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Abstract— Fractional order dynamic model could model var-
ious real materials more adequately than integer order ones
and provide a more adequate description of many actual
dynamical processes. Fractional order controller is naturally
suitable for these fractional order models. In this paper, a
fractional order PID controller design method is proposed for
a class of fractional order system models. Better performance
using fractional order PID controllers can be achieved and is
demonstrated through two examples with a comparison to the
classical integer order PID controllers for controlling fractional
order systems.

Index Terms— Fractional order calculus, fractional order
controller, fractional order systems, PIλDμ controller.

I. INTRODUCTION

The concept of extending classical integer order calculus
to non-integer order cases is by no means new. For example,
it was mentioned in [1] that the earliest systematic studies
seem to have been made in the beginning and middle of
the 19th century by Liouville, Riemann, and Holmgren. The
most common applications of fractional order differentiation
can be found in [2]. The concept has attracted the attention
of researchers in applied sciences as well. There has been a
surge of interest in the possible engineering application of
fractional order differentiation. Examples may be found in
[3] and [4]. Some applications including automatic control
are surveyed in [5].

In the field of system identification, studies on real systems
have revealed inherent fractional order dynamic behavior.
The significance of fractional order control is that it is a
generalization of classical integral order control theory, which
could lead to more adequate modelling and more robust
control performance. Reference [6] put forward simple tuning
formulas for the design of PID controllers. Some MATLAB
tools of the fractional order dynamic system modelling,
control and filtering can be found in [13]. Reference [7]
gives a fractional order PID controller by minimizing the
integral of the error squares. Some numerical examples of
the fractional order were presented in [8]. In [9], a PIα

controller was designed to ensure that the closed-loop system
is robust to gain variations and the step responses exhibit
an iso-damping property. For speed control of two-inertia
systems, some experimental results were presented in [12]
by using a fractional order PIαD controller. A comparative
introduction of four fractional order controllers can be found
in [10].

In most cases, however, researchers consider the fractional
order controller applied to the integer order plant to enhance
the system control performance. Fractional order systems
could model various real materials more adequately than
integer order ones and thus provide an excellent modelling
tool in describing many actual dynamical processes. It is
intuitively true, as also argued in [11], that these fractional
order models require the corresponding fractional order con-
trollers to achieve excellent performance. In this paper, a
fractional order PID controller is used to control a class of
fractional order systems. A fractional order PID controller
design method is proposed with two illustrative examples.

The remaining part of this paper is organized as follows: in
Sec. II, mathematical foundation of fractional order controller
is briefly introduced; in Sec. III, the fractional order PID
controller and its property are presented; in Sec. IV, the frac-
tional order PID controller parameter setting is proposed with
specified gain and phase margins; in Sec. V, two examples
are presented to illustrate the superior performance achieved
by using fractional order controllers. Finally, conclusions are
drawn in Sec. VI.

II. A BRIEF INTRODUCTION TO FRACTIONAL ORDER

CALCULUS

A commonly used definition of the fractional differointe-
gral is the Riemann-Liouville definition

aDα
t f(t) =

1
Γ(m − α)

(
d
dt

)m ∫ t

a

f(τ)
(t − τ)1−(m−α)

dτ (1)
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for m − 1 < α < m where Γ(·) is the well-known
Euler’s gamma function. An alternative definition, based on
the concept of fractional differentiation, is the Grünwald-
Letnikov definition given by

aDα
t f(t) = lim

h→0

1
Γ(α)hα

(t−a)/h∑
k=0

Γ(α + k)
Γ(k + 1)

f(t − kh). (2)

One can observe that by introducing the notion of fractional
order operator aDα

t f(t), the differentiator and integrator can
be unified.

Another useful tool is the Laplace transform. It is shown
in [14] that the Laplace transform of an n-th derivative
(n ∈ R+) of a signal x(t) relaxed at t = 0 is given by:
L

{
Dnx(t)

}
= snX(s). So, a fractional order differential

equation, provided both the signals u(t) and y(t) are relaxed
at t = 0, can be expressed in a transfer function form

G(s) =
a1s

α1 + a2s
α2 + · · · + amA

sαmA

b1s
β1 + b2s

β2 + · · · + bmB
sβmB

(3)

where (am, bm) ∈ R2, (αm, βm) ∈ R2
+,∀(m ∈ N).

III. BASIC IDEAS OF FRACTIONAL ORDER PID
CONTROLLER

The most common form of a fractional order PID con-
troller is the PIλDμ controller [5], involving an integrator of
order λ and a differentiator of order μ where λ and μ can be
any real numbers. The transfer function of such a controller
has the following form

Gc(s) = KP +
KI

sλ
+ KDsμ, (λ, μ > 0). (4)

The control signal u(t) can then be expressed in the time
domain as

u(t) = KP e(t) + KID
−λ e(t) + KDDμ e(t). (5)

Clearly, selecting λ = 1 and μ = 1, a classical PID
controller can be recovered. Using λ = 1, μ = 0, and λ = 0,
μ = 1, respectively, corresponds to the conventional PI & PD
controllers. All these classical types of PID controllers are
special cases of the PIλDμ controller given by (4). It can be
expected that the PIλDμ controller may enhance the systems
control performance. One of the most important advantages
of the PIλDμ controller is the possible better control of
fractional order dynamical systems. Another advantage lies
in the fact that the PIλDμ controllers are less sensitive to
changes of parameters of a controlled system [5]. This is
due to the two extra degrees of freedom to better adjust the
dynamical properties of a fractional order control system.
It is pointed out in [15] that a band-limit implementation
of fractional order controller is important in practice, and
the finite dimensional approximation of the fractional order

controller should be done in a proper range of frequencies of
practical interest.

IV. A FRACTIONAL ORDER PID CONTROLLER DESIGN

METHOD

According to the desired gain margin Am and phase
margin φm, the designed fractional order PID controller
should meet the stability robustness of the feedback control
loop. From the basic definitions of gain and phase margin,
the dynamic system Gp(s) and the controller Gc(s) should
satisfy the following:

φm = arg[Gc(jωg)Gp(jωg)] + π (6)

Am =
1

|Gc(jωp)Gp(jωp)| (7)

where ωg is given by

|Gc(jωg)Gp(jωg)| = 1 (8)

and ωp satisfies

arg[Gc(jωp)Gp(jωp)] = −π. (9)

In this paper, we restrict our attention to a class of frac-
tional order plant Gp(s) described by the following transfer
function:

Gp(s) =
1

a1sα + a2sβ + a3
(10)

where α and β may be any real numbers, and the same to
the coefficient a1, a2, a3.

Using Gc(s) as in (4) and Gp(s) as in (10), the following
relationships can be established:

KP +
KI

ωλ
p

cos
πλ

2
+ KDωμ

p cos
πμ

2

= − a1

Am
ωα

p cos
πα

2
− a2

Am
ωβ

p cos
πβ

2
− a3

Am
; (11)

−KI

ωλ
p

sin
πλ

2
+ KDωμ

p sin
πμ

2

= − a1

Am
ωα

p sin
πα

2
− a2

Am
ωβ

p sin
πβ

2
; (12)

KP +
KI

ωλ
g

cos
πλ

2
+ KDωμ

g cos
πμ

2

= −a1ω
α
g cos(

πα

2
+ φm) −

a2ω
β
g cos(

πβ

2
+ φm) − a3 cos φm; (13)
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−KI

sin πλ
2

ωλ
g

+ KD sin
πμ

2
ωμ

g

= −a1ω
α
g sin(

πα

2
+ φm) −

a2ω
β
g sin(

πβ

2
+ φm) − a3 sin φm. (14)

Here, in our controller design problem, the plant model
Gp(s) and the expected loop gain and phase mar-
gin Am and φm are assumed to be known. However,
we only have four equations but with seven unknowns
(ωp, ωg, λ, μ,KI ,KP ,KD). A good news is that, the un-
known variables λ, μ, ωp and ωg should satisfy the following
constraints:

(ωλ+μ
g − ωλ+μ

p )
{
a1[ωα

g cos(
πα

2
+ φm) − ωα

p cos
πα

2
]

+a2[ωβ
g cos(

πβ

2
+ φm) − ωβ

p cos
πβ

2
]

+a3(cos φm − 1
Am

)
}

+(cot
πλ

2
+ cot

πμ

2
)(

ωλ
p ωμ

g Ip

Am
+ ωλ

g ωμ
p Ig)

−(
ωλ+μ

p Ip

Am
+ ωλ+μ

g Ig) cot
πμ

2

−(ωλ+μ
p Ig +

ωλ+μ
g Ip

Am
) cot

πλ

2
= 0 (15)

where

Ip = a1ω
α
p sin

πα

2
+ a2ω

β
p sin

πβ

2
, (16)

Ig = a1ω
α
g sin(

πα

2
+ φm)

+a2ω
β
g sin(

πβ

2
+ φm) + a3 sin φm. (17)

Under these constraints, the parameters λ, μ, ωp and ωg

can be searched using suitable optimization algorithms. If
the parameters ωp, ωg, λ, μ are given, the controller gains
KI ,KP ,KD can be uniquely decided as follows:

KP = a1ω
λ+α
p

sin π(α−μ)
2

Am sin(πμ/2)

+a1ω
λ+α
g

sin[π(μ−α)
2 − φm]

sin(πμ/2)

+a2ω
λ+β
p

sin π(β−μ)
2

Am sin(πμ/2)

+a2ω
λ+β
g

sin[π(μ−β)
2 − φm]

sin(πμ/2)

+a3ω
λ
g

sin(πμ
2 − φm)

sin(πμ/2)
− a3ω

λ
p

Am
; (18)

KI =
ωλ

g ωλ
p (Amωμ

g Ip − ωμ
p Ig)

sin πλ
2 (ωλ+μ

g − ωλ+μ
p )

; (19)

KD =
Amωλ

p Ip − ωλ
g Ig

sin πμ
2 (ωλ+μ

g − ωλ+μ
p )

. (20)

Therefore, the fractional order PID controller can be de-
signed according to performance specifications.

V. TWO ILLUSTRATIVE EXAMPLES

A. Example 1

This example of a heating furnace was considered in [16],
which can be modelled by the integer and the fractional order
differential equations, respectively. According to [16], the
integer order model (IOM) of the heating furnace is a second
order transfer function

GIp(s) =
1

73043s2 + 4893s + 1.93
(21)

while the fractional order model (FOM) is given by:

GFp(s) =
1

14994s1.31 + 6009.5s0.97 + 1.69
. (22)

The unit-step responses of the heating furnace models
(IOM and FOM) are compared in Fig. 1 where it was
remarked in [16] that the fractional order model is more exact
than the integer order model.
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Fig. 1. Comparison of unit step responses of the integer order model and
the fractional order model of the heating furnace

To design an integer order PID controller, the integer order
model (21) should be approximated by a first order lag plus
time delay system which is given in the following:

GIp(s) =
0.51813

2520.2609s + 1
e−14.97s.
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Then, according to the Åström-Hägglund tuning algorithm
[17], an integer order PID controller is designed

GIc(s) = 305.38 +
10.18

s
+ 2290.35s. (23)

Figure 2 shows the results of the same conventional PID
controller (23) applied to the integer order model (21) and
the fractional order model (22). We can observe that using
an integer PID controller for the fractional order system,
the performance becomes worse than for the integer order
model. Note that both cases exhibit long settling time and
large overshoot.
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Fig. 2. Comparison of unit step responses of the closed loop integer order
model and the closed loop fractional order system with the same integer
order controller (23)

Now, let us consider the PIλDμ controller. Here, the
expected loop phase and gain margins are specified as φm =
60◦ and Am = 1.1. Selecting λ = 0.6 and μ = 0.35, the
fractional order PID controller can be designed by the pro-
posed method in this paper. Thus, using our tuning algorithm
in the paper, one can have Kp = 736.8054, Ki = −0.5885,
and Kd = −818.4204. The fractional order PID controller is
then designed as

GFc(s) = 736.8054 − 0.5885
s0.6

− 818.4204s0.35 (24)

The step response of the fractional order PID controller
applied to the fractional order model is given in Fig. 3. The
corresponding Bode diagrams of the controlled models are
presented in Fig. 4. It can be seen that there is an obvious
improvement, i.e., with a much faster system response and
also a smaller overshoot when the fractional order PID
controller is applied to the fractional order model.

0 20 40 60 80 100 120 140 160 180 200
0

0.2

0.4

0.6

0.8

1

1.2

Step Response

Time (sec)

A
m

pl
itu

de

Fig. 3. Step response of the closed loop fractional order model with
fractional order controller
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the fractional order PIλDμ controller, and the same model with the integer
order controller, and the integer order model with the integer order controller

B. Example 2

We consider the following fractional order plant model
given in [14]:

GFp(s) =
1

0.8s2.2 + 0.5s0.9 + 1
. (25)

Using the least-squares method, the following approximating
integer order model corresponding to (25) was obtained in
[14]:

GIp(s) =
1

0.7414s2 + 0.2313s + 1
. (26)
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The comparison of the unit step responses of the systems
described by (25) and (26) are shown in Fig. 5.
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Fig. 5. Comparison of unit step response of the integer order model and
the fractional order system

The integer order PD controller and the fractional order
PDμ controller were designed in [14]. The integer order PD
controller was given by

Gc(s) = 20.5 + 2.7343s (27)

while the fractional order PDμ controller characterized by the
fractional order transfer function [14]

Gc(s) = 20.5 + 3.7343s1.15. (28)

In Fig. 6, comparison of the unit step responses of the
closed loop fractional order system controlled by fractional
order PDμ controller and the integer order PD controller is
given. The conclusion was that the use of the fractional order
controller leads to an improvement of the control of the
fractional order system. It should be pointed out, however,
since there is no integral action introduced, zero steady state
error cannot be achieved.

According to the proposed method, by trial and error,
one can select λ = 0.1 and μ = 1.15. When one selects
φm = 60◦ and Am = 1.3, the controller parameters Kp =
233.4234, Ki = 22.3972, and Kd = 18.5274 can then be
obtained. The fractional order PID controller is

Gc(s) = 233.4234 +
22.3972

s0.1
+ 18.5274s1.15. (29)

The unit step response of the closed loop with the fractional
order system (25) controlled by fractional order PIλDμ con-
troller (29) is given in Fig. 7. The settling time of the closed
loop system is 0.573 second which is much shorter than
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Fig. 6. Comparison of unit step responses of the closed loop fractional
order model with the integer order PD controller and with fractional order
PDμ controller

those of the existing PD controllers. The corresponding Bode
diagrams of the fractional order model with the fractional
order PDμ controller, and with the fractional order PIλDμ

controller are presented in Fig. 8.
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Fig. 7. Step response of the closed loop fractional order model with
fractional order PID controller

It can be seen that the fractional order PIλDμ controller
designed by the proposed method in this paper are more
effective for the fractional order systems.
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Fig. 8. Comparison of bode diagrams of the fractional order model with
the fractional order PDμ controller, and with the fractional order PIλDμ

controller

VI. CONCLUSION

In this paper, a fractional order PID controller design
method is proposed for the fractional order system model.
The benefits of fractional order models for real dynamical ob-
jects and processes become more and more obvious. Through
two fractional order dynamical models, the fractional order
PID controller design by the proposed method has been
demonstrated. The simulation results illustrate that fractional
order PID controller achieves better control performance with
the proposed design method.
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