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Abstract— In this paper, the adaptive compensation of
Coulomb friction is considered where the Coulomb friction
coefficient is unknown but can be time-varying with a known
period. Detailed stability analysis is given with some demonstra-
tive simulation results. The major contributions of this paper
is a periodic adaptive control law for friction compensation
in nonlinear electromechanical systems not satisfying local and
global Lipschitz condition.

Index Terms— Friction compensation, adaptive control, peri-
odic learning updating, tracking control, servomechanism.

I. I NTRODUCTION

Friction, like delay and saturation, is everywhere in many
real control systems. That is why friction, delay, and satura-
tion are three constantly hot topics in control community in
general and electromechanical systems control in particular.
Since the friction compensation concept was introduced in
[1], several adaptive friction compensation controllers have
been designed in [2], [3], [4], [5], [6]. After the pioneering
works by Friedland and Park in [2], [3], several modifications
were introduced in [4], [5], [6]. They have focused on
designing new adaptation laws by proposing new forms of the
tuning functiong(|v|) wherev is the velocity. Mainly, their
considerations were to design more stable nonlinear adaptive
controller. In [2], the asymptotically stable controller with re-
strictive conditions was designed. The contribution in [4] was
to relax those restrictive conditions imposed in [2]. Recently,
in [5], an exponentially stable adaptive friction controller
was developed. So far, in all the existing efforts in attacking
friction effects, the Coulomb friction coefficient is assumed
to be constant. In other words, the existing stability analysis
are all restricted to the time invariant friction coefficient.

As reported in [1], e.g., from Figures 2-3 in [1], the
magnitude of friction coefficient depends on velocity which
practically is not a constant. So, in many applications, when
the reference position and reference velocity are periodically
time varying, the friction will also be a periodic variable.
This motivates us to consider the design of an new adaptive
friction compensation controller with a time varying friction
coefficient. In particular, we consider a simple case when the
friction coefficient is unknown and periodically time-varying
with a known period. Recently, in adaptive control, the
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periodically time varying adaptive controller was developed
in [7]. However, in [7], the local or global Lipschitz condition
is necessary. So, the proposed method in [7] cannot be
directly applied to the sign dependent friction compensation
problem considered in this paper.

The paper is organized as follows: In Section II, a new
adaptive friction compensation controller is designed and
analyzed. Two different simulation tests are performed in
Section III to verify the developed adaptive friction com-
pensation algorithm. Concluding remarks are given in Sec-
tion IV.

II. A DAPTIVE FRICTION COMPENSATION

In this section, a new adaptive friction compensator is
designed with a time periodic friction coefficient. We also
present a rigorous stability analysis using Lyapunov function
method. Similar to the system considered in [2], here we
consider the following servo control problem:

ẋ(t) = v(t) (1)

v̇(t) = −a(t)sgn(v(t)) + u(t), (2)

where the friction coefficienta(t) is periodically time varying
as follows

a(t− T ) = a(t) (3)

with a known periodT ; x(t) is the position state;v(t) is the
velocity state;sgn(v(t)) is a sign of velocity; andu(t) is the
control input signal.

The control objective is to track or servo the given desired
position xd(t) and the corresponding desired velocityvd(t)
with tracking error as small as possible. In practice, it is
reasonable to assume thatxd(t), vd(t) and v̇d(t) are all
bounded. Our feedback control law is designed as:

u = â(t)sgn(v(t)) + v̇d(t)− αS(t)− λev(t), (4)

with
S(t) = ev(t) + λex(t), (5)

whereα andλ are positive gains;̂a(t) is an estimated friction
coefficient from an adaptation mechanism to be specified
later; v̇d(t) is the desired acceleration;ex(t) = x(t)− xd(t)
is the position tracking error; andev(t) = v(t)−vd(t) is the
velocity tracking error.



Our adaptation law is designed as follows:

â(t) =
{

â(t− T )−Ksgn(v)S(t) if t ≥ T
z − g(|v|) if t < T

(6)

where K is a positive design parameter (we call it the
periodic adaptation gain);z will be defined in the following
paragraph; andg(|v|) is a tuning function to be selected later
based on certain guidelines. In our analysis part, we require
the following inequality condition forg(|v|):

1
4

< g′(|v|) < ∞, (7)

where g′(·) = ∂g(·)
∂· . As will be shown in the sequel, the

selection of ag(|v|) to satisfy the above constraint is an
easy task.

Denote the estimation error ofa(t) as

ea(t) = a(t)− â(t).

In what follows, we will drop the variable time when no
confusion arises. For example, we will useea to represent
ea(t), ev for ev(t) and so on. We consider two cases: 1) when
0 ≤ t < T and 2) whent ≥ T . The key idea is that, for case
1), we only need to show the finite time boundedness. For
case 2), we need to show the stability or asymptotic stability
in the sense of Lyapunov. Let us investigate the case 2) first.
Our major results are summarized in the following theorems.

Theorem 2.1:When t ≥ T , the control law (4) and the
periodic adaptation law (6) guarantee the stability of the
equilibrium pointsex, ev, andea as t →∞.

Proof: Consider the following Lyapunov-like function:

V (t) =
1
2
S2(t) +

1
2K

∫ t

t−T

e2
a(τ)dτ.

Then, the difference of the positive Lyapunov-like function
at two discrete time points can be calculated as:

4V (t) = V (t)− V (t− T )

=
1
2
S2(t)− 1

2
S2(t− T )

+
1

2K

∫ t

t−T

[e2
a(τ)− e2

a(τ − T )]dτ

=
∫ t

t−T

S(t)Ṡ(t)dτ

+
1

2K

∫ t

t−T

[e2
a(τ)− e2

a(τ − T )]dτ. (8)

To simplify our presentation, let the first integral term on the
right-hand side be denoted byA and the second integral term
by B. That is

A =
∫ t

t−T

S(t) ˙S(t)dτ, B =
1

2K

∫ t

t−T

[e2
a(τ)−e2

a(τ−T )]dτ.

Then, by several algebraic calculations and usinga(t−T ) =

a(t), B can be changed as

B =
1

2K

∫ t

t−T

{[a(τ)− â(τ)]2 − [a(τ − T )

−â(τ − T )]2}dτ

=
1

2K

∫ t

t−T

[â(τ − T )− â(τ)][2{a(τ)− â(τ)}

+{â(τ)− â(τ − T )}]dτ

=
1

2K

∫ t

t−T

β(τ)[2{a(τ)− â(τ)} − β(τ)]dτ, (9)

where
β(τ) = â(τ − T )− â(τ).

Using the following

ėx = ẋ− ẋd = ev,

ėv = v̇ − v̇d = −a(t)sgn(v) + u− v̇d

we have

Ṡ = ėv + λėx = −a(t)sgn(v)− v̇d + u + λev. (10)

Then, from (4),

Ṡ = −sgn(v)ea − αS,

andA can be expressed as

A =
∫ t

t−T

[−αS2 − sgn(v)eaS]dτ. (11)

Thus,4V becomes

4V = A + B

=
∫ t

t−T

[−αS2 − sgn(v)eaS]dτ

+
1

2K

∫ t

t−T

β[2{a(τ)− â(τ)} − β]dτ

=
∫ t

t−T

[−αS2 − 1
2K

β2]dτ

+
∫ t

t−T

ea

K
[β −Ksgn(v)S]dτ, (12)

where we will denote the first integral term on the right-hand
side byC and the second integral term byD. That is

C =
∫ t

t−T

−αS2 − 1
2K

β2dτ,

D =
∫ t

t−T

ea

K
[β −Ksgn(v)S]dτ.

Then from (6),D = 0, so we have

4V = A + B =
∫ t

t−T

−αS2 − 1
2K

β2dτ

=
∫ t

t−T

−(α +
K

2
)S2(τ)dτ. (13)



Sinceα + K
2 > 0, ∆V ≤ 0, which completes the proof of

this theorem.
The above theorem only guarantees the stability property in
the sense of Lyapunov. To explore the asymptotical stability,
the following lemma is needed first.

Lemma 2.1:In the following equation with initial state
x(0) = x0 = 0

y = ẋ + τx, τ > 0,

y → 0 as t →∞ if and only if x → 0 as t →∞.
Proof: The sufficient condition is immediate because

x = 0 makesy = 0. The necessary condition is proved easily
by calculating the solution. Wheny = 0, x(t) is calculated
as:

x(t) = x0 + e−τt.

So, if x0 = 0, ast →∞, x(t) → 0.
Now, we consider the asymptotically stability condition
of the equilibrium pointsex, ev, and ea in the following
theorem.

Theorem 2.2:If the initial position (x0) is at the desired
initial position (xd(0)), i.e., ex(0) = 0, the control law (4)
and the periodic adaptation law (6) guarantee the asymptot-
ically stability of the equilibrium points ast →∞ (t ≥ T ).

Proof: Here we use LaSalle’s invariant set theorem to
prove the asymptotical stability. From (13), we know that
only S = 0 makes4V = 0. Using the definitionS =
ev + λex and relationshipev = ėx, we have

S = ev + λex = ėx + λex. (14)

So, from Lemma 2.1, ifex(0) = 0, only ex = 0 makesS =
0. Also, sinceex = 0, we haveev = 0 from ev + λex = 0.
Therefore, we know thatex andev are asymptotically stable
at equilibrium points. Now we thinkea in the following.
From Ṡ = −sgn(v)ea−αS, we haveṠ = sgn(v)ea because
S = 0. Then, by showing thaṫS → 0 as S → 0, we can
proveea = 0. Our approaches are as follows. From following
definition

Ṡ = lim
∆t→0

S(t + ∆t)− S(t)
∆t

, (15)

we know that ast → ∞, S(t + ∆t) → 0 and S(t) → 0.
However, from our original assumption of the periodicity
such as∆t = T , if T is not zero, then∆t 6= 0, while
S(t + ∆t) − S(t) → 0 as t → ∞. Thus, in (15),Ṡ → 0
as t → ∞, hence if sgn(v) 6= 0, then ea = 0. However,
if ea 6= 0, Ṡ 6= 0. Then S(t + ∆t) − S(t) 6= 0. This is
a contradiction toS(t + ∆t) − S(t) = 0. Therefore, we
conclude that onlyea = 0 makesṠ = 0 and in the sequel,
no trajectory can stay exceptea = 0 whenS = 0. Since we
already found that onlyex = 0 and ev = 0 makeS = 0,
from the invariant set theorem, the equilibrium pointsex, ev,
and ea are asymptotically stable. This completes the proof

of this theorem.

Now, let us consider the case 1) whent < T and the
overall stability whent ≥ 0.

Theorem 2.3:If |ȧ| is bounded andg′(|v|) > 1
4 , the equi-

librium points ofex, ev, andea are stable (or asymptotically
stable) ast →∞.

Proof: In this case, we use following Lyapunov func-
tion:

V (t) =
1
2
αλe2

x +
1
2
e2
v +

1
2
e2
a. (16)

Then, the derivative ofV is expressed as:

V̇ (t) = αλexev + ev(v̇ − v̇d) + ea[ȧ− ż

+g′(|v|)v̇sgn(v)]
= αλexev + ev[−asgn(v) + u− v̇d]

+ea[ȧ− ż + g′(|v|)v̇sgn(v)], (17)

where we used the following substitution:

ėa = ȧ− ˙̂a = ȧ− ż + g′(|v|)v̇sgn(v). (18)

By inserting the control input, which is given in (4), to
the above equation, the derivative of Lyapunov function is
modified as:

V̇ = −eveasgn(v)− (α + λ)e2
v + eaȧ

+ea[g′(|v|)v̇sgn(v)− ż].

Then, using one more adaptation law as follows:

ż = g′(|v|)[u− âsgn(v)]sgn(v) (19)

and after several algebraic calculations,V̇ can be changed to

V̇ = −eveasgn(v)− (α + λ)e2
v + eaȧ− e2

ag′(|v|). (20)

Finally, using Young’s inequality likea2 + b2

4 ≥ ab, if (α +
λ) > 1 and g′(|v|) > 1

4 , the following inequality is always
true regardlesssgn(v):

−eveasgn(v)− (α + λ)e2
v − e2

ag′(|v|) < 0. (21)

At this moment,V̇ is upper bounded by

V̇ = −[ev±0.5sgn(v)ea]2−(α+λ−1)e2
v−[g′(|v|)−1

4
]e2

a+eaȧ.

(22)
Our argument here is to ensure thatV̇ is upper bounded.
Denoteη ≡ g′(|v|)− 1

4 > 0. From the above equation, it is
easy to see

V̇ ≤ −ηe2
a + eaȧ. (23)

If |ȧ| < Θ, whereΘ is the upper bound oḟa, then,

V̇ ≤ −ηe2
a + eaΘ

≤ −η{(ea −
Θ
2η

)2 +
Θ2

4η
}. (24)



Clearly, if η > 0 and |ȧ| is bounded, then

V̇ ≤ Θ2

4η
. (25)

Thus, we conclude that ifg′(|v|) > 1
4 , V̇ is bounded when

t < T . Consequently, whenV is bounded att < T , ex, ev,
andea are also bounded att < T .

Furthermore, whent ≥ T , the equilibrium points ofex,
ev, and ea are all (asymptotically withex(0) = 0) stable
from equation (13), we conclude that the system (1)-(2) can
be (asymptotically withex(0) = 0) stabilized by the control
law (4) and the adaptation law (6) ast →∞. This completes
the proof.

Several remarks follow.
Remark 2.1: On the region of convergence. From (23),

when t < T , the region of convergence (RROC) of ea is
as follows:

RROC =

{
(ea|ea < 0 ∪ ea > ėa

η ), if ȧ > 0
(ea|ea < ėa

η ∪ ea > 0), if ȧ < 0
. (26)

Hence, regardless the sign ofȧ, if |ea| > | ėa

η |, then V̇ < 0.
So, asη →∞, theRROC becomes bigger, because| ėa

η | → 0.
Even if the periodic adaptation law is not used, whent ≥ T ,
the control law (4) guarantees the boundedness ofea.

Remark 2.2: On design of the adaptation functiong(|v|).
In designingg(|v|), the following function is suggested in
order to satisfy the required condition14 < g′(|v|) < ∞:

g(|v|) = ξ|v|+ e−µ|v|, ξ > µ +
1
4
, (27)

whereξ andµ are design parameters for the adaptation law.
The derivative ofg(|v|) is expressed as:

g′(|v|) = [ξ − µe−µ|v|]. (28)

Finally, â(t) in (6) andż in (19) are designed as:

â(t) = z − ξ|v| − e−µ|v| (29)

ż = [ξ − µe−µ|v|][u− âsgn(v)]sgn(v) (30)
Additionally, we have the following remark regarding our

function g(|v|).
Remark 2.3:g(|v|) in (27) is different from the suggested

functions in [2], [3], [4], [5], [6] where they did not consider
the velocity derivatives and the variation of the friction
coefficient. However, in this paper, we have considered the
velocity derivative as well as the coefficient variation.

III. S IMULATION ILLUSTRATIONS

For simulation test, we use the following reference position
and velocity signals:

xr(t) = cos(2πfst)
vr(t) = −2πfs sin(2πfst)
v̇r(t) = −(2πfs)2 cos(2πfst) (31)

wherefs = 1
Ts

, and Ts = 2 sec. The control gains forex

and ev in [2] are 200 and 20 respectively. However from
following relationships:

αλ = 200, α + λ = 20, (32)

we cannot get the realα and λ, so, without losing compa-
rability we simply chooseα as 10 and β as 10. In (6), the
periodic adaptation gainK was selected as10, and, in (27),
ξ was selected as10 andµ was selected as5. It is assumed
that the friction coefficient varies in the following way:

a(t) = 50 + 5 sin(2π
1
T

t), (33)

whereT = Ts.Two different simulation tests were performed
using adaptation laws in (6).

• Case-I. No periodic adaptation in (6). That is,T = ∞.
• Case-II. (6) is used with a finiteT .

From the proof of Theorem 2.3, we knew thatex, ev, and
ea are all bounded whent < T . However, Theorem 2.3 also
shows that the control law (4) and the adaptation law, i.e.,
z−g(|v|)) in (6), guarantee the boundedness ofex, ev, andea

even ift →∞. Therefore, in Case-I, we used only adaptation
law of â(t) = z − g(|v|) even if t →∞, i.e., we do not use
the periodic adaptation laŵa(t) = â(t−T )−Ksgn(v)S(t).
This case is also called Simulation 1 in the sequel. Simulation
2 was performed using both adaptation laws in (6). All
initial conditions were fixed as zeros. Fig. 1.a shows the
reference position/velocity and tracked position/velocity from
Simulation 1. Fig. 1.b is the corresponding position/velocity
errors of Fig. 1.a. From these figures, we observe that the
system is stable, while the desired states are not estimated
perfectly. Fig. 1.c shows the position/velocity tracking results
from Simulation 2, and Fig. 1.d is the corresponding tracking
errors. As shown in Fig. 1.d, the desired states are estimated
much more accurately than Simulation 1. As time increases,
the state errors go to zero, while there exists periodical state
errors in Fig. 1.b when no periodic adaptation is applied.
Fig. 2.a shows the true friction coefficient and adapted
friction coefficients from Simulation 1 and Simulation 2,
respectively. Fig. 2.b is the corresponding friction estimation
errors of Fig. 2.a. The friction coefficient was adapted better
in Simulation 2 than in Simulation 1. The adapted friction
coefficient from Simulation 1 does not converge to the true
value, while the adapted friction coefficient from Simulation
2 slowly converges to the true value. Fig. 2.c compares the
control inputs from Simulation 1 and Simulation 2. From this
figure, we know that there is not much difference in control
input for both cases. Only slight difference exists between the
control efforts. Fig. 2.d shows the position/velocity tracking
errors, when there is no initial position error (this test is
for the asymptotical stability). Since there is no initial error,
initial error boundaries are smaller than Simulation 1 and
Simulation 2. However, the overall performance is almost
same to the Simulation 2, in which there is an initial error
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Fig. 1. Upper-left(Fig.1.a): simulation 1 -reference position/velocity and the actual tracking position/velocity; Upper-right(Fig.1.b): simulation 1 -position
and velocity tracking errors; Bottom-left(Fig.1.c): simulation 2 -reference position/velocity and the actual tracking position/velocity; Bottom-right(Fig.1.d):
simulation 2 -position and velocity tracking errors

(just with the guarantee of the stability).

IV. CONCLUSION REMARKS

In this paper, we developed an adaptive controller for
dynamic systems with time varying Coulomb friction. From
Theorem 2.3 and our simulation tests, it has been confirmed
that the developed friction compensation scheme can be
used either to bound the error states without considering
periodicity of the friction parameter or to stabilize the
system when considering the known periodicity. When the
periodicity of the friction coefficient was used, the position
and velocity were tracked perfectly as time passes (Figs.
1.c-1.d). Even though the periodicity is not considered, the
states are tracked within acceptable error margins (Figs. 1.a-
1.b). Moreover, we developed the stability condition and
asymptotical stability condition and verified through the
simulations. However, there was no performance difference

between them. Finally, the time periodic adaptive control
technique can be applied to systems with periodically or non-
periodically time varying coefficients which are dependent
on sign of states. Our future efforts will be in 1) considering
the state periodic adaptive friction controller 2) exploring
general robust adaptive friction compensation scheme with
non-periodic time varying friction coefficient.

V. ACKNOWLEDGMENT

The authors would like to thank to Dr. Tao Zhang for his
useful comments on an early version of this paper.

VI. REFERENCES

[1] Jr David A. Haessig and Bernard Friedland, “On the
modeling and simulation of friction,” in1990 American
Control Conference (ACC’90), San Diego, Calif, USA.,
May 23-25 1990, AACC, pp. 1256–1261.



0 1 2 3 4 5 6 7 8 9 10
40

42

44

46

48

50

52

54

56

Time(seconds)

simulation 2
true value
simulation 1

0 1 2 3 4 5 6 7 8 9 10
-60

-50

-40

-30

-20

-10

0

10

Time(seconds)

simulation 2
simulation 1

 

0 1 2 3 4 5 6 7 8 9 10
-100

-80

-60

-40

-20

0

20

40

60

80

100

Time(seconds)

simulation 2
simulation 1

0 1 2 3 4 5 6 7 8 9 10
-0.1

-0.05

0

0.05

0.1

0 1 2 3 4 5 6 7 8 9 10
-0.5

0

0.5

Time(seconds)

position error

velocity error

 
Fig. 2. Upper-left(Fig.2.a): adaptively estimated Coulomb friction coefficients for both cases; Upper-right(Fig.2.b): friction coefficient estimation errors
for both cases; Bottom-left(Fig.2.c): control input signals for both cases; Bottom-right(Fig.2.d): with zero initial position error

[2] Bernard Friedland and Young-Jin Park, “On adaptive
friction compensation,” inProceedings of the 30th IEEE
Conference on Decision and Control, Brighton, England,
Dec. 1991, IEEE, pp. 2899–2902.

[3] Bernard Friedland and Sophia Mentzelopoulou, “On
adaptive friction compensation without velocity measure-
ment,” in Proceedings of the First IEEE International
Conference on Control Applications, Dayton, OH, USA,
Sep. 1992, IEEE, pp. 1076–1081.

[4] Yazdizadeh A and Khorasani K, “Adaptive friction
compensation based on the lyapunov scheme,” inPro-
ceedings of the 1996 IEEE International Conference on
Control Applications, Dearborn, MI, USA, Sep. 1996,
IEEE, pp. 1060–1065.

[5] Teh-Lu Liao and Tsun-I Chien, “An exponentially
stable adaptive friction compensator,”IEEE Trans. on
Automatic Control, vol. 45, no. 5, pp. 977–980, 2000.

[6] T. Zhang and M. Guay, “Comments on ”an exponentially
stable friction compensator,”IEEE Trans. on Automatic
Control, vol. 46, no. 11, pp. 1844–1845, 2001.

[7] Jian-Xin Xu, “A new periodic adaptive control approach
for time-varying parameters with known periodicity,”
IEEE Trans. on Automatic Control, vol. 49, no. 4, pp.
579–583, 2004.


