Proceedings of IDETC/CIE 2005

ASME 2005 International Design Engineering Technical Conferences
& Computers and Information in Engineering Conference

September 24-28, 2005, Long Beach, California USA

DETC2005-85299

ROBUSTNESS OF BOUNDARY CONTROL OF FRACTIONAL WAVE EQUATIONS
WITH DELAYED BOUNDARY MEASUREMENT USING FRACTIONAL ORDER
CONTROLLER AND THE SMITH PREDICTOR

Jinsong Liang
Department of Electrical and Computer Engineering,
Utah Stage University,
4120 Old Main Hill, Logan, Utah 84322-4120, USA
Email: j sl i ang@ eee. org

YangQuan Chen *
CSOIS, Department of Electrical
and Computer Engineering,
Utah State University
4120 Old Main Hill, Logan, Utah 84322-4120, USA
Email: yqchen@ce. usu. edu

ABSTRACT

In this paper, we analyze the robustness of the fractional
wave equation with a fractional order boundary controligds-s
ject to delayed boundary measurement. Conditions are gven
guarantee stability when the delay is small. For large delay
the Smith predictor is applied to solve the instability desb
and the scheme is proved to be robust against a small differen
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1 Introduction

In recent years, boundary control of flexible systems has
become an active research area, due to the increasing demand
on high precision control of many mechanical systems, such
as spacecraft with flexible attachment or robots with flexibl
links, which are governed by PDEs (partial differential @&qu
tions) rather than ODEs (ordinary differential equatiofis)9].

between the assumed delay and the actual delay. The analysign this research area, the robustness of controllers agaés

shows that fractional order controllers are better thaggiet or-
der controllers in the robustness against delays in thedsyn
measurement.

Keywor ds: fractional wave equation, fractional order controller,
Smith predictor
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lays is an important topic and has been studied by many re-
searchers [10-15], due to the fact that delays are unaveidab
in practical engineering.

Fractional diffusion and wave equations are obtained from
the classical diffusion and wave equations by replacinditee
and second order time derivative term by a fractional deriva
tive of an order satisfying & a <1 and 1< a < 2, respec-
tively. Since many of the universal phenomenons can be mod-
elled accurately using the fractional diffusion and waveaipns
(see [16]), there has been a growing interest in investigdtie
solutions and properties of these evolution equations. f2oed
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with the publications on control of integer order PDEs, hesson

control of fractional wave equations are relatively few,[18].

To the best of the authors’ knowledge, there is still no mabli
tion on robust stabilization of fractional wave equatioubjsct
to delayed boundary measurement.

In this paper, we will investigate two robust stabilization
problems of the fractional wave equations subject to delaye
boundary measurement. First, under what conditions a very
small delay in boundary measurement will not cause instabil
problems. Second, how to stabilize the system when the delay
large enough and makes the system unstable.

The paper is organized as follows. In Sec. 2, the mathe-
matical formulation is given. The robustness of boundaay st
bilization of fractional wave equation subject to a smallage
in boundary measure is analyzed in Sec. 3. Section 4 investi-
gates the large delay case and the corresponding compmensati
scheme. Finally, Section 5 concludes this paper.

2 Problem Formulation

We consider a cable made with special smart materials gov-
erned by the fractional wave equation, fixed at one end, and st
bilized by a boundary controller at the other end. Omitting t
mass of the cable, the system can be represented by

g:—::%, l<a<2 xe€]0,1], t>0 (D)
u(0,t) =0, (2)
Ux(lvt) = f(t)7 (3)
u(x,0) = up(x), 4)
Ut(X, O) = VO(X)v (5)

whereu(x,t) is the displacement of the cableat [0,1] and

t > 0, f(t) is the boundary control force at the free end of the
cable,up(x) andvp(x) are the initial conditions of displacement
and velocity, respectively.

The control objective is to stabilizg(x,t), given the initial
conditions (4) and (5).

We adopt the following Caputo definition for fractional
derivative of orderr of any functionf (t), because the Laplace
transform of the Caputo derivative allows utilization oftial
values of classical integer-order derivatives with knovggical
interpretations [19, 20]

do £ (t)

_ 1
dt*  T(a—n)

/t £ (1)dt
0

(t _T)q+1fn’

(6)

wherenis an integer satisfying— 1 < a < nandr is the Euler’s
Gama function.

In this paper, we study the robustness of the controllers in
the following format:

dMu(1,1)

—k G

f(t)= O<pu<i

()

wherek is the controller gain is the order of fractional deriva-
tive of the displacement at the free end of the cable.

Based on the definition (6), the Laplace transform of the
fractional derivative is [19, 20]:

)

In the following, the transfer function from the boundary
controller f(t) to the tip end displacement will be derived for
later use.

Assuming zero initial conditions af(x,0) andu;(x,0), take
the Laplace transform of (1), (2), and (3) with respedt, tmak-
ing use of (8), the original PDE af(x,t) with initial and bound-
ary conditions can be transformed into the following ODE of
U (x,s) with boundary conditions.

dof
dte

(8)

SF () — nf fk(0* )1k
k=0

2
d%i)(:z(’s)fsau(x,s):o, 9)
u(0,s) =0, (10)
Ux(1,s) =F(s), (11)

whereU (x,s) is the Laplace transform af(x,t) andF(s) is the
Laplace transform of (t).

Solving the ODE (9), we have the following solution of
U (x,s) with two arbitrary constant§; andC; (s can be treated
as a constant in this step).

U(x,5) = C1 &% +Cre %, (12)

Substitute (12) into (10) and (11), we have the following two
equations.

Ci+C = 0, (13)
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s3(Cie°2 —Coe SH) — F(s). (14)

the fractional wave equation? Since fractional order ailetrs
are chosen in this paper, will this additional tuning knomgr
us any benefits of robustness against the small delay? To an-

Solving (13) and (14) simultaneously, we can obtain the x- gyer these questions, we will first introduce a theorem pitese

act value ofC; andC,

3
CimCom O (15)
s2(e%2 +1)
Now we have obtained the solution 0f(x,s). Substituting
x=1intoU(x,s) and divideU (x,s) by F(s), we obtain the fol-
lowing transfer function of the fractional wave equat®(s):

ST O (16)
LCERS <1+e—25%)'

3 Robustness of Boundary Stabilization Subject to A
Small Delay in Boundary Measurement
We consider the presence of a very small time délag
boundary measurement, shown as follows

f(t) = —ku" (Lt ), (17)

wheref is the time delay.
The situation is also illustrated in Fig.1, wheP¢s) is the

transfer function of the plant ard(s) is the Laplace transform

of the controller. In our cas®(s) is (16) andC(s) is

C(s) = k¢! (18)

v

P(s)e‘es L

Figure 1. A feedback control system with a time delay

In [10-13], it was shown that an arbitrarily small delay in
boundary measurement causes the instability problem indsou
ary control of wave equations using integer order contrslle
f(t) = —kw(1,t). Does this problem exist in boundary control of

in [12, 13].

Theorem 1. Let H(s) be the open-loop transfer function as il-
lustrated in Fig. 2 and®y the set of all its poles. Define two
closed-loop transfer functionsg@) and G.(s) as

Go(s) = 13(:25)’
and
Ge(s) = H:_;S?H(S)
Define again
Co= (s C|O(s) > 0},
and

y(H(s)) = limsup [H(s)].

|s|—00,5€Co\DH

Suppose @is L2-stable. Ify(H) < 1, then there exists*
such thatG; is L2-stable for alle € (0,€%).

V@

H{(s)

—€S

(&

Figure 2. Feedback system with delay

The underlying idea of the above theorem is that the robust-
ness of the closed-loop transfer functi@g(s) against a small
unknown delay can be determined by studying the open-loop
transfer functiorH (s). Notice thatH (s) = C(s)P(s) in our case.

CLAIM:
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If the derivative ordep of controller (7) and the fractional
ordera in the fractional wave equation (1) satisfy

a

W< 3, (19)

then the system is stable for a small enough délayboundary
measurement.

Proof:

Forse Cop,

IH(s)]

I
@)
oun
o
1Y)
3
<

(20)

k(1—e%?)
s(%*li) (1+ e—ZS% )

o}
k1—e 22|

BES el g 2s? |

Sinced >, sz W] — 00 for |g| — w.

a
Sinces < ¢ < 1, for|s| large enoughl1 —e~25 | is bounded

a
and|1—e %?| > n > 0, wheren is a positive number.
So

limsup [H(s)|=0< 1.

|s|—e0,5€Co

Following the above proof, it can be easily proved that an
integer order controllef (t) = —ku (1,t) is not robust against an
arbitrarily small delay.

4 Compensation of Large Delays in Boundary Mea-
surement Using the Smith Predictor
In the last section, it is shown that an fractional order con-
troller is robust against a small delay under the conditi®).(In
this section, we investigate the problem that what if thexgés

large and makes the system unstable? We will apply the Smith

predictor to solve this problem.

4.1 A Brief Introduction to The Smith Predictor

The Smith predictor was proposed by Smith in [21] and is
probably the most famous method for control of systems with
time delays [22, 23]. Consider a typical feedback contretem

with a time delay in Fig. 1, whei@(s) is the controllerP(s)e
is the plant with a time dela§.

With the presence of the time delay, the transfer function of
the closed-loop system relating the outgp(s) to the reference
r(s) becomes

y(s) _ C(s9)P(s)e
r(s)  1+C(s)P(s)e s’ (21)

Obviously, the time dela§ directly changes the closed-loop
poles. Usually, the time delay reduces the stability maoditihe
control system, or more seriously, destabilizes the system

The classical configuration of a system containing a Smith
predictor is depicted in Fig. 3, wheRy(s) is the assumed model
of Py(s) and @ is the assumed delay. The blo€ks) combined
with the blockP(s) — P(s)e % is called “the Smith predictor”.

If we assume the perfect model matching, F30(s) = Py(s) and
0 = 0, the closed-loop transfer function becomes

y(s) C(s)P(s)e ™
r(s)  1+C(s)P(s)’ (22)

Now, it is clear what the underlying idea of the Smith pre-
dictor is. With the perfect model matching, the time delay ba
removed from the denominator of the transfer function, mgki
the closed-loop stability irrelevant to the time delay.

Figure 3. The Smith predictor

Based on the controller (18) &s),we have the following
expression of the boundary controller (the Smith predjcibe-
noted aCsp(S):

B k!
1+ ks'P(s)(1— e %)

Csp(s) (23)

4.2 Robustness Analysis of the Smith predictor
In Sec. 4.1, it is shown that if the assumed delay is equal

to the actual delay, the Smith predictor removes the delay te
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completely from the denominator of the closed-loop. Howeve 5 Concluding Remarks

the actual delay is not exactly known. In this section, wd wil In boundary stabilization of the fractional wave equation,
investigate what if an unknown small differenedetween the well-designed fractional order controllers are robustiragjaa
assumed delay and the actual delay is introduced to thensyste small delay in boundary measurement; while the integerrorde
as shown in Fig. 4. controller is unstable with an arbitrarily small delay oduced

in boundary measurement. For large delays which makes the
system unstable, the fractional order controller combivwéti

the Smith predictor is able to compensate the time delayand r
bust against a small difference between the assumed dethy an
the actual delay.
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