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Abstract—1In iterative learning control, model uncertainty
issue has been studied in various ways. But, in existing works,
the model uncertainty has been considered as iteration invariant,
that is, it does not change on the iteration axis. Furthermore,
in these works, monotone convergence problem has not been
properly studied. In this paper, new monotonic convergence
condition of iteration varying model uncertain iterative learning
control system is derived. So, the main goal of this paper is
to guarantee the monotone convergence of the iteration varying
model uncertainty system until the tracking error is reduced be-
low the previously calculated base-line error boundary. Through
the numerical example, the validity of the suggested method is
illustrated.

Index Terms— Iterative learning control, iteration variant
model uncertainty, monotone convergence, base-line error.

I. INTRODUCTION

Iterative learning control has a well-established research his-
tory as shown in [1], [2], [3]. Recently, monotone convergence
property of ILC system has been fully investigated in [4].
With model uncertainty, three existing results are available
for monotone convergence test of ILC. In [5], Lyapunov
equation was solved to find sufficient condition of interval
ILC system; in [6], whole vertex matrices of interval Markov
matrix were checked for the monotone convergence, and in
[7] monotone convergence ILC was designed based on the
monotone convergence condition provided in [6]. However,
scopes of these works are restricted to the iteration invariant
ILC system. In this paper, monotone convergence condition
of an iteration varying interval ILC system is studied. Base-
line error of the ILC system has been recently studied in
[8], [9], [10]. However, in these works, the base-line error
has not been properly related with the monotone convergence
property. This paper calculates the base-line error boundary
over which the monotone convergence of the iteration varying
model uncertain ILC system is guaranteed. Validation of a
developed analysis is verified through a numerical simulation.
This paper consists of as follows: In Section II, a brief expla-
nation about the super-vector ILC is given and in Section III,
the monotonically convergent ILC system is designed with
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iteration varying model uncertainty. In Section IV, Markov
parameters of the k" iteration plant is calculated for (k+1)!"
iteration update and a numerical example is given in Section V.
Final conclusion is given in Section VI.

II. BASIC BACKGROUND MATERIALS OF MODEL
UNCERTAIN SUPER-VECTOR ILC

Iterative learning control (ILC) is an effective control tool
for improving the transient response and tracking performance
of uncertain periodic (dynamic) systems. Basic ILC update
rule is shown in Fig. 1, where the next trial control input
is calculated from the previous control input and previous
transient error. Mathematically, ILC update rule of Fig. 1 can
be written as:

ug1(t) = ur(t) + v (va(t) — yx(t)) (D

where k is the iteration trial, ¢ is the discrete time point, y4(t)
is the desired output, and yi(¢) is the measured output. In
this algorithm, by properly choosing the learning gain y, it is
easy to make the system converge. Iterative learning control
using super-vector analysis approach has been well established
in the literatures [4], [11], [12]. The advantage of the super-
vector notation is that, if the time axis is considered as 1-
dimensional multiple inputs, the 2-dimensional ILC problem
is then changed as a 1-dimensional multi-input multi-output
(MIMO) problem. As shown in, for example, [2], [11], [13],
most discrete-time ILC problems can be expressed in the form

Y, = HUy,

where Y,,U, € RYM with trial length N, and H is a
lower-triangular Toeplitz matrix whose elements are Markov
parameters of the system to be controlled in the linear case.
For time-varying systems and some classes of affine nonlinear
systems, a similar representation can also be developed, with
the key feature that the matrix H is lower triangular. The
super-vector approach to ILC is to design a learning gain
matrix I' so the resulting “closed-loop system” with control
input Ugy1 = Uy + I'E}, in the iteration domain, given by

Eji1 = (I — HT)E,

where E, = Y; — Y} is the output tracking error, is either
asymptotically and/or monotonically convergent along the
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Fig. 1. ILC configuration.

iteration axis in an appropriate norm topology. Such stability
conditions have been analyzed in [14], [15], [4]; with design
issues considered in [16], [17], [4]. However, in these works,
Markov matrix H is considered as iteration invariant, i.e., H
is not dependent on iteration k. In this paper, however, it is
assumed that H could be iteration dependent. So, for input
and output relationship, the following equation is used:

Y, = Hp Uy

where Hj, is varying along the iteration axis.
Let us consider the following uncertain plant model

zp(t+1) = (A+ADzrt) + (B + AR)ui(t) +v(k,t)
() = (C+AD)ze(t) + w(k,?) )
where A#l, AB and A{ are model uncertainties varying

with iteration, and v(k,t) and w(k,t) are time and iteration
dependent process and measurement noises. As a reminder,
t is the discrete time point along the time axis, this means
that ¢ is on a finite horizon . That is, at each iteration trial,
t has N different discrete time points. Meanwhile, & is on an
infinite horizon. So it monotonically increases. Thus, we can
consider two different types of model uncertainties. The first
type is iteration independent model uncertainty and the second
type is iteration variant model uncertainty. In this paper, we are
interested in the latter. So, the main research goal of this paper
is the monotone convergent ILC system design with iteration
varying model uncertainty. Under this research direction, the
firstly required task is to convert the model uncertainty of (2)
to the Markov matrix Hj according to the model uncertainty
type. Let us suppose that the model uncertainty has been
converted into Markov matrix plant properly (for the interval
model conversion, see [18]) and it is denoted as:

Hl = H° + Al (3)

where H° is Markov matrix corresponding to the nominal
plant; Af is an additive uncertain Markov matrix corre-
sponding to the uncertainty of the plant, which is bounded

't is important to emphasize that ILC stability analysis along the time axis
is basically questionable because the stability property in control system is
generally searched on the infinite domain except some input-output stabilities.
So, in ILC, stability along the time axis could not be properly investigated.
Only, the stability analysis along the iteration axis is analytically right. From
this respect, super-vector approach is considered most natural in ILC.

as Af e Al [A, Z] with upper boundary A and lower
boundary A, and superscript I is used to denote the interval
model uncertainty (for interval concept in ILC, see [6]). Then,
using a model uncertain set concept, H, ,{ can be bounded as:

Hl eH! = [H,H]| “)

where H! is an interval uncertain Markov plant set, H is
the lower boundary of the interval Markov plant, and H is
the upper boundary of the interval Markov plant. Next, our
task is to find the learning gain matrix such that the uncertain
super-vector ILC systems defined from (3) are asymptotical
stable or monotone convergent against all possible uncertain
interval plants 7’. In this paper, we will only consider the
monotone convergence property due to the practical reason.
Throughout the paper, it is assumed that A = —A and the
model uncertainty is bounded in operator norm topology such
as:

||AkH|| SA*7 AkHEAI’k:1727~~«7OO

Then, for the calculation of A*, the following lemma is used:
Lemma 2.1: The maximum 2-norm of AI?, ie., A* is
calculated from ||Al| = ||Al| = A*.
Proof: See theorem 3.1 of [19]. [ |
In this section, the basic concepts of iteration varying model
uncertain ILC system have been described. In next section,
iteration varying learning gain ILC system is designed for the
monotone convergence of iteration varying model uncertain
ILC system.

III. ILC DESIGN WITH ITERATION VARYING LEARNING
GAIN MATRICES FOR ITERATION VARYING MODEL
UNCERTAIN SYSTEM

In this section, the iteration varying learning gain matrices
are designed. Note, although it is not impossible to guarantee
the monotone convergence of iteration varying model uncer-
tain ILC system with fixed learning gain matrices, we found
that it is quite tough to reduce the base-line error using fixed
learning gain matrices. So, this paper only focuses on the
iteration varying learning gain ILC system.

Using H} | = H°+ Apy1 and Hi = H°+ Ay, and using
ILC update rule

Uk41 = AU, + T Ey, &)
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we can derive the following error propagation rule:
(Hi g Ae(HD) ™ = HL(Ty) Ex
+ (I — H{  Ap(HD ™) Yy (6)

In (5), the ILC control input Uy is calculated by multiplying
Ay to Uy and by multiplying I'j, to E. Here, noticing that Y
is fixed 2 and E, is known, we can find an intermediary matrix
Wi, that satisfies Y; = Wy Ey. Furthermore, in calculating
Uk4+1 of (5), Ey is calculated from E = Y; — HiUy. So,
since Y; and U, are known, it is reasonable to assume that
Hj, can be found at (k+1)*" iteration. Thus, if we use iteration
varying learning gain matrices, in (6), only H ,{ 41 is unknown
and uncertain. Therefore, since H ,ﬁ in (6) is no more uncertain,
(6) can be written as:

By = (H£+1Ak(ﬁk)71 - H1§+1Fk> Ey,

+ (I - Hé+1Ak(ﬁk)71> Wy, Ej, (7)

By =

where the estimated Markov matrix H 1 has been substituted
for Hy. Then, we obtain the following theorem.
Theorem 3.1: Let the learning galn matrices be given as

A = (H°)"'Hy and Tj, = (H°)~!, then the iteration varying
ILC system is monotonic convergent, i.e., || Fxy1]| < ||Ekl| if
1
AT < —
a

where o = minyy, {||(H®)"'W;||} where W}, is determined
from Y; = Wi Ek.

Proof: From (7), the monotone convergent condition is
given as:

17 <1 ®

where 7 = HéHAk(ﬁk)’l - H,£+1Fk +
(I — H,gHAk(ﬁk)’l) Wp. Let us substitute I'y, = Akﬁgl
into (8), then we have

H (I — H;ﬁ+1Ak(ﬁk)_l) WkH < 1.
From the relationships:
|7 = L) wi

= H( (H® + A1) AR (Hy)~ )WkH
= |[(T = (H° + A1) (H) 1) Wi|
ety ]
<N Apga || ||(HO) T W ||
<A [(H) T W]
if 1
[|(He)=1 Wy’

then ILC system is monotonic convergent. Thus, we have I'y, =
(H°)~!. However, observe that W, matrix which satisfies the
relationship Y; = Wy E}, is not unique. Therefore, to check the

A*[[(HO) "Wy <1 A <

20f course, Y, could be iteration variant, but in this paper it is assumed
iteration invariant.

monotone convergence of ILC system at k%" iteration without
conservatism, we have to find

max{M} & in {1

with Y; = W, E;. Consequently, at k'™ iteration trial, if
1
AT < —
«

)W},

where o = minwk {H(HO)_IW]CH} with Y; = W, E}, then

| Bl < 1Bl .
If amount of conservatism can be allowed, Theorem 3.1 can

be relaxed as follows. From ||Yy|| < ||W||||Ek|| and from

1 1
< 9
[(HO)HI[[Will = [(He)~ W]

we derive the following result. N

Corollary 3.1: With Ay = (H°)"'Hy, and Ty, = (H®)~!
the iteration varying ILC system is monotonic convergent if
o(H?)

o
where o = min{||W||} with Yy = Wi E}.
Proof: Since ||[(H®)7!|| = the proof is immediate.
|

Remark 3.1: In Theorem 3.1 and Corollary 3.1, the mono-
tone convergence conditions were derived without calculating
the inverse interval matrix of (6). So, the results will be much
less conservative than a result obtained from using the inverse
interval matrix of (6). However, as a disadvantage of this
method, we have to solve a = minyy, {||[(H°)"'Wj|} and
o = min{||Wy]||} with constraint Y; = W), E}, every iteration
trial.

Theorem 3.1 and Corollary 3.1 show the monotone conver-
gence conditions at k" iteration. Using some operator norm
properties, we can find the reversed condition: under what
condition, the monotone convergence is not guaranteed any
more ? The following theorem is for this.

Theorem 3.2: With Ay = (H°)~ LA, and T, = (H°)™!
defining Ej, = Ej o such that ||EkH =1,if

a(H?)

amzn

A*<*

_1
a(He)>

< A¥
where oin = [Yal , then the monotone convergence of ILC
system is not guaranteed any more.

Proof: From Corollary 3.1, v = min{||W||} with Yy =
Wi Ey. Now, changing this into Y; = Wy Ejp, we find the
relationship

1Yall = |WiEk|lo < [|[Wille 9

because ||Wy|| = max =1 |[Wiz|. So, @ = min{||W||} >

[[Yall since |[Wy|| > [[Yall
0 o

tionship is always true:

. Therefore, the following rela-
U(Ho) < U(HO)

- O®min

Consequently, if

U(H ) < A*, then g(g ) < A* so the monotone convergence
is not guaranteed. ]

In above Theorem 3.1 and Corollary 3.1, to calculate «, an
optimization scheme can be used. However, in each iteration,
it is computationally expensive to perform the optimization
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as commented in Remark 3.1. In what follows, so-called a
sub-optimization scheme is suggested to find «. To find o =
miny, {||(H°)"'Wg||} with constraint Yy = Wy Ey, let us
use the equality:

(H°)"YY,; = (H°) "W E}, (10)

Now, defining 3 = argp, () max;=1,... N | Ex(i)| where Ej =
[Er(1), Ex(2),- -+, EL(N)]T and j € {1,2,---, N}, we find
N x N matrix O, whose elements are zeros except its j'*
column (denoted by (07), which is defined as:

O =[2(1)/8,2(2)/8,---, Z(N)/5|T an

with notation Z = (H°)~'Y,. Then, o in Theorem 3.1 and
Corollary 3.1 is calculated as a = ||O]].

Remark 3.2: In Theorem 3.1, we are interested in
finding minyy, {||[(H°)"'Wj||} subject to (H®)7'Yy; =
(H°)~'W},E). Observing that (H°)~'Yy is fixed, so if E,
is big, then (H°)~'W} is small, or if Ej is small, then
(H°)~'W}, is big. Therefore, by selecting the biggest ele-
ment of Ej, we can choose smallest (H°)~'W) such that
H'Y,; = (H°)"'W}Ek. So, even though a = ||O|| is not
an optimal value, it will be close to minyy, {[|(H°)~'Wj]}.
This approach is computationally very simple, but could be an
effective solution.

Now, by simple algebraic manipulation, since the following
is true:

1
J&]

we can obtain a simplified monotone convergent condition:
Corollary 3.2: If A* < %, learning gain matrices Ay =

(H°)"'H, and T}, = (H°)~! guarantee the monotonic
convergence of iteration varying ILC system.

Corollary 3.2 provides a very simple monotone convergent
checking method. Now, using above result, we arrive our final
goal for the simplified monotone convergence condition and
base-line error boundary. R

Theorem 3.3: Learning gain matrices A, = (H°)~!H}, and
Iy = (H°)~! guarantee the monotone convergent transient if

A\ Z]| < [|E®]|oc-

Proof: From A* < Hl%lll’ since we have A*||Z]| < |4,

due to the fact that |3]| = || Ex||co, the proof is straightforward.

|

Theorem 3.3 tells us that if || E?|| is bigger than A*||Z]|,

which can be calculated previously, the ILC system is mono-

tonic convergent. So, the system converges until the tracking

error is reduced below A*||Z]|. Thus, we now define E* =
A*||Z|| as base-line error boundary in oo-norm topology.

10l = =114

IV. PARAMETER ESTIMATION

In this section, a method is developed to estimate Markov
parameters, i.e., for Hy. From

Yk:HkUk+wk (12)

where wy, is the measurement noise, our purpose is to estimate
Markov matrix Hj, using the known control input Uy, and the
measured output Yj. Generally, in Wiener filter or least square
estimation, assuming that Hj is known and Y} is measured,

it is desired to estimate Uy. In detail, in least square method,
the solution is given as:

Up = (HF Hy) 'HEY, (13)
where ?k is the measured output and ﬁk is the estimated
input. So, in least square method, the measurement noise is
not considered. In Wiener filter, the input is estimated as:

Uy, = GY% (14)
where Wiener filter G is calculated as:
G=[HIH, + 2R 'H] (15)

where
R = E[UUL], R, = diag(c?) = E[w,w}].

However, in ILC, our purpose is to estimate Hj using
known Uy and measured output Y, so above Wiener filter
and least square estimation cannot be used. But, fortunately,
from the fact that Hy, is lower triangular Toeplitz matrix, we
can easily formulate the Wiener filter to our ILC system. The
key idea of this approach is to use the following property:

Property 4.1: 1f Uy (1) # 0, then the following commuta-
tive property is true:

H,Uy, = Uphy

where H}, is a lower triangular Toeplitz matrix, Uy, is a column
vector, Uy, is a Toeplitz matrix defined from Uy, such as:

Ui(1) 0 0 0
Uk(Q) Uk(l) 0 0
U, = | Uk(3) Uk(2) U (1) .0

U(N) Up(N—1) Uy(N—=2) - Ui(1)

and new Markov column vector hy, is defined as:

hk = [Hk(la1)7Hk(271)aHk(351)7'"7Hk(N,1)]T'
(16)
Thus, using Property 4.1, (12) can be rewritten as:
Y, = HUg + wi, = Ughy + wy, (17

Finally, by estimating h; from Wiener filter or from least
square method, we can optimally estimate Markov matrix Hy,
at each iteration trial. From the least square method, hy is
estimated as:

hy. = (U{ Uy "' UL Y. (18)
From Wiener filter, Markov parameters are estimated as:
hy. = GV, (19)
where Wiener filter G is calculated by
G =[U Ui +opR71TIUY (20)

where
R = Elh;h}], R, = Elw,wi].

So, if the least square method is used, then we do not
need to know the stochastic characteristics of the uncertain
Markov matrix and measurement noise, while in Wiener filter,
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we need to know these stochastic characteristics. It is required
to pay attention for the calculation of E[hzh]] because hy
is an interval vector defined as: hy = h{ + Ahj or hy =
[hy, hy]. Here, simply by assuming the uniformly distributed

interval uncertainty, we calculate the expectation value such
as: E[h;] = hy. Thus, R is simply calculated as:

hihy  hih3 hihg,
h3he  hghS h3h3

R — E[hkhg] _ 2: 1 2: 2 2: N @1
hohe  h3hg h3.hS,

Remark 4.1: In Wiener filter, for the calculation of G we
need to find the inverse of R. But, as shown in (21),
rank(R) = 1, so the inverse of R does not exist. To overcome
this singularity, we give a bit of interval uncertainty to each
element of R.

Remark 4.2: In the parameter estimation, it is assumed that
Ui (1) # 0 in order to avoid the singularity of Uy. So, at initial
iteration, the first discrete time control input is enforced as
Ui(1) # 0 while Uy (i) =0 with ¢ =2,3,---  N.

V. EXAMPLES

The following discrete system is used, which was given in

[5]:

—0.50 0.00 0.00 1.0
Tre1=| 1.00 1.24 —087|zp+|00|ux (22
0.00 0.87 0.00 0.0

ye =[2.0 2.6 —2.8]as, (23)

with poles at [0.62 + j0.62,0.62 — j0.62, —0.50] and zeros
at [0.65,—0.71]. The following signal is used as a de-
sired trajectory: Yy(j) = sin(8.0(j — 1)/N) where N =
10. To avoid the singularity, the initial control input at
the first iteration is given as 1, ie., U;(1) = 1, and
Ui(i) = 0, i = 2,3,---,N and the measured noise
covariance is modelled as 0121 = 0.001. From (22) and
(23), the nominal Markov parameters are calculated as:
h° = [2.0000, 1.6092, —0.0235, —1.0295, —1.3839, —0.8676,
—0.0421,0.6322, 0.8118, 0.5263]"". For the interval model un-
certainty, it was simulated that 10 percent interval uncertainty
can arise at each iteration. For the interval uncertainty, Matlab
command rand was used and for the measured noise, Matlab
command randn was used. Fig. 2 shows the test result.
In both upper and lower figures, A*||Z|| is calculated from
Theorem 3.3. The bottom figure is || F|| o and the upper figure
is || Fk||2- Even though Theorem 3.3 guarantees the base-line
error in oo norm topology, as shown in the upper figure,
||[E%|l2 is clearly well bounded by the previously calculated
the base-line error A*||Z||. From this figure, we conclude that
the suggested learning gain matrices and parameter estimation
method guarantee the base-line error below the previously
calculated value. Further, until the base-line error is reduced
below the calculated base-line boundary, the tracking error is
converging monotonically.

VI. CONCLUSION REMARKS

In this paper, monotonic convergent ILC system was de-
signed with considering iteration varying model uncertainty.
Using the suggested method, we calculated the base-line error
boundary and tracking error has been reduced below this
base-line. Further, the monotonic convergency property of
ILC system has been enforced until it arrives the base-line
error boundary. Thus, the main contribution of our work is
that, for the first time, the monotone convergent ILC system
was designed with iteration varying model uncertainty and
the tracking error has been successfully reduced below the
calculated base-line boundary. Thus, our final conclusion is
that although there exists iteration varying model uncertainty,
ILC approach suggested in this paper provides a satisfactory
transient performance.
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