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Abstract — A class of evolution systems described by the one-dimensional frac-
tional wave equation subject to a fractional order boundary controlleoissidered.
Via hybrid symbolic and numerical simulation and parameter optimization pis
per has con rmed that the fractional order boundary controller notyocan stabi-

lize the fractional wave equation, but performs better than an integer drdendary
controller as well.

1 Introduction

Fractional diffusion and wave equations are obtained frioendassical diffusion and
wave equations by replacing the rst and second order tinmeakive term by a fractional
derivative of an order satisfying < landl < 2, respectively. Since many
of the universal phenomenons can be modelled accuratelg tise fractional diffusion
and wave equations (see [1]), there has been a growing shi@révestigating the so-
lutions and properties of these evolution equations. Rebdaas been focused on the
analytical solution to the fractional diffusion and waveuations (see [2], [3], [4], and
[5]). Compared with the publications on the control of the eaguation (see [6], [7],
[8], [9], and [10]), research results on the control of fracal wave equations are very
few (see [11]). In [12], the impulse response of a fractiomave equation with fractional
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order boundary conditions is studied. In this paper, annsiom of [13], we study the
stabilization of a cable governed by the fractional waveagign using a fractional or-
der boundary controller. The major contribution of this @ajs that, for the rst time,
we have con rmed, via symbolic algebra, numerical simalatiand optimization, that a
fractional order boundary controller not only stabilizbe fractional wave equation, but
also performs better than an integer order boundary cdettrol

The paper is organized as follows. In Sec. 2, we give the madkieal description of
boundary control of the fractional wave equation. In Seow8,brie y summarize the
simulation and optimization methods used. In Sec. 4, thtopaance comparison be-
tween the fractional order controller and the integer ootetroller is presented. Section
5 investigates the robustness advantages of the fractiodei controller over the integer
order controller. Finally, Sec. 6 concludes this paper.

2 Problem Formulation

We consider a cable made with special smart materials gedéan the fractional wave
equation, xed at one end, and stabilized by a boundary cotiatrat the other end. Omit-
ting the mass of the cable, the system can be represented by

g:: g‘;{; 1< 2 x2[01 t O (1)
u@;t) =0; (2)

ux(1;t) = f(t); (3)

u(x; 0) = Up(x); (4)

ut(X; 0) = Vo(X); (5)

whereu(x;t) is the displacement of the cablexa? [0; 1]andt O, f (t) is the boundary
control force at the free end of the cabig(x) andvy(x) are the initial conditions of
displacement and velocity, respectively.
The control objective is to stabiliag(x; t), given the initial conditions (4) and (5).
We adopt the following de nition for the fractional derive¢ of order of function
f (t) (see [4] and [14]),

( .
d - fM@E) if =n2N;
a ' WF e fo itn 1< <n; (6)
where the denotes the time convolution between two functions.
In this paper, we study the performance and properties afakers in the following
format:
d u(1;t)
d
wherek is the controller gain, is the order of fractional derivative of the displacement
at the free end of the cable.
When = 1, the controller (7) is called integer order controller aras lbeen widely
used in the boundary control of wave equations and beamiegegsee [7], [15], and

f()= k 0< 1 )
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[16]). The effectiveness has also been veri ed when apgiethe boundary control of
fractional wave equation in [11]. Whéh< < 1, can controller (7) stabilize the system?
What advantages does a fractional order controller haveioteger order controllers?
These are the questions this paper tries to answer.

3 The Numerical Methods and Parameter Optimization Techniques

The solutionto (1)-(5) and (7), be it analytical or numekicastill an unsolved problem.
Combining symbolic algebra and numerical computation, weldped a method which
is capable of solving a wide range of boundary control pnoisiéor fractional diffusion-
wave equations. Here, we summarize the solution stepslas/fol

1. Take the Laplace transform of (1)-(5) and (7) with respett Based on the de ni-

tion of (6), the Laplace transform of the fractional dernivats
( )
X 1
L d =s F(s) fkO*)s 1K (8)

dt k=0
Thus, the original PDE af(x; t) with initial and boundary conditions is transformed
into an ODE ofU(x; s) with boundary conditions. The resulting ODE is hard to
solve manually due to the complicity of fractional wave etiprg fractional order

controller, and the initial conditions.

2. Call the Matlab Symbolic Math Toolbox functiatsolve()  to symbolically solve
the ODE. Althoughdsolve() is able to determine the arbitrary constants in the
solution using the boundary or initial condition(s), we titat its capability is weak.
Here, we feed only the ODE &#(x;s) to dsolve() rather than provide both the
ODE of U(x;s) and the boundary conditions. The expressiotJ¢f; s) with two
arbitrary constant€1 andC2, which are to be determined later, can be obtained.

3. Using Matlab Symbolic Math Toolbox functiafiff() , differentiateU(x; s) with
respect tox to get the derivatives of)(x;s). SubstitutingU(x; s and its deriva-
tives into the Laplace transform of (2) and (3), we can get égoations with two
unknownsC1 andC2.

4. Passing the two equations obtained in the last step to @&l Symbolic Math
Toolbox functionsolve()  to determine the constan@l andC2. Now, we have
obtained the explicit expression Of(x; s), which is usually an extremely long ex-
pression.

5. Due to the complicity oJ(x; s), its analytical inverse Laplace transform is usually
unavailable. We apply the numerical inverse Laplace t@ans{see [17])tdJ(X; S)
to obtain the numerical solution.

Following the above steps, the solution of (1)-(5) and () lsa obtained, which in turn
can be used to verify the effectiveness of a fractional ocdetroller.

Another objective of this paper is to compare the perforrearidractional order bound-
ary controllers and integer order boundary controllersctvisan only be achieved when
the optimal fractional order controller is compared witle thptimal integer order con-
troller. In this paper, we de ne the following objective fction, equivalent to comparing
the settling time which is easier to implement.
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For integer order boundary controllers£€ 1), we seek the best gaknto
min - J(k) = max(abg(u(1;1))); t2 [t T;t] 9)

Subject to: k > 0. For fractional order boundary controllef® € 1), the task
to to nd the best gairk and the fractional order to

rrk1_in J(k; )=max(u(1;t)); t2[tr T;te] (10)

Subject to: k > 0andO0 < 1. In the above optimization taska(1;t) is the
displacement of the free end of the calileis the total time of simulationT is the time
period to optimize within the time intervftk T t; ] which is determined by trial-and-
error.

The optimization program we chose$®IlvOpt (see [18]), a free program for local
nonlinear optimization problems.

4 Performance Comparison

To test if fractional order boundary controllers can be usestabilize the fractional
wave equation, the following three different systems weraukated

—Casel: =1:1k=0:1, =0:5
— Case2: =15 k=0:1;, =0:7,
—Case3: =19 k=0:2, =020
All cases have the same initial conditions

Up(x) = sin(0:5x); vo(x)=0: (11)

Remark 4.1 In Case 3k = 0:2 were chosen rather thak = 0:1, because when the
fractional wave equation is closer to the wave equation ( 1), the response tends to
oscillate and needs a larger damping to stabilize quicker.

The descriptions of the simulation results are summarisddlbows:

— For =1:1, the displacement of the free end is shown in Fig. 1. The digrhent
of the whole cable for = 0:7 is shown in Fig. 2.

— For = 1:5, the displacement of the free end is shown in Fig. 3. The dtgrhent
of the whole cable for = 0:7is shown in Fig. 4.

— For =1:9, the displacement of the free end is shown in Fig. 5. The dtgrhent
of the whole cable for = 0:7is shown in Fig. 6.

The simulation results show that all simulated boundarytrodiers can stabilize the
systems. It is also shown that smallemeans smaller overshoot and longer rise time,
and vice versa.

Next, we will study the performance comparison betweenrthetibnal order boundary
controller and the integer order boundary controller.
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Figure 1: Displacement of the free end= 1:1
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Figure 2: Displacement of the whole cabler 0:7
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Figure 3: Displacement of the free ends= 1:5
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Figure 4: Displacement of the whole cables 0:7
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Figure 5: Displacement of the free ends= 1:9
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Figure 6: Displacement of the whole cables 0:7



LIANG, CHEN, VINAGRE AND PODLUBNY

0.2

u(1,t)

Figure 7: Displacement of the freeend=1; k=1; =1
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Figure 8: Displacement of the whole cablez 1; k=1; =1
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First, we will nd the optimal fractional boundary contrell applied to the classical
wave equation ( = 1) using the initial condition (11)k and are initialized ak = 1
and =0:5. The optimal values df and turnouttobek =1; =1, which means
the integer order boundary controller achieves the bestqeance. The displacement of
the free end and the whole cable are shown in Fig.7 and Figsfectively.

We can see that the response becomes zetofa2, an already well-known result (see
[19]).

Is the integer order boundary controller always better thariractional order boundary
controller? Let us try the fractional wave equation witl= 1:5. The optimal fractional
order controller turns out to de = 0:7608and = 0:9275 The optimal integer order
boundary controller is with gaik = 1:1453

The comparison of the free end displacement between thenabfractional order
boundary controller and optimal integer order boundarytr@dier is shown in Fig. 9.
From Fig. 9 we can see that the response to the optimal freedtmrder boundary con-
troller not only has shorter rise time and settling time,ddsb has no overshoot. The plots
of the displacement of the whole cable are shown in Fig. 10Fagdl1, respectively.

0.2

02 , g .

u(1,t)

-04 + . y -

— — optimal fractional order controller
—— optimal integer order controller

-08 / .

Figure 9: Comparison between two optimal boundary contofier =1:5

Finally, we study the case of = 1:1, in which the fractional wave is much closer to
the diffusion equation than to the wave equation. The optfraational order controller
isk =0:2455 = 0:8882and optimal integer order controllerks = 0:6787 The
comparison of the free end displacement is shown in Fig. 12c& see that the optimal
fractional order boundary controller is again much bettantthe optimal integer order
boundary controller. The displacements of the whole caldecamapred in Fig. 13 and
Fig. 14, respectively.
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Figure 10: Displacement of the whole cabler 1:5, optimal fractional order boundary
controller

u(x,t)

Figure 11: Displacement of the whole cable= 1:5, optimal integer order boundary
controller
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Figure 12: Comparison between two optimal boundary comtrefior =1:1
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Figure 13: Displacement of the whole cabler 1:1, optimal fractional order boundary
controller
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Figure 14: Displacement of the whole cable= 1:1, optimal integer order boundary
controller

5 Robustness of the fractional order controller aganinst noises

The performance advantages of the fractional order coatred the integer order con-
troller are shown in Sec. 4. In this section, we will inveati the robustness of the
fractional order controller compared with the integer orcantroller, speci cally, the ro-
bustness against the measurement noises. For some dranptamentations that the
tip end velocity is calculated with nite differentiatiorthe possible high level of mea-
surement noises will reduce the accuracy of the calculaéxtity, which may make the
control performance unacceptable. In these situatioedpther oder fractional derivative
is expected to reduce the noise level (see [10]).

In the following simulations, the measurementudt;t) is added with a ve Hz sinu-
soidal noise

Us = 0:1cos(10t) (12)
Other parameters in the simulations are choose as
=175 k=1
Three different derivative control laws, = 1, = 0:85 and = 0:7 are tested.

The tip end displacements for the three cases are shown .il%idrig. 16, and Fig. 17,
respectively. We can see that although the response timewers the fractional order
controllers do have robustness advantages over the inteder controller. The exact
comparison of response time (de ned here as time to reach 0:02) and magnitude of
vibration aftert = 70secis shown in Table 1.

An interesting phenomenon occurs if we re-make the abowgstabss comparisons for
the standard wave equation. Although the fractional ordetroller is still more robust
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Figure 15: Tip end displacement,=1:75, =1
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Figure 16: Tip end displacement,= 1:75 =0:85
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Figure 17: Tip end displacement,= 1:75 =0:7

Table 1: Responsiveness and robustness comparison betiaetarfal order controller
and integer order controller

response time vibration magnitude
=1 2:68s 0:06

=0:85 1330s 0:04

=0:7 5932 0:02
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than the integer order controller, the advantage can nobberwed from the plots of the

tip end displacement, as shown in Fig. 18. Rather, the adyestare shown in the 3D

plots of displacement of the whole string, Fig. 19 and Fig. 20 cases of = 1 and
= 0:7, respectively.
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Figure 18: Tip end displacement for=1 and =0:7

6 Concluding Remarks

We have studied the fractional order boundary controll@tiag to the boundary control
of fractional wave equations. Simulation results show thatstudied fractional order
boundary controllers not only are applicable, but also istheases better than the integer
order boundary controller. The boundary controllers cbesd in this paper are still in a
very simple form. How to design fractional order contradléest suited for the fractional
diffusion-wave equations will be a new future researchdopi
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Figure 19: Tip end displacement,= 2,
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Figure 20: Tip end displacement,=2, =0:7



FRACTIONAL ORDER BOUNDARY STABILIZATION FOR FRACTIONAL WA/E EQU.

References

[1] R. R. Nigmatullin. Realization of the generalized transéguation in a medium
with fractal geometryPhys. Stat. Sol. (h133:425-430, 1986.

[2] W. Wyss. The fractional diffusion equation]. Math. Phys. 27(11):2782-2785,
1986.

[3] W.R. Schneider. Fractional diffusion and wave equatibMath. Phys.30(1):134—
144, 1989.

[4] F. Mainardi and P. Paradisi. A model of diffusive wavewiscoelasticity based on
fractional calculus. IrProceedings of the 36th IEEE Conference on Decision and
Control, Hyatt Regency San Diego, Californi997.

[5] Om P. Agrawal. Solution for a fractional diffusion-wawguation de ned in a
bounded domainNonlinear Dynamics29:145-155, 2002.

[6] Omer Mordil. An exponential stability result for the wave equatiohutomatica
38:731-735, 2002.

[7] G. Chen. Energy decay estimates and exact boundary vahteotlability for the
wave equation in a bounded domaih.Math. Pure. App).58:249-273, 1979.

[8] O. Morgil. Stabilization and disturbance rejection for the waveatipn. IEEE
Trans. Automat. Contr43(1):89-95, 1998.

[9] R. Datko, J. Lagnese, and M. P. Polis. An example on thecetiétime delays
in boundary feedback stabilization of wave equatior®&AM J. Control Optim.
24:152-156, 1986.

[10] B. Mbodje and G. Montseny. Boundary fractional derivatsontrol of the wave
equation.lEEE Trans. Automat. Cont40(2):378-382, 1995.

[11] J. Liang, Y. Q. Chen, and R. Fullmer. Simulation studiestenboundary stabiliza-
tion and disturbance rejection for fractional diffusiowe equation. IIProceedings
of the 2004 IEEE American Control Conferen2604.

[12] Denis Matignon and Brigitte d’Andra Novel. Spectral and time-domain conse-
guences of an integro-differential perturbation of the @BDE. InSIAM proc. of
the third international conference on mathematical and atioal aspects of wave
propagation phenomena, Frangeages 769-771, 1995.

[13] Jinsong Liang, YangQuan Chen, Blas M. Vinagre, and Igatlidany. Boundary
stabilization of a fractional wave equation via a fractiom@er boundary controller.
In Proceedings of The First IFAC Symposium on Fractional Defféiation and its
Applications, Bordeaux, France, July 19;ZD04.

[14] F. Mainardi. Fractional relaxation-oscillation anddtional diffusion-wave phenom-
ena.Chaos, Solitons, and Fractalg(9):1461-1477, 1996.



LIANG, CHEN, VINAGRE AND PODLUBNY

[15] Francis Conrad an®mer Morgil. On the stability of a exible beam with a tip
mass.SIAM Journal of Control and OptimizatioB6(6):1962—1986, 1998.

[16] G. Chen, M. C. Delfour, A. M. Krall, and G. Payre. Modellingtabilization and
control of serially connected beantSIAM J. Contr. Optimiz.25:526-546, 1987.

[17] Lubomr Branc’k. Programs for fast numerical inversion of Laplace transfs in
Matlab language enviroment. Konference MATLAB9 ZCU Plzenpages 27-39,
1999.

[18] Alexei Kuntsevich and Franz KappelSolvOpt : the solver for local nonlinear
optimization problemsl997.

[19] G. Chen and J. Zhou. The wave propagation method for ta&/sis of boundary
stabilization in vibrating structureSIAM J. Appl. Math.50(5):1254-1283, 1990.

About the Authors

Jinsong Liangreceived his Ph.D. from the Mechanical and Aerospace Engineegpg Bf Utah
State University in 2005 and he is presently a M.Sc. candidate at the EleetndaComputer
Engineering Department at Utah State University.

YangQuan Chenis presently an assistant professor of Electrical and Computer Enigigeer
Dept. and the Acting Director for CSOIS (Center for Self-Organizing &lligent Systems,
www.csois.usu.edu ) at Utah State University. He obtained his Ph.D. from Nanyang Tech.
Univ. (NTU), Singapore in 1998. His current research interests decftactional order dynamic
systems and control, distributed parameter systems and control, mobile aetu@teensor net-
works, iterative learning control and interval computation.

Blas M. Vinagre received his M.Sc. degree in Telecommunications Engineering and the Ph.D.
degree in Industrial Engineering in 1985 and 2001, respectively. ddisarch focuses on control
theory and applications of fractional calculus in control, robotics andhsjgocessing.

Igor Podlubny is now the Head of the Dept. of Informatization and Control of Processesilty
BERG, Technical University of Kosice, Slovak Republic. He obtainedumsversity Professor
title in 2001 awarded by the President of the Slovak Republic and his Witiwéocent habili-
tation in 1995 in process control, Technical University of Kosice. Heikat his PhD in 1989
in differential equations and mathematical physics from Odessa Staterklhjiv®dessa, Ukraine
(former USSR).



