-
tem design. The first one is an integer first order model
given by

1

G1(8) = 55775 1 0508

(16)

The second one is a fractional order one-term model of the
following form:

1

Gr(s) = 35760512 T 0508

(17)

The second one is closer to the reality based on our ex-
perience. For comparison purpose, the integer first order
model is also used in [12] with the standard control design
techniques. However, the reality is probably somewhere in
between the G(s) and Gr(s). Therefore, we have designed
(for comparison) two types of controllers, i.e., the classical
PD and the PD? (§ is a positive real number).

Now, we follow a new idea of using the standard con-
trol design method with a PD controller for control of this
object but two assumed uncertainties in the mathematical
model of controlled object. The new uncertain model has
the following form:

1

C) = et 0508 (1s)
where a € [15,45] and @ € [1,1.3].
With the PD controller
C(s) = K, + Kys,
to achieve the desired stability measure S; = 2.0 [12],

the following parameters were designed: K, = 64.47 and
K4 = 12.46, which means that the closed-loop characteris-
tic equation has a simple root [-2].

We now apply the designed PD controller C{s} = 64.47+
12.46s to the new uncertain model (18). The resulting
closed-loop transfer function becomes

12.465 4 64.47
as® + 12.46s 4 65.068°

where a € [15,45] and « € [1,1.3].

The characteristic polynomial of the control system (19)
with reference to intervals for order e and parameter @ has
the following form:

Ge (S) = (19)

p(s) = [15,45]s(1) + 12.465 + 65.068 = 0. (20)

According to the stability test procedure in Sec. ITI, we
should check the following four polynomials:

Ip(s) = 155+ 12.46s + 65.068
= 27.465+65.068 — 5 = —2.37,
2p(s) = 15s'3 +12.465 + 65.068, —
s12 = -—1.97+1.044,
3p(s} = 4bs+12.465 + 65.068
= B57.465+65.068 — s = —1.13,
ip(s) = 45513 4 12.465 + 65.068, —
S12 = —0.94 4- 0.651. (21)

From the polynomials in (21), we can obtain the limit
points for the shape of the pole locations in the complex
plane as the roots of each polynomial. Clearly, the shape
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is situated in the left hand side of the complex plane which
means that the closed-loop system is stable. According to
the proposed test procedure, the system is stable as well
because all roots s;, Vi of polynomials (21) have jarg (s} >

.o

: Based on these results, we can declare that system (18) is
robustly stable for interval parametric and fractional order
uncertainties and can be controlled by the P controlier
C(s) = 64.47 + 12.46s.

%
3
"Bl
£

Ordare Time {sac]

Fig. 7. Transient unit step responses for (19) for various order o &
[1,1.3] and for fixed value of @, o = 15.

Figure 7 shows the unit step responses for varicus values
of order o € [1, 1.3} with a fixed value of variable 4, o = 15.

Time [sec]

Fig, 8 Transient unit step responses for (19) for various order o €
[1,1.3] and for fixed value of a, a = 45.

Similarly, Fig. 8 shows the unit step responses for various
values of order o € [1,1.3] with a fixed value of variable a,
6 = 45.

V. CONCLUSION

In this contribution we have presented two illustra-
tive examples for checking the stability of LTI FOS with
both order and parametric interval uncertainties which are
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known to lie within a known interval. This proposed ap-
proach is very simple and good for stability investigation
of LTI FOS with small number of uncertain intervals., It
is an intuitive extension of the Kharitonov edge theorem
for interval polynomials. In our case, instead of the rectan-
gular shape as Kharitonov used, we have to consider more
general shapes in the complex plane.

We show only experimental approach to test the robust
stability of the LTT FOS with both order and parametric
interval uncertainties. However, a clear and exact proof for
the proposed stability test procedure is one of the further
research topics.
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