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Abstract — A simple iterative learning controller (ILC) together with a feedback
controller is proposed for the tracking control of uncertain discrete-tiroalimear
systems. A uniform bound of the tracking error is obtained in the pressimainded
uncertainty, disturbance and the re-initialization error. Control input sation is
also considered. Simulation illustrations are given to show the effectivefi¢gss o
proposed scheme.
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1 Introduction

Iterative Learning Control (ILG)has drawn increasing attentions for its simple ratio-
nale that the control performance improvement can be addafiom system’s repetitive
operations [1, 2, 3, 4]. Usually, ILC algorithms are implertezl in digital form. So,
the analysis of discrete-time ILC is important. Some reshéve been obtained for the
linear discrete-time systems [5, 6, 7]. Nonlinear disctete systems were considered in
[8, 9, 10]. The robustness analysis for time-varying uraerdiscrete-time systems were
considered by Saab [7, 11].

A feedback controller can either improve the transientgrentince of open-loop sys-
tems or can stabilize unstable systems. As a result, bdt@rperformance can be
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achieved by introducing a feedback loop. Then the systersidered is actually con-
trolled by an ILC controller in the iteration number dirextiand a feedback controller
in the time direction simultaneously. Under this framewdhie ILC convergence results
for continuous-time nonlinear systems were establishg@i3n14, 15]. In the discrete-
time case, however, no convergence and robustness reswtilable for ILC schemes
when a feedback controller is included. This paper is toestie problem by studying
a simple ILC updating law together with a feedback controlfe uniform bound of the
tracking error is obtained in the presence of bounded uaicgyt disturbance and the re-
initialization error. It is shown in this paper that the fitr@cking error bound is a clagds-
function [16] of the bounds of uncertainty, disturbance #rare-initialization error. In
practice, control input may be saturated. Therefore, itae anportant to consider this
problem in theoretical analysis. In [17], the saturationassidered as a box operator to
address the bounded input in iterative learning controd dfifferent way, the analysis of
this paper verifies the observation in [17] that the procésaaving an input back to a
bound if it exceeds it does not affect the contraction magppioperty.

The organization of this paper is as follows. In Sec. 2, ther@bproblem is formulated
with the proposed ILC scheme together with a feedback clhatrdcSome preliminaries
for the robust ILC convergence analysis are given in Sec.h& rain result of the ILC
convergence and robustness is given in Sec. 4. The detaibed is also given. Some
simulation illustrations are presented in Sec. 5 to vehfy eéffectiveness of the proposed
schemes. Finally, conclusions are drawn in Sec. 6.

The norms used in this paper are defined as follows:

n
Ioll= o 19| 1Gl= s 0= Loy D
wherev = [vy, -+ -, 9,]" is avectorG = [g; j]mxn IS @ Matrix.

2 Problem Statement

Consider the following discrete-time uncertain nonlinéaetvarying system:

{2 )= o0 4 Blord )+ ) ”
yi(t) = C(t);(t) + vi(t)

where: denotes the-th repetitive operation of the systeme {0,1,---, N}; z;(t) € R,
u;(t) € R™, and y;(t) € R" are the state, control input, and output of the system,
respectivelyC'(t) € R™" is a time-varying matrix; the function§-, ) : R" x [0, N| —
R*and B(-,-) : R" x [0, N] — R™ are uniformly globally Lipschitz inc, i.e.Vt €

[0, N1, Vi, 3 constants:;, kg, such that

AL < kpllAzi@®)], [AB@)] < ksl Axi(t)]]
whereA f;(t) £ f(z,(t), )~ f(zi1(t),£), AB(t) £ Blay(t),t)=B(z,1 (1), 1), Azi(t) £
x;i(t) — x;i—1(t); w;(t), vi(t) are uncertainty or disturbance to the system bounded with
unknown bounds,,, b, defined as

A A .
bu 2 sup i), b, 2 sup [lu(t)ll, Vi. 2
te[0,N] te[0,N]
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The problem is formulated as follows. Given a desired ttajgay,(¢), starting from an
arbitrary initial control inputu(¢), obtain the next control input, (¢) and the subsequent
series{u;(t) | i = 2,3,---} for system (1) by using a proper learning control updating
law in such a way that wheh — oo, y;(t) — yq4(t) + €* in the presence of bounded
uncertainty, disturbance and re-initialization error.

We propose an iterative learning controller together witbeadback controller to solve
the above problem as follows. At theth ILC iteration, the control input:;(¢) to the
system (1) is the output of a saturater, i.e.,

w;(t) = sat(u;(t)) (3)
wheresat(u;(t)) = [sat(uy, (1)), - -, sat(tm, (t)]" and

__jz‘ (t>7 if ‘ a]z<t> ’S ﬂ;
g, i |, () > @

(4)

O

sat (i, (1)) = {
wherej = 1,2,---,m and the saturation bound$ > 0. The saturater input is that

;i (t) = ul (t) + ul(t) (5)

whereu! (t) andu?(t) are the outputs of the fetatward iterative learning controller and
the feedback stabilizing controller, respectively. The overall figaration is shown in
Fig. 1.

The feedback stabilizing controller is assumed to be indiewing general form.

zit+1) = he(2(l)) + Ho(2i(1))ei(t), (6)
W(t) = he(u(t) + Halz(0))ei(t) )

wheree;(t) 2 ya(t) — y;(t) is the output tracking errok;(t) € R is the state of the
feedback stabilizing controller. Without loss of gendyalassumez;(0) = 0, Vi. The

vector-valued functiong,(-) : R" — R™ andh.(-) : R™ — R™ are designed to be
sector-bounded as

[1ha(z:i (DI < bny[l2: (O], The(z: @) < bn[l2:(0)]]-

The function matrice$i,(-) : R — R"*" andH,(-) : R" — R™*" are designed to be
uniformly bounded, i.e¥t € [0, N],Vz;(t) € R",

[ Hp(z:(D)|| < ba,, [|Halz:(0)]| < O,

whereb,,, by, by, b, are positive constants which may be unknown. An ILC updating
law is used, i.e., B

ul 1 (1) = wit) + Q()ei(t + 1) + Q(t)e(t) (8)
whereQ(t) andQ(t) arem x r learning matrices which are to be determined to ensure

the ILC convergence.
The following assumptions are imposed:
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Figure 1: Block-diagram oiterative learning controlfor system with a feedback con-

troller

Al). The re-initialization error is bounded as follow8,€ [0, N], Vi, ||z4(0) — z;(0)|| <

_____ i-th repetitiveoperation — — = T _I
; I
ul(t) o Ya(t)
wlt) saturater|plant vilt) !
+ + I
ul(t) I
FeedbaclC. |
I
O ~E ILC |
_________________ I
— T 7 7 [+T71)-threpefitive operaion T T T |
; |
U; 1(75} Wi (t
n Gin®) saturater|plant yirr () ~ va(t) |
- |
+ |4 + |
ub,  (t |
i1 () FeedbaclC. I
I
+ eiv1(t) |
O + ILC |
_________________ I
uz+2<t>

A
b$07 “yd(O) - y1<0)|| < bcbzo + by, wherebe = SUP¢e(0,N] HO(t)H
A2). Matrix C(-)B(-,-) has a full column rankt € [0, N|, x(t) € R".
A3). OperatorB(-, -) is bounded, i.e., there exists a constagnsuch that for al,

sup || Bi(t)[| < bs.
te[0,N]
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whereB;(t) = B(z;(t),t) for brevity.

A4). There exists a unique bounded desired input), ¢ € [0, N] such that when(t) =
uq(t), the system has a unique bounded desired state satisfying

{ za(t+1) = F(za(t),t) + B(za(t), tyua(t) 2 f4 + Baug )

ya(t) = C(D)aq(t) £ C(t)ay.

For a given desired outpyy(t), the desired input,(t) to achievey,(t) is inside the
saturation bounds, i.euq(t) = sat(uq(t)), Vt € [0, N].

3 Preliminaries

To analyze the robust convergence property of the propdsédalgorithm together
with a feedback controller, the following—norm is introduced for a discrete-time vector
h(t),t =0,1,---,N.

AN ~
I()][x = sup e~ [|h(1)]] (10)
te[0,N]

where\ > 0 whené > 1 or A < 0 whené € (0,1). The positive constant will be
specified later. It should be pointed out that thenorm used in this paper is equivalent
to the infinity-norm [11] becausgh(-)|[x < [|A(-)lle < [|2(-)[xé*, where the infinity-

A
norm [7(t)|oo = supycio,u 1(H)]] - |
To facilitate the later derivations, some basic relatiores @resented in the follow-
ing. The main purpose is to explore the relationship betwéén; ()|, + ||z (t)|») and

160! (£) || wheresu? (t) 2 uq(t) —ul (t), 6z:(t) £ za(t) —i(t). Also, we use the follow-
ing notations,, = sup,ciox llua(t); dus(t) £ ua(t) — wi(t); 6 fi(t) 2 fa— flai(t),t);
dB;(t) 2By — B;(t). Then, from (1) and (9), it can be obtained that

dzi(t+ 1) = 0fi(t) + 0 Bi(t)ug + Bi(t)ou;(t) — w;(t). (11)

Taking the norm for (11) yields
162; (¢ + 1)|| < (ks + bukp) |62 (2)]] + bp| 0w ()] + bu. (12)

¢, From (7), it can be seen that
lut )N < bn[lz:(E)]] + bl |62 (8[| + brr,bo- (13)

As uy(t) = sat(ug(t)), we have

6ui®) = Nualt) —sat(uf (t) + (1))
< N6uf () — wp (O < 15w/ @)1 + luf (2)]]- (14)

Then, (12) becomes

[6z:(t+ )| < (ks + bukp + bpbu,be)||0zi(t)]
+bpbn, || 2:(t) || + bp||ou! ()| + bbby + be. (15)
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On the other hand, it can be observed from (6) that
12:(t + DI < b, [[2:(0) | + b, be |62 () || + br, b (16)
Thus, adding (16) into (15) yields
(162: (¢ + DI+ [lzo(t + D) < e(lsza(®)]| + @) + balloul (O] +& (27)

where
é = max{ky + by, kp + bpbu,bc + bu,bc, b, +bpbp,} # 1;

(bm, + bebm, )by + by

IID (1>

It should be noted that asis a function of upper bounds shown in the abavean be
chosen not equal to 1. In this paper, without loss of gertgrale can suppose that> 0.
Iterating (17), we can get

102s(t + DIl + [l2:(t + DIl < €7 b, + Z 1 (b |6l ()] + €). (18)

7=0
The following facts are to be used when taking enorm (| A |> 1) operation of (18):
— llellx =l el, Ve e R;
= VA > 1, supyeu ¢ OV =1
— \V/tl S [O,Nﬂ,tz < [07N2], if 0 < Ny < Ny < N, thenH(;h(tl)”)\ < ||(5h(t2)||)\

Taking theA—norm ( A |> 1) operation of (18) gives

[0zi(®)]x + llzi(®)[[x = sup e ”{étberZAt T bpllsul ()] + )}

te[0,N] j=0

t—1
= by + sup Y e DTN 5wl ()|} + coé
tE[O,N]j =0

IN

by + bp|0ul (t)||x sup Ze (t=Dgt=3=1 4 coé
t€[0,N] j=0

bay +05O( A7) 16u] (1)1 + coé (19)

IN

where

Al — e (DN A é*()\*l)t(l _ ét)

oI s ——— =
(A1) a0 0 SR T

<1/(ée—1).
Furthermore, we denote

bo £ sup. 1R, bg 2 sup [|Q)], p= sup [[Im — QU)C(t+ 1)Bi(1)]|, Vi.

te[0,N te[0,N] te[0,N]
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4 Main Result

A main result for the learning convergence is presentedariadhowing theorem.

Theorem 4.1 Consider the repetitive discrete-time uncertain time-uagynonlinear
system (1) satisfying assumptions Al)-A4) which is underdh#ol of the ILC updating
law (8) and the feedback controller (6)-(7). Given a desiragectoryy,(t) over the fixed
time interval[0, N7}, if the condition

p <1, (20)

is satisfied, then tha-norm of the tracking errors;(t), du;(t), dx;(t) are bounded for
all 7. For a sufficiently large \ |, Vt € [0, N],

bur 2 Tim (|0 (£)[[x < bur (Bags buos b, (21)

by 2 lim [|0wi ()]s < bu(bag, b, bo), (22)

b 2 Tim [[62:()]1x < bag +55O( A | )bus + o, (23)
be 2 1lim [|e; (£)]| < beby + by (24)

Moreoverb,, b., b, are class# functions ob,,, b,, b,,, i.€.,b,, b,, b. converge uniformly
to zero as — oo in the absence of uncertainty, disturbance and re-initi@ion error,
I.e., asby, by, by, — 0.

Proof: The tracking error at the-th repetition is

€i(t) = ya(t) — ui(t) = C(t)oz:(t) — vi(t). (25)
Investigating the learning control deviation at {fie- 1)-th repetitionsu; +1(t) gives
Sul, (1) = dwi(t) — Q(t)es(t + 1)
= du(t) — Q)C(t+ 1)ox;(t + 1) + Q(t)vi(t + 1)
= —QU)C(1)dzi(t) + Qt)ui(t). (26)

¢, From (11), (26) can be written as

duli1(t) = Sui(t) = QUYC(t + DISF(8) + 0B,(t)ua + Bi(t)dus(t) — wi(0)]
—Q)C(t)oxi(t) + Qt)vi(t) + Qt)vi(t + 1). (27)
Collecting terms and then performing the norm operation2a) ield
[8ula (@)1 < plidus(t)| + [babe (ks + busks) + bgbel 18zi(B)]| 4 bo(bebu +by) + bah.

(28)
Based on (14) and (13), (28) becomes

16uf 1 ()] < pllou] ()] + gz ()] + [l ()]]) +e. (29)
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where N
o = HlaX{bec(kf + budkB) + beC + bHdbC/); bhcp}

and N
e = [bg(beby + by) + bgby + bp,byp).

By utilizing the relationship in (19), taking the—norm for (28) gives
16wl y ()15 < pllow! (@) |x + abpO(| A [T 16u] ()1 + abay + cof) +. (30)

Referring to (20), it is clear that a sufficiently large | can be used to ensure that

2

p+abgO(| X |H=p<1. (31)

Therefore, we have

€0

yAN
24 (be bu. by 32
1_/3 uf( 0 ) ( )

byr = lim [|0uf (t)] =

whereg Set a(by, + coé). From (19) and (25), (23) and (24) can be verified. It can be
observed from (19) that

e = T (|62 ()| + [126(0)]12) < bay +b5O0( A [Tbus + 02 (383)
Thus, from (14), (13) and by referring to (33), we have
by 2 lim ||6u;(£)||x < bus + max{ba,, b1, bc Hbus + brr,bo 2 bu(bugs bu, bo).  (34)

This verifies (22). Moreover, it is easy to observe that b, b, andb, will all tend to
zero uniformly fort = 0,1,---, N asi — oo in the absence of uncertainty, disturbance
and re-initialization error, i.e., when,, b,, b,,, — 0. n

5 Simulation lllustrations

To demonstrate the effectiveness of the proposed ILC schege¢her with a feedback
controller, a single-link manipulator model is used for glation studies.

5.1 Control Problem

— Model for Single-link Robotic Manipulator

The dynamic equation of the single-link manipulator modethie continuous-time
t’ domain is

n(4 1 / / 1.1 : /

o(t'") = j[T(t )+ ()] + j(§m0 + Mp)glsin6(t") (35)
whered(t') is the angular position of the manipulatar(t’) is the applied joint
torque;r,(t') is the exogenous disturbance torque;, [ are the mass and length of
the manipulator respectively/, is the mass of the tip loag,is the gravitational ac-
celeration and thd is the moment of inertia w.r.t the joint, i.el,= Myl* +mgl? /3.
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The parameters are given ag = 2Kg, M, = 4Kg and/ = 0.5m. g is set to
9.8m/<. Let the sampling period, = 0.01 sec. One can discretize the above model
by using simple Euler method in the same way of [8].
ot 4+ 1) = 2w5(t) — x1(t) + [7() + 7 (t)
+(0.5mg + My)gl sin(xy(t))|T2/J
where discrete time=0,1,---,100, x1(t) = 0(t), x2(t) = 0(t + 1).

— Control Task

The control objective is to track onto the desired trajaewover a fixed time inter-
val [0, 1] sec. The tracking error should tend to zero as the contrklisasxecuted
repeatedly. The desired trajectories are specified as

04(t) = Oy + (0 — 0;)(157) — 675 — 1075) (36)
where7, = tT;/(t; — to). In our simulation studies, we choo8g = 0°, 0; =
90°, tp = 0 and t; = 1. The initial states at each ILC repetition are all setto 0. The
ILC ends where,; < 1° wheree,; 2 SUPte(o,100] | Oa(t) — 0(t) |-

— Control Algorithm

Learning Controller:the following simple ILC updating law is used

uly (t) = wit) + Q(ei(t + 1) — es(t))

where() is the learning gain ane(t) = 0,(t) — 0;(t). The choose of) is based on
the condition of Theorem 4.1 where the parameters of thesyate assumed to be
uncertain. Note that hex@ is set to—().

To choose a suitabl@ which make the learning convergent, we need some knowl-
edge of the system. According to Theorem 4.1, we only needtovk/ and 7.

The optimal choice of) is to makep be 0. This giveQ* = J/T? = 10833. In

this simulation, we us& = 50. In this casep is 0.99. This implies that we have
assumed less knowledge of the system paramketer

Feedback Controllera simple P-controller

ul(t) = Kpei(t)
is applied together with the ILC.
5.2 Results and Discussions

Three situations are considered. In the first two situatithrere are no re-initialization
errors considered. In siutation 3, the random re-inita&lon errors are considered but
with no satuater used.

— Situation 1.Without control saturater.

Four cases are considered for different gdins
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Max. abs. tracking errorangle (deg.)

Figu

e Case 1K, = 0;
e Case 2K, = 10;
e Case 3K, = 20;

e Case 4k, = 30.

For Case 1, no feedback controller is used and the trackingllsbonly. Cases 2-4
are by ILC schemes together with feedback controllers. €halts are summarized
in Figure 2. It is observed that an improved ILC convergenedggomance can be
obtained when the ILC is applied together with a feedbackrotiar. It is inter-
esting to note that the ILC convergence speed improves,dacreases. However,
a larger tracking error is noted in the initial iteration kvia largerk,,. With this
observation, we can conclude that a suitably designed &xédtontroller is useful
for the iterative learning control.

The final converged controls are all the same for the fourscasthe first situation.
The control functions for various iterations are shown ig. Biwhere the maximum
amplitude ofuy(t) at the 100-th iteration is found to be around 36 Nm. It is also
found that, in some of the ILC iteration processes, the cbnfrt) exceeds 36 Nm
at some time instants.

120 T T T T T T T T T

100

80

60

40

20

Il Il Il
0 10 20 30 40 50 60 70 80 90 100
ILC iteration number

re 2: Convergence history comparison for schemes of IU€ f@edback controller:

without input saturater

Situation 2.With control saturater.

To illustrate that the ILC scheme analyzed in this papeilleffiective under control
saturation, we set a saturater limit = 36Nm according to A4), . Repeat the
same simulation as carried out in the first situation. Simigults are obtained
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10+ 7

_lo,

Control torque (Nm)

_30 -

_40 -

_50 1 1 1
o] 0.2 0.4 0.6 0.8 1
Time (sec.)

Figure 3: Control functions in various learning iteratiomsthout input saturaterk, =
0)

and summarized in Figure 4, which are consistent to the aisady this paper. The
control inputs at selected number of iterations are showfign 5. The control
saturation can be clearly displayed. As shown in Figs. 2 andmMay be useful to
improve learning transient by applying a control saturatenitial iterations.

— Situation 3.With random re-initialization errors but without contraltarater .

During the learning iteration, random re-initializatiorr@s are assumed with no
control saturater. The initial state are set(toand- 0. 5)*0. 01 rad where

r and is aMATLAB function to generate uniformly distributed random vargshin
[0,1]. The simulation results are presented in Fig. Ggr= 20 and 30 respectively.
The tracking error bound is a clagsfunction of the bound of re-initialization errors
b, according to Theorem 4.1 which is illustrated by Fig. 6.

6 Conclusions

In this paper, a simple discrete-time iterative learningtoaler together with a feed-
back controller is proposed. Robustness convergence piegpare established. Control
saturation is also considered. Improved ILC performangesmtluding feedback con-
troller are illustrated by simulations. Further extensionder investigation include using
the fractional order derivative/difference for iteratlearning updating laws.
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Figure 4: Convergence history comparison for schemes of IL€ feedback controller:
with input saturater
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Figure 5: Control functions in various learning iterationgth an input saturater(,, = 0)
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