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Abstract. A class of evolution systems described by the one-dimensional fractional
di®usion-wave equation subject to a boundary controller at the boundary is consid-
ered. Both boundary stabilization and disturbance rejection are consid ered. This
paper, for the ¯rst, has con¯rmed, via hybrid symbolic and numerical si mulation
studies, that the existing two schemes for boundary stabilization an d disturbance
rejection for (integer order) wave/beam equations are still valid for fr actional order
di®usion-wave equations. The problem de¯nition, the hybrid symboli c and numerical
simulation techniques, outlines of the methods for boundary stabili zation and dis-
turbance rejection are presented together with extensive simulat ion results. Di®erent
dynamic behaviors are revealed for di®erent fractional orders which create new future
research opportunities.
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1. Introduction

Fractional di®usion and wave equations are obtained from theclas-
sical di®usion and wave equations by replacing the ¯rst and second
order time derivative term by a fractional derivative (0 ; 1) and (1; 2),
respectively. There has been a growing interest in investigating the so-
lutions and properties of these equations because many of the universal
phenomenons can be modeled accurately using the fractionaldi®usion
and wave equations [13]. Research has been focused on the analytical
solution to the fractional di®usion and wave equations. In [15], the
solution to the fractional di®usion equation was given in closed form
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in terms of Fox functions. In [14], the fractional di®usion and wave
equations were reformulated as integrodi®erential equations. Analytical
solutions for the Green's functions of the latter were then found. In [9],
the fractional wave equation was shown to govern the propagation of
stress waves in viscoelastic solids. The transition from a pure di®usion
process to a pure wave process was also shown when the time derivative
increases from 1 to 2. In [1], a general solution was given fora fractional
di®usion-wave equation de¯ned in a bounded space domain.

In this paper, we study the boundary control of a string governed by
the fractional wave equation using the simulation method proposed in
[7]. To the best of our knowledge, research on the boundary control of
the fractional wave equation is still relatively new. In [10], the fractional
derivative control was applied to the boundary control of the wave
equation, which is similar, but still very di®erent from the t opic in this
paper. The major contribution of this paper is that, for the ¯r st, we
have con¯rmed, via hybrid symbolic and numerical simulation studies,
that the existing two schemes for boundary stabilization and distur-
bance rejection for (integer order) wave/beam equations are still valid
for fractional order di®usion-wave equations. The problem dēnition,
the hybrid symbolic and numerical simulation techniques, outlines of
the methods for boundary stabilization and disturbance rejection are
presented together with extensive simulation results. Di®erent dynamic
behaviors are revealed for di®erent fractional orders whichcreate new
future research opportunities.

The paper is organized as follows. In Sec. 2, we give the mathemat-
ical description of the boundary control of fractional wave equation. In
Sec. 3, we brie°y summarize the simulation method used. In Sec. 4,
the e®ectiveness of a static boundary velocity controller, acontroller
mostly used in the boundary control of wave equation [12] [2]is studied.
In Sec. 5, we study the disturbance rejection performance ofa dynamic
controller proposed in [11] for the boundary control of waveequation.
Finally, Sec. 6 concludes this paper.

2. Problem de¯nition

We consider a string governed by the fractional wave equation, ¯xed
at one end, and stabilized by a boundary control at the other end. The
system can be represented by

@®u
@t®

=
@2u
@x2

; 1 < ® < 2; x 2 [0; 1]; t ¸ 0 (1)

u(0; t) = 0 ; (2)
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ux (1; t) = f (t); (3)

u(x; 0) = u0(x); (4)

ut (x; 0) = v0(x); (5)

where u(x; t ) is the displacement of the string at x 2 [0; 1] and t ¸
0, f (t) is the boundary control force at the free end of the string,
u0(x) and v0(x) are the initial conditions of displacement and velocity,
respectively.

The control objective is to stabilize u(x; t ), given the initial condi-
tions (4) and (5).

We adopt the following de¯nition for the fractional derivati ve of
order ® of function f (t) [9][8],

d®

dt® f (t) :=

(
f (n) (t) if ® = n 2 N;
tn ¡ ®¡ 1

¡( n¡ ®) ¤ f (n) (t) if n ¡ 1 < ® < n;
(6)

where the¤ denotes the time convolution between two causal functions.
Based on the de¯nition of (6), the Laplace transform of the fractional

derivative is

L
½

d®

dt®

¾
= s®F (s) ¡

n¡ 1X

k=0

f k (0+ )s®¡ 1¡ k (7)

3. A Hybrid Symbolic-Numerical Simulation Method

In [7], a method combining symbolic algebra and numerical methods
was developed to simulate some typical boundary control problems,
including the boundary control of beam equation studied in [6]. Here
we summarize the steps.

1. Take the Laplace transform of (1), (2), (3), (4) and (5) wit h respect
to t, including the controller f (t). Thus, the original PDE of u(x; t )
with initial and boundary conditions is transformed into an ODE
of U(x; s) with boundary conditions. The resulting ODE is usually
hard to solve manually, due to the complicity of the fractional wave
equation, the dynamic controller f (t), and the initial conditions.

2. Call the Matlab Symbolic Math Toolbox function dsolve() to sym-
bolically solve the ODE(s) and the boundary or initial condition(s).
Although dsolve() is able to determine the arbitrary constants in
the solution using the boundary or initial condition(s), we ¯nd that
its capability is very weak. Here, we feed only the ODE ofU(x; s)
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to dsolve() rather than provide both the ODE of U(x; s) and the
boundary conditions. The expression ofU(x; s) with two arbitrary
constants C1 and C2, which are to be determined later, can be
obtained.

3. Using Matlab Symbolic Math Toolbox function diff() , di®eren-
tiate U(x; s) with respect to x to get the derivatives of U(x; s).
Substituting U(x; s and its derivatives into the Laplace transform
of (2) and (3), we can get two equations with two unknownsC1
and C2.

4. Passing the two equations obtained in the last step to the Matlab
Symbolic Math Toolbox function solve() to determine the con-
stants C1 and C2. Now, we have obtained the explicit expression
of U(x; s).

5. Due to the complicity of U(x; s), its analytical inverse Laplace
transform is usually unavailable. We apply the numerical inverse
Laplace transform to U(x; s) to obtain the numerical solution of
(1), (2), (3), (4), and (5).

4. Boundary Stabilization

In this section, we study the performance and properties of the
following controller:

f (t) = kdut (x; t ) (8)

where kd is the controller gain and the su±x d means it is a derivative
gain.

Although the control law (8) has been widely used in the boundary
control of wave equation and beam equation [2] [5][3], its e®ectiveness
when applied to the boundary control of fractional wave equation is
still unknown.

The initial conditions are chosen as

u(x; 0) = ¡ 0:5 sin(0:5¼x); (9)

ut (x; 0) = 0 : (10)

First, we choosekd = 1 and study the response for® = 1 :25; 1:50; 1:75; 2:00.
The tip end movement over time is shown in Fig. 1. The evolution

of the whole string displacement is shown in Fig. 2 through Fig. 5.
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Figure 1. Tip end movement over time for di®erent ®

Figure 2. Evolution of the whole string for ® = 1 :25

We can see that controller (8) still stabilizes the fractional wave
equation. The ¯xed controller gain kd = 1 provides the shortest con-
vergence time on the system with® = 2. The response for® = 2 (wave
equation) becomes zero fort > 2, an already well-known result [4].
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Figure 3. Evolution of the whole string for ® = 1 :50

Figure 4. Evolution of the whole string for ® = 1 :75

Next, for a ¯xed ® = 1 :5, we study the response for di®erent con-
troller gains kd = 0 :25; 0:50; 1:00; 2:00, among which kd = 1 :00 is
already studied.

The tip end movement over time is shown in Fig. 6. The evolution
of the whole string displacement is shown in Fig. 7 through Fig. 9.

We can see that whenkd increases from 0:25 to 2:00, the system
changes from underdamped to overdamped, becausekd is a derivative
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Figure 5. Evolution of the whole string for ® = 2 :00
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Figure 6. Tip end movement over time for di®erent kd .

gain. Once again, the simulation results show that controller (8) still
works for the boundary control of the fractional wave equation.
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Figure 7. Evolution of the whole string for kd = 0 :25

Figure 8. Evolution of the whole string for kd = 0 :50

5. Disturbance Rejection

In this section, we assume that a disturbance forcen(t) is added at
the same point where the boundary control signal enters. We further
assume thatn(t) is a sinusoidal disturbance signal with unknown am-
plitude and phase but with a known frequency ! . Together with the
boundary control signal [11] (kd + ks

s2+ ! 2 )ût (1; s), the overall applied
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Figure 9. Evolution of the whole string for kd = 2 :00

boundary force is given by

f̂ (s) = ( kd +
ks

s2 + ! 2 )ût (1; s) + n̂(s); (11)

where f̂ (s) is the Laplace transform of the combination of boundary
control force and disturbance forcen(t); n̂(s) is the Laplace transform
of n(t); ût (1; s) is the Laplace transform of the velocity of the free end;
kd and k are the control gains.

The above boundary controller (11) was proposed in [11] to reject
the noise for the boundary control of wave equation. The e®ectiveness
of (11) when applied to the boundary control of the fractional wave
equation is still unknown. Here, again, we use simulation results to
verify the feasibility. In our simulation, the disturbance n(t) is chosen
as

n(t) = sin(10 t): (12)

We ¯rst study the response for kd = 1 and k = 0, i.e., the dynamic
part of the controller is turned o®, for ® = 1 :25; 1:50; 1:75; 2:00.

The tip end movement over time is shown in Fig. 10. The evolution
of the whole string displacement is shown in Fig. 11 through Fig. 14.

We can see that although the performance is severely degraded with
the presence of the noise for all®, the smaller ® is, the less the response
is a®ected by the noise. This is because the lower order derivatives help
reduce the level of noise [10].
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Figure 10. Tip end movement over time for di®erent ®

Figure 11. Evolution of the whole string for ® = 1 :25

Next we will study the response forkd = 1 and k = 10. The tip end
movement over time is shown in Fig. 15. The evolution of the whole
string displacement is shown in Fig. 16 through Fig. 19.

Simulation results show that controller (11) still applies to the bound-
ary control of the fractional wave equation. Since the lowerorder deriva-
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Figure 12. Evolution of the whole string for ® = 1 :50

Figure 13. Evolution of the whole string for ® = 1 :75

tives reduce the a®ect of the noise, better performance than in the wave
equation case can be obtained.

6. Concluding Remarks

We have studied two controllers, already applied to the boundary
control of wave equation, on the boundary control of fractional wave
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Figure 14. Evolution of the whole string for ® = 2 :00
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Figure 15. Tip end movement over time for di®erent ®

equation. Simulation results show that the studied controllers are ap-
plicable for the boundary control of the fractional wave equation. For
noise rejection, since the time derivative of fractional wave equation is
lower than that of the wave equation, the performance is evenbetter.
Boundary control of fractional di®usion and wave equations is a new
research topic. Based on the experience from the boundary control
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Figure 16. Evolution of the whole string for ® = 1 :25

Figure 17. Evolution of the whole string for ® = 1 :50

of the di®usion and wave equations, controllers better suited for the
fractional di®usion and wave equations are expected to be explored in
the future.
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Figure 18. Evolution of the whole string for ® = 1 :75

Figure 19. Evolution of the whole string for ® = 2 :00
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