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Abstract—1In this paper, we discuss the problem of path planning
for a group of networked mobile robots which can release neutralizing
chemicals, known as “mobile actuator networks”, to neutralize the toxic
2D diffusion process modelled by a parabolic PDE distributed parameter
system. The desired trajectory of the robot is decided by Centroidal
Voronoi Tessellations. Potential field method is used for the mobile robots
to avoid dynamic obstacles in its working space. Simulation results show
the effectiveness of our proposed method.

Index Terms— Diffusion process, pollution neutralization, Centroidal
Voronoi Tessellation, distributed parameter system simulation, potential
field.

I. INTRODUCTION

Mobile Actuator/Sensor network has gained intensive research in-
terest in the recent years. By introducing the mobile actuaors/sensors
into the wireless sensor network, people can reduce the system cost,
increase the robustness and efficiency of the system and provide
redundancy, self-configuration and flexibility of the system. Mobile
Actuator/Sensor Network (MAS-net) project ' developed at CSOIS,
Utah State University, is a project that uses the small-scale mobile
robots for the spatially evolving diffusion process monitoring and
control [1], [2], [3]. This project combines mobile robotics with the
wireless sensor networks. Each robot has limited sensing ability and
limited communication ability. They are expected to coordinate with
each other to control the diffusing process by temporal-spatial feed-
back closed-loop control. Some research challenges and opportunities
are presented in [4].

In this paper, we consider the pollution neutralization in MAS-
net project. The scenario is described as follows: A toxic diffusion
source is releasing toxic material in 2D plane. The diffusion process is
modelled as a parabolic PDE system. Chemical concentration sensors
are deployed to cover the polluted area and collect data about the
pollution. Then, a few of mobile robots equipped with controllable
dispensers of neutralizing chemicals are sent to the polluted area
with the mission to eliminate the pollution by properly releasing the
neutralizing chemicals. In our previous work [5], we try to solve the
problem how to choose the optimal positions for these robots and
the trajectories the robots will follow when the dynamic diffusion is
evolving. In this paper, we extend our previous work and deal with
the moving obstacle avoidance in the working space for the robots.
Potential field method is used for the individual robot path planning
with obstacle avoidance together with centroidal Voronoi tessellation
for spatial-temporal control.

As in [5], what we most concern here is the minimal impact to the
natural environment for both the pollution and neutralization process.
The pollution can have severe negative impact on the the natural
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environment, the neutralizing chemicals may also have negative
impact on the natural environment [6], such as in acid-alkaline
neutralization. If the neutralizing chemicals are released too much or
too fast, we can not preserve the unaffected area as much as possible.
So, one of our objective is to deploy the robots and control the
releasing process in an optimal way to minimize any negative impact
on the environment. On the other hand, the neutralizing chemicals
should be released in such a way that the diffusion of the pollution is
bounded so that the heavily affected area is kept as small as possible.
These all depend on how the robots positions are chosen, how they
move and what the control law is to release the neutralizing chemical.
At the same time, to ensure the safety of the robots, the obstacle
avoidance should be considered. The mechanism for the obstacle
avoidance should be designed in such a way that it does not have
significant effect on the feedback control of the diffusion process.
Therefore, the problem of area coverage, robot motion planning and
the dynamic diffusion process are fundamentally interrelated.

Our research is related to other research topics, for example, the
area coverage problem by using mobile robots [7], the applications
of Voronoi Diagram in sensor network coverage [8], [9], [10], [11]
and Centroidal Voronoi Tessellation in sensor deployment [12]. Our
research is also related to the feedback control in PDE systems [13],
[14], the application of potential field method in sensor coverage [7]
and obstacle avoidance [15], [16]. In [10], [11], Voronoi Diagram
and its dual form, the Delaunay triangulation are used to solve the
maximal breach problem and maximal support problem in wireless
sensor networks. It is pointed out in [11] that the maximal breach path
must lie on the line segments of the Voronoi diagram corresponding
to the sensors while the maximal support path must lie on the lines
of the Delaunay triangulation of the senors. A distributed method
has been put forward in [10] to proximately construct the Delaunay
tribulations in wireless sensor network.

Motivated by the application of Centroidal Voronoi Tessellation
(CVT) in optimal placement of resource [17] and in coverage control
of mobile sensing networks [12], we proposed a practical algorithm
based on CVT to solve the problem of actuator motion planning to
neutralize the pollution. An application of CVT in feedback control
system can be found in [14]. In [14], the sensor location problem in
feedback control of the partial differential equation system is solved
by CVT. The functional gains are served as the density functions
in CVT. In our experiment, the pollution concentration is given by
the sensors that cover the area and form a mesh. In [15], [16], the
potential field method is extended to considered the relative velocity
between the robot and the moving obstacle. This method is used in
this paper for the robot to avoid dynamic obstacles in the working
space. A simulation platform called Diff-MAS2D [18] has been
developed for measurement scheduling and controls in distributed
parameter systems with moving sensors and actuators. Our proposed
algorithm has been implemented on Diff-MAS2D. Based on our
previous work on [5], our new contribution in this paper is that



we give a new distributed algorithm based on Gabriel graph [19] to
proximately construct the Voronoi diagram with improved efficiency
and we successfully apply the extended potential field method for the
robots to avoid moving obstacles.

The remaining part of this paper is organized as follows: In Sec. II,
the problem formulation is presented and some related properties of
CVT are described. Sec. III is devoted to introducing our simulation
platform Diff-2D for PDE system measurement and control with
sensors and mobile actuators. Then in section IV, we present the
algorithms for robot location and introduce the potential field method
from [15] for dynamic obstacle avoidance. To show the effectiveness
of our proposed method, simulation results are presented in Sec. V.
Finally, conclusions and future research directions are presented in
Sec. VL.

II. PROBLEM FORMULATION OF DIFFUSION NEUTRALIZATION

In this section, the problem of robot optimal position and trajectory
generation in feedback control for pollution neutralization is formu-
lated.

Let Q be a convex polytope in R?, including its interior. A
concentration function is a map p(z,y) : & — R4 that represents
the pollutant concentration over 2. To simplify the presentation of
our main idea, in our simulation experiment, we assume p(x,y) is
governed by the following PDE system:
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where k is a constant positive real system parameter; fq(p,,y,t)
represents the source of the pollution. Currently, there is no control
input applied to the system. We assume that the diffusion process is
evolving slowly.

Let P = (p1,---,pn) be the location of n actuators and let | - |
denote the Euclidean distance function. Every robot at p; will receive
information of sensors and release the neutralization chemical by
some control law. The objectives are:

)]

« Control the diffusion of the pollution to a confined area.

« Neutralize the pollution in a time optimal way while not making
the area overdosed.

« Minimize the polluted area that is heavily affected.

n robots will partition €2 into a collection of n polytopes V =
Vi, Vo, pi € Vi, VinV; =0 fori # jand UL, V; = Q
(V; = V; U0V; and Q = QU Q). It can be seen that to control the
diffusion process and minimize the heavily affected area, the robots
should be close to those areas with high pollution concentrations
so that the pollution can be neutralized timely and does not diffuse
further. They can be far from the lightly polluted areas. But putting
all robots very close to the pollution source is not a good strategy,
because the diffused pollutants that are far away from the source can
not be neutralized timely. To decide the positions of the robots, we
consider the minimizing of the following cost function

n
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It is clear that to minimize K, the distance |¢ — p;| should

be small when the pollution concentration p(q) is big. It is the
concentration function p(g) that determines the optimal positions
of the robots. A necessary condition for I to be minimized is that
{pi, Vi}¥_, is a Centroidal Voronoi Tessellation of £ [20]. For details
about Vironoi diagram and Centroidal Voronoi Tessellation, please
refer to [20]. What we need to point out is that our algorithm is
based on a discrete version of (2). We assume the robots know the
positions of sensors within its communication range and can access
them. The concentration information of the pollution comes from the
measurements of the static, low-cost sensors.
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Centroidal Voronoi Tessellation has broad applications in many
fields. It is the solution to optimal placement of resources [20], but in
general, CVT can only be approximately constructed. For algorithms
to implement CVT, refer to [20]. In [17], an example is given to show
how CVT can be used to predict the cell divisions. It is shown that,
after the cell division process, the new cells’ shapes are very closely
approximated by Centroidal Voronoi Tessellations corresponding to
the increased number of generators. This is an example to show how
CVT can be applied in a dynamically evolving environment.

III. SIMULATION PLATFORM DIFF-MAS2D [18]

In this section, we give a brief introduction of our simulation plat-
form, Diff-MAS2D [18] for simulation of measurement scheduling
and controls in distributed parameter systems with moving sensors
and moving actuators that other mathematical tools, for example,
MATLAB PDE Toolbox [21], FEMLAB [22], Nastran [23], AN-
SYS [24] can not solve easily.

Specifically, Diff -MAS2D is used to solve the following parabolic
PDE: N o2 52

a{: =k (672 + Tgﬁ) + f(p, 1),
where p = p(z,y,t) is the variable to be controlled; 0 < z < 1 and
0 <y < 1 is the spatial domain; ¢ > 0O is the time domain; k is a
positive real constant system parameter; f(p, x,y,t) is a combination
of control and disturbances (pollution source).

f(ﬁvxvyvt) = fc(ﬁ(‘rvyv t)7z7y7t) + fd(x7y7 t),

where j(z,y,t) is the measured data of p(z,y,t) from the movable
sensors; fo(p(z,y,t),2,y,t) is the control applied by the movable
actuators; fq(z,y,t) is the disturbance to model the pollution source.
The exact format of f.(5(z,y,t),z,y,t) depends on the closed-loop
control law designed by the user based on certain control performance
requirement.

Arbitrary combination of the following two types of boundary
conditions can be used as boundary conditions for each boundary
(x=0,z=1,y=0,and y = 1).

« Dirichlet boundary condition

(€))

p=C “
where C is a real constant.
« Neumann boundary condition
9]
5o =Ci4Cap ®)
n

where C7 and C2 are two real constants; n is the outward
direction normal to the boundary.

Diff-MAS2D uses finite-difference method to discretize the spa-
tial domain of the diffusion equation and leaves the time domain
integration to Matlab/Simulink. This scheme enables both Diff-
MAS2D designers and end-users to make fully use of the capabilities
of Matlab/Simulink. The whole function set of Matlab and Matlab
Toolbox is available to the end users in designing sensor/actuator
trajectories and designing the control laws of the actuators to control
the diffusion process. In Diff-MAS2D, any number of mobile
sensors/actuators can be deployed.

IV. ALGORITHMS FOR ROBOT PATH PLANNING
A. Proposed Optimal Actuator Locations Algorithms

First, we describe the algorithms to compute the locations of robots
by Centroidal Voronoi Tessellations. Lloy’s method is a deterministic
algorithm for determining Centroidal Voronoi Tessellations and is
described below [20]:

Given a region 2, a density function p(z) defined for all = € Q,
and a positive integer k



1) Select an initial set of k points {zi}f:l as the generators.

2) Construct the Voronoi sets { Vi}f:l associated with generators
{Zi}i?:l;

3) Determine the mass centroids of the Voronoi sets {Vi}é“:l;
these centroids form the new set of points {z; }5_;

4) If the new points meet some convergence criterion, terminate;
other wise, return to step 2.

Although the CVT is used to solve the static resource location
problem, if the diffusion process evolves slowly compared with the
convergence rate of the Lloy’s method and the control efforts, CVT
is still a valid solution to our problem, as verified in our simulation
results presented in Sec. VI. The Lloy’s method will be executed
periodically so that the motion of the robots can be adaptive to the
evolution of the diffusion process.

Lloyd’s method converges fast but it has higher computation
requirements for each iteration. In many applications, the robot
has only limited communication abilities. To avoid communication
collision and reduce computation requirement, a distributed asyn-
chronous algorithm to construct the Voronoi diagram based on local
information is clearly more desirable. Here we give a new a new
algorithm to proximally construct the Voronoi diagram based on
Gabriel graph. Refer to [19] for details on Gabriel graph. Assume
each robot can communicate with other robots within the radius R;.
R; can be an adjustable communication parameter. disk(i, j) is a disk
area whose center is the center of the line between robot i and robot
j. Tts radius is %|p; —p;|. In the step 2 of the above Lloy’s algorithm,
each robot will perform:

1) Find other robots within R;, these robots are its neighbors and
form a set N (4).

2) For each robot j € N(i), if the disk(i,j) does not include
any other robots, robot i recognizes robot j as its neighbor
in Voronoi diagram. They share a common Voronoi edge.

3) Use the property that a shard Voronoi edge of robot i and j is
the perpendicular bisector line of the segment between robot
i an robot j, the Voronoi cell for robot i can be constructed
explicitly.

4) For each Voronoi vertex of the cell v;, find r; = max|p; — v;|.

5) Find all sensors within radius r; and within the voronoi cell.

Base on the properties of Gabriel graph, this algorithm can con-
struct a diagram that can closely approximate the Voronoi diagram.
This algorithm is more efficient that the method used in [5], because
robot i does not need to inquiry every sensor within radius R; and the
corresponding computation requirement is also removed. We have to
point out that R; should be big enough to have a good approximation.

B. Repulsive Potential Field for Obstacle Avoidance

In this section, we consider the safety issue of the mobile robots.
It is highly likely that the robot will encounter moving obstacles
that travel through the polluted area, for example, the moving cargo
vessels. In order to avoid collision between the robot and the moving
obstacle effectively, the relative position and velocity between robot
and obstacle should be considered. Here we introduce a potential
field method from [15] that is used in this paper for dynamic obstacle
avoidance.

Let p and v = p denote the position and the velocity of the robot,
respectively. Assume the robots can obtain the position p,;, and the
velocity vops of the obstacle. Then the relative velocity vro between
the robot and the obstacle in the direction from the robot to the
obstacle is given by:

(©6)

where ngro is a unit vector pointing from the robot to the obstacle.
Note that if vgo < 0, then the robot is moving away from the
obstacle and no avoidance is needed.

vro = [V(t) = Vous ()] "m0
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Consider the actuator saturation, the maximum accelera-
tion/deceleration of the robot is given by @mqz. Then the distance
the robot will trave when it reaches zero velocity at maximum
deceleration is:

2
VRO

pm = @)

CLTIL(LIL'
In [15], the repulsive potential generated by the obstacle is given
by:
0:
if ps(P,Pgys) — Pm = po or vrRO < 0
o — )
Ps(P:Pops)—Pm PO

if 0 < ps(P, Pops) — Pm < pm and vro > 0
undefined :

if vro > 0 and ps(P, Pops) < Pm

Urep(p, V) =

®

where ps(p,p,,s) is the distance between the robot and the

obstacle; po > 0 is the influence range of the repulsive force for
obstacle avoidance; 7 is a positive designing parameter.

Let nro, be the unit vector perpendicular to nro and
n%o i nroL = 1. The positive force between the robot and the
obstacle is defined as the negative gradient of the repulsive potential
with respect to the robot position and velocity:

0:
if ps(P,Pops) — Pm > po or vro <0
_ Frepl + Frep2 .
Frep(p7 V) - if 0 < ps(p, pobs) — pm < Pm and vro > 0
undefined :
if vro >0 and ps(p7 pobs) < Ppm
©
where:
/i VRO
Fre 1= 1+ Nnro.
P (ps (p7 Pobs — Pm (URO))2 ( Amazx )
and
Freps = NVROVRO L

NRro.L.
P25 (Ds Pobs) @maz (05 (P, Pops) — Pm(VRO))?

where vro | is given by

vroL = /I ¥(8) = Vabe [[2 —vo (1)

The mobile robots are treated as virtual particles with unit mass
and obey the second-order dynamical equation:

pi = Fi
where the control input F; is given by
Fi :fi_kvﬁi‘i'Frep

with f; the force input to control the motion of the robot by CVT.
fi is given by a proportional control law:

fi

where p; is the computed mass centroid of the current Voronoi cell.

The second term of (10) on the right hand side is the viscous
friction artificially introduced [25]. k, is the friction coefficient and
p; denotes the velocity of the robot ¢. This term is used to eliminate
the oscillation behavior of robots described in [8] when the robot is
close to its destination. The viscous term assures that in the absence
of the external force, the robot will come to a standstill eventually.
The robot actuator will saturate if || F; ||> amaz-

We have to point out that the motion control of robots based on
CVT does not need to consider the possible collision between robots.
Every time the robots moves, it moves within its cell decided by the

10

—k(p: — pi)



Voronoi diagram and the cells do not overlap, so the possibility that
two robots will run into each is 0.

We can also use proportional control for the neutralizing chemical
releasing. The amount of chemicals each robot released is propor-
tional to the average pollutant concentration in the Voronoi cell
belonging to that robot. Although our simulation is model-based,
our control algorithms for each robot are not relying on the exact
model information. They are based only on the sensor information
each robot can access.

V. SIMULATION RESULTS

Diff-MAS2D is used as the simulation platform for our imple-
mentation. The area concerned is given by Q@ = {(z,y)|0 < z <
1,0<y <1}

The system with control input is modelled as

Op(x,y,t) _ . O p(a,y,t)  9*p(x,y,t)
ot - k( Oxr2 + ayz )+fC(x7 yvt)+fd(m7y7 t)7
1D
where k = 0.01 and the boundary condition is given by
du _
on

The stationary pollution source is modelled as a point disturbance
fa to the the PDE system (1) with its position at (0.75,0.35) and

fa(t) = 20e™"|(2=0.75,4y—0.35)-

In our simulation, we assume that once deployed, the sensors
remain static. There are 29 x 29 sensors evenly distributed in a
square area (0,1)? and they form a mesh over the area. There are
4 robots that can release the neutralizing chemicals. For the robot
motion control, the viscous coefficient is given by k, = 1 and the
control input is given by

F, = _3(pi —ﬁi) — Pi + Frep.

To generate the repulsive force Fi., for obstacle avoidance, we
choose the influence range po to be 0.05 so that when the obstacle is
within the range of po to the robot, the motion of the robot will be
affected. 7 is given by 0.04. The maximum acceleration/deceleration
of robot is given by @maez = 1. The pollution source begins to diffuse
at ¢ = 0 to the area {2, 4 robots are deployed with initial positions
at (0.33,0.33),(0.33,0.66), (0.66,0.33), (0.66, 0.66), respectively.
The obstacle will start at (0.8,0.03) and goes parallel to the y axis
until it arrives at (0.8,1.0). Figure 1 shows the initial positions of
the robots, the positions of the sensors, the position of the pollution
source and the initial positions of the obstacle.

We choose the simulation time to ¢ = 5 sec. and the time step is
chosen as At = 0.002 sec. The robot recomputes its desired position
every 0.1 sec. and generates its desired trajectory. While at the same
time, it try to avoid the moving obstacles by using potential field
method. To show how the robots can control the diffusion of the
pollutants, the robots begin to react at ¢ = 0.2 sec. The system
evolves under the effects of diffusion of pollutants and diffusion of
neutralizing chemicals released by robots.

Figure 2 to 5 show the evolution of the diffusion process and the
movements of robots at ¢ = 1.0s, 1.3s, 1.8s, 3.9s, respectively. The
left part of the figure is a 3D plot of p(z, y,t) and the right part of the
figure shows the current position of the robots. In Fig. 2, robots move
towards the source of the pollution, while the obstacle is approaching
robot 3 and robot 4. Also can be seen there is a peak at the pollution
source. In Fig. 3, robot 4 tries to avoid collision with the obstacle by
moving along the same direction as the obstacle’s. Robot 3 moves to
the northeast to tries to avoid the obstacle. Fig. 4 shows that robot 3
and robot 4 successfully avoid the collision with the obstacle. They
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move to their destination decided by CVT and try to suppress the
diffusion of pollution around its source.

Figure 6 shows the distances between the obstacle and robot 3 and
4. It can be seen that a minimal distance of 0.05 between the robot
and the obstacle is guaranteed. And because of the short effective
range of the repulsive force, it only has limited effect on the robot
motion. Obstacle avoidance does not introduce any significant effect
on the feedback control of the diffusion process. Figure 7 shows the
trajectories of the robots for ¢ < 5 sec. It can be seen that at first, the
robots move towards the pollution source to suppress the diffusion of
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the source. And then they move around to track the pollution that has
already diffused and try to neutralize it. As also can be seen in Fig. 5,
the peak is suppressed and the robots move towards the boundary of

The evolution of the amount of pollutants are shown in Figure. 8.
In Fig. 8, the y axis is the sum of the sensor measurements. It shows
that the amount of pollutants decreases to 34% of its peak value at the
end of the simulation. And the the decreasing process is monotonic.
The evolution of the amount of pollutants without control is also
shown in Fig. 8.

Figure 9 shows the evolution of Voronoi diagrams at ¢ =
0.6s,1.8s, 3.0s,4.2s, respectively.

To show the effectiveness of our proposed algorithm for pol-
lution neutralization, we compare our method based on CVT
with the case when 4 robots are uniformly distributed at at
(0.33,0.33), (0.33,0.66), (0.66,0.33), (0.66, 0.66) respectively and
keep still. The control laws for chemical releasing are the same. We
assume that if the concentration of the pollution ranges in 0.02 >
p(z,y,t) > —0.001, it is safe. In Fig. 10, the y axis represents the
percentage of sensors whose measurements are at safe level. It can
be seen that the safe area increases fast after the control has been
implemented by method based on CVT. It means the polluted area can
be recovered quickly. While by using evenly distributed deployment,
the robots can not recover the polluted area efficiently.

The overall spatial-temporal pollution control results are animated
via animated gif file available at
http://mechatronics.ece.usu.edu/mas-net
/movies/zm/icmalO5a.gif
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VI. CONCLUSION

In this paper, we extend the application of Centroidal Voronoi
Tessellation to pollution elimination by feedback control with moving
actuators. Potential field method that considers the object velocity
is applied for the robot to avoid moving obstacles in the working
space. A simulation platform Diff-MAS2D is used to prove the
effectiveness of our algorithm. In the future, we will extend our
research for pollution feedback control by using mobile sensors and
mobile actuators. We will take into account the sensor noise and
unreliable communication and attempt to exploit a hybrid model-
based and model-free approach.
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