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Abstract — A class of evolution systems described by the one-dimensional frac-
tional wave equation subject to a fractional order boundary controller is considered.
Via hybrid symbolic and numerical simulation and parameter optimization, thispa-
per has con�rmed that the fractional order boundary controller not only can stabi-
lize the fractional wave equation, but performs better than an integer orderboundary
controller as well.

1 Introduction

Fractional diffusion and wave equations are obtained from the classical diffusion and
wave equations by replacing the �rst and second order time derivative term by a fractional
derivative of an order satisfying0 < � � 1 and1 < � � 2, respectively. Since many
of the universal phenomenons can be modelled accurately using the fractional diffusion
and wave equations (see [1]), there has been a growing interest in investigating the so-
lutions and properties of these evolution equations. Research has been focused on the
analytical solution to the fractional diffusion and wave equations (see [2], [3], [4], and
[5]). Compared with the publications on the control of the wave equation (see [6], [7],
[8], [9], and [10]), research results on the control of fractional wave equations are very
few (see [11]). In [12], the impulse response of a fractionalwave equation with fractional
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order boundary conditions is studied. In this paper, an extension of [13], we study the
stabilization of a cable governed by the fractional wave equation using a fractional or-
der boundary controller. The major contribution of this paper is that, for the �rst time,
we have con�rmed, via symbolic algebra, numerical simulation, and optimization, that a
fractional order boundary controller not only stabilizes the fractional wave equation, but
also performs better than an integer order boundary controller.

The paper is organized as follows. In Sec. 2, we give the mathematical description of
boundary control of the fractional wave equation. In Sec. 3,we brie�y summarize the
simulation and optimization methods used. In Sec. 4, the performance comparison be-
tween the fractional order controller and the integer ordercontroller is presented. Section
5 investigates the robustness advantages of the fractionalorder controller over the integer
order controller. Finally, Sec. 6 concludes this paper.

2 Problem Formulation

We consider a cable made with special smart materials governed by the fractional wave
equation, �xed at one end, and stabilized by a boundary controller at the other end. Omit-
ting the mass of the cable, the system can be represented by

@� u
@t�

=
@2u
@x2

; 1 < � � 2; x 2 [0; 1]; t � 0 (1)

u(0; t) = 0 ; (2)

ux (1; t) = f (t); (3)

u(x; 0) = u0(x); (4)

ut (x; 0) = v0(x); (5)

whereu(x; t ) is the displacement of the cable atx 2 [0; 1] andt � 0, f (t) is the boundary
control force at the free end of the cable,u0(x) andv0(x) are the initial conditions of
displacement and velocity, respectively.

The control objective is to stabilizeu(x; t ), given the initial conditions (4) and (5).
We adopt the following de�nition for the fractional derivative of order� of function

f (t) (see [4] and [14]),

d�

dt �
f (t) :=

(
f (n)(t) if � = n 2 N;
tn � � � 1

�( n� � ) � f (n)(t) if n � 1 < � < n;
(6)

where the� denotes the time convolution between two functions.
In this paper, we study the performance and properties of controllers in the following

format:

f (t) = � k
d� u(1; t)

dt �
; 0 < � � 1 (7)

wherek is the controller gain,� is the order of fractional derivative of the displacement
at the free end of the cable.

When� = 1, the controller (7) is called integer order controller and has been widely
used in the boundary control of wave equations and beam equations (see [7], [15], and
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[16]). The effectiveness has also been veri�ed when appliedto the boundary control of
fractional wave equation in [11]. When0 < � < 1, can controller (7) stabilize the system?
What advantages does a fractional order controller have overinteger order controllers?
These are the questions this paper tries to answer.

3 The Numerical Methods and Parameter Optimization Techniques

The solution to (1)-(5) and (7), be it analytical or numerical, is still an unsolved problem.
Combining symbolic algebra and numerical computation, we developed a method which
is capable of solving a wide range of boundary control problems for fractional diffusion-
wave equations. Here, we summarize the solution steps as follows.

1. Take the Laplace transform of (1)-(5) and (7) with respectto t. Based on the de�ni-
tion of (6), the Laplace transform of the fractional derivative is

L

(
d�

dt �

)

= s� F (s) �
n� 1X

k=0

f k(0+ )s� � 1� k (8)

Thus, the original PDE ofu(x; t ) with initial and boundary conditions is transformed
into an ODE ofU(x; s) with boundary conditions. The resulting ODE is hard to
solve manually due to the complicity of fractional wave equation, fractional order
controller, and the initial conditions.

2. Call the Matlab Symbolic Math Toolbox functiondsolve() to symbolically solve
the ODE. Althoughdsolve() is able to determine the arbitrary constants in the
solution using the boundary or initial condition(s), we �ndthat its capability is weak.
Here, we feed only the ODE ofU(x; s) to dsolve() rather than provide both the
ODE of U(x; s) and the boundary conditions. The expression ofU(x; s) with two
arbitrary constantsC1 andC2, which are to be determined later, can be obtained.

3. Using Matlab Symbolic Math Toolbox functiondiff() , differentiateU(x; s) with
respect tox to get the derivatives ofU(x; s). SubstitutingU(x; s and its deriva-
tives into the Laplace transform of (2) and (3), we can get twoequations with two
unknownsC1 andC2.

4. Passing the two equations obtained in the last step to the Matlab Symbolic Math
Toolbox functionsolve() to determine the constantsC1 andC2. Now, we have
obtained the explicit expression ofU(x; s), which is usually an extremely long ex-
pression.

5. Due to the complicity ofU(x; s), its analytical inverse Laplace transform is usually
unavailable. We apply the numerical inverse Laplace transform (see [17])toU(x; s)
to obtain the numerical solution.

Following the above steps, the solution of (1)-(5) and (7) can be obtained, which in turn
can be used to verify the effectiveness of a fractional ordercontroller.

Another objective of this paper is to compare the performance of fractional order bound-
ary controllers and integer order boundary controllers, which can only be achieved when
the optimal fractional order controller is compared with the optimal integer order con-
troller. In this paper, we de�ne the following objective function, equivalent to comparing
the settling time which is easier to implement.
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For integer order boundary controllers (� = 1), we seek the best gaink to

min
k

J (k) = max( abs((u(1; t))) ; t 2 [t f � T; tf ] (9)

Subject to: k > 0. For fractional order boundary controllers (0 < � � 1), the task
to to �nd the best gaink and the fractional order� to

min
k;�

J (k; � ) = max( u(1; t)) ; t 2 [t f � T; tf ] (10)

Subject to: k > 0 and0 < � � 1. In the above optimization tasks,u(1; t) is the
displacement of the free end of the cable;t f is the total time of simulation;T is the time
period to optimize within the time interval[t f � T; tf ] which is determined by trial-and-
error.

The optimization program we chose isSolvOpt (see [18]), a free program for local
nonlinear optimization problems.

4 Performance Comparison

To test if fractional order boundary controllers can be usedto stabilize the fractional
wave equation, the following three different systems were simulated

– Case 1: � = 1:1; k = 0:1; � = 0:5,

– Case 2: � = 1:5; k = 0:1; � = 0:7,

– Case 3: � = 1:9; k = 0:2; � = 0:9.

All cases have the same initial conditions

u0(x) = � sin(0:5�x ); v0(x) = 0 : (11)

Remark 4.1 In Case 3,k = 0:2 were chosen rather thank = 0:1, because when the
fractional wave equation is closer to the wave equation (� ! 1), the response tends to
oscillate and needs a larger damping to stabilize quicker.

The descriptions of the simulation results are summarized as follows:

– For � = 1:1, the displacement of the free end is shown in Fig. 1. The displacement
of the whole cable for� = 0:7 is shown in Fig. 2.

– For � = 1:5, the displacement of the free end is shown in Fig. 3. The displacement
of the whole cable for� = 0:7 is shown in Fig. 4.

– For � = 1:9, the displacement of the free end is shown in Fig. 5. The displacement
of the whole cable for� = 0:7 is shown in Fig. 6.

The simulation results show that all simulated boundary controllers can stabilize the
systems. It is also shown that smaller� means smaller overshoot and longer rise time,
and vice versa.

Next, we will study the performance comparison between the fractional order boundary
controller and the integer order boundary controller.
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Figure 1: Displacement of the free end,� = 1:1

Figure 2: Displacement of the whole cable,� = 0:7
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Figure 3: Displacement of the free end,� = 1:5

Figure 4: Displacement of the whole cable,� = 0:7
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Figure 5: Displacement of the free end,� = 1:9

Figure 6: Displacement of the whole cable,� = 0:7
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Figure 7: Displacement of the free end,� = 1; k = 1; � = 1

Figure 8: Displacement of the whole cable,� = 1; k = 1; � = 1
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First, we will �nd the optimal fractional boundary controller applied to the classical
wave equation (� = 1) using the initial condition (11).k and� are initialized ask = 1
and� = 0:5. The optimal values ofk and� turn out to bek� = 1; � � = 1, which means
the integer order boundary controller achieves the best performance. The displacement of
the free end and the whole cable are shown in Fig.7 and Fig.8, respectively.

We can see that the response becomes zero fort > 2, an already well-known result (see
[19]).

Is the integer order boundary controller always better thanthe fractional order boundary
controller? Let us try the fractional wave equation with� = 1:5. The optimal fractional
order controller turns out to bek� = 0:7608and� � = 0:9275. The optimal integer order
boundary controller is with gaink� = 1:1453.

The comparison of the free end displacement between the optimal fractional order
boundary controller and optimal integer order boundary controller is shown in Fig. 9.
From Fig. 9 we can see that the response to the optimal fractional order boundary con-
troller not only has shorter rise time and settling time, butalso has no overshoot. The plots
of the displacement of the whole cable are shown in Fig. 10 andFig. 11, respectively.
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Figure 9: Comparison between two optimal boundary controllers for � = 1:5

Finally, we study the case of� = 1:1, in which the fractional wave is much closer to
the diffusion equation than to the wave equation. The optimal fractional order controller
is k� = 0:2455; � � = 0:8882and optimal integer order controller isk� = 0:6787. The
comparison of the free end displacement is shown in Fig. 12. We can see that the optimal
fractional order boundary controller is again much better than the optimal integer order
boundary controller. The displacements of the whole cable are comapred in Fig. 13 and
Fig. 14, respectively.
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Figure 10: Displacement of the whole cable,� = 1:5, optimal fractional order boundary
controller

Figure 11: Displacement of the whole cable,� = 1:5, optimal integer order boundary
controller
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Figure 12: Comparison between two optimal boundary controllers for� = 1:1

Figure 13: Displacement of the whole cable,� = 1:1, optimal fractional order boundary
controller
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Figure 14: Displacement of the whole cable,� = 1:1, optimal integer order boundary
controller

5 Robustness of the fractional order controller aganinst noises

The performance advantages of the fractional order controlover the integer order con-
troller are shown in Sec. 4. In this section, we will investigate the robustness of the
fractional order controller compared with the integer order controller, speci�cally, the ro-
bustness against the measurement noises. For some practical implementations that the
tip end velocity is calculated with �nite differentiation,the possible high level of mea-
surement noises will reduce the accuracy of the calculated velocity, which may make the
control performance unacceptable. In these situations, the lower oder fractional derivative
is expected to reduce the noise level (see [10]).

In the following simulations, the measurement ofu(1; t) is added with a �ve Hz sinu-
soidal noise

us = 0:1 cos(10�t ) (12)

Other parameters in the simulations are choose as

� = 1:75; k = 1

Three different derivative control laws,� = 1, � = 0:85, and � = 0:7 are tested.
The tip end displacements for the three cases are shown in Fig. 15, Fig. 16, and Fig. 17,
respectively. We can see that although the response time is slower, the fractional order
controllers do have robustness advantages over the integerorder controller. The exact
comparison of response time (de�ned here as time to reachu = � 0:02) and magnitude of
vibration aftert = 70secis shown in Table 1.

An interesting phenomenon occurs if we re-make the above robustness comparisons for
the standard wave equation. Although the fractional order controller is still more robust
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Figure 15: Tip end displacement,� = 1:75, � = 1
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Figure 16: Tip end displacement,� = 1:75, � = 0:85
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Figure 17: Tip end displacement,� = 1:75, � = 0:7

Table 1: Responsiveness and robustness comparison between fractional order controller
and integer order controller

response time vibration magnitude
� = 1 2:68s 0:06

� = 0:85 13:30s 0:04
� = 0:7 59:32s 0:02
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than the integer order controller, the advantage can not be observed from the plots of the
tip end displacement, as shown in Fig. 18. Rather, the advantages are shown in the 3D
plots of displacement of the whole string, Fig. 19 and Fig. 20, for cases of� = 1 and
� = 0:7, respectively.
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Figure 18: Tip end displacement for� = 1 and� = 0:7

6 Concluding Remarks

We have studied the fractional order boundary controller applied to the boundary control
of fractional wave equations. Simulation results show thatthe studied fractional order
boundary controllers not only are applicable, but also in most cases better than the integer
order boundary controller. The boundary controllers considered in this paper are still in a
very simple form. How to design fractional order controllers best suited for the fractional
diffusion-wave equations will be a new future research topic.
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Figure 19: Tip end displacement,� = 2, � = 1

Figure 20: Tip end displacement,� = 2, � = 0:7
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