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Abstract—This paper focuses on the state-periodic adaptive
compensation of cogging and Coulomb friction for perma-
nent-magnet linear motors (PMLMs) executing a task repeatedly.
The cogging force is considered as a position-dependent distur-
bance and the Coulomb friction is non-Lipschitz at zero velocity.
The key idea of our disturbance compensation method is to use
past information for one trajectory period along the state axis
to update the current adaptation law. The new method consists
of three different steps: 1) in the first repetitive trajectory, an
adaptive compensator is designed to guarantee the 2-stability of
the overall system; 2) from the second repetitive trajectory and
onward, a trajectory-periodic adaptive compensator stabilizes the
system; and 3) to make use of the stored past state-dependent
cogging information, a search process is utilized for adapting
the current cogging coefficient. We illustrate the validity of our
state-periodic adaptive cogging and friction compensator by
actual PMLM-model-based simulation.

Index Terms—Adaptive control, cogging force, Coulomb fric-
tion force, state-dependent disturbance, trajectory-periodic
adaptation.

I. INTRODUCTION

PERMANENT-MAGNET (PM) motors are the most pop-
ularly used electromechanical devices for accurate speed

and position control of the linear system or rotary system. In
parallel with the popularity of PM motors, the nonlinear torques
inherent to PM motors have been addressed in numerous arti-
cles [1]–[3]. In particular, in [4], load torques, friction effects,
and cogging torques are addressed as inherent torques of the PM
stepper motors; and in [5] and [6], friction, cogging, and reluc-
tance forces are modeled for iron-core permanent-magnet linear
motors (PMLMs). As explained in [7], the cogging forces are
due to the interaction between the permanent magnets and the
steel teeth of the primary section; and the friction force is a ve-
locity-dependent nonlinear disturbance that is inherent to most
of the electromechanical systems.

In PMLMs, nonlinear mechanical disturbances such as back-
lash are greatly reduced, while the cogging forces are consid-
ered as the main disturbance [3], [5]. However, static friction
force such as Coulomb friction is still a dominant disturbance
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and should be compensated for accurate speed and position con-
trol of PMLMs. Thus, in this paper, we focus on the compensa-
tion for the disturbance of cogging force and the Coulomb fric-
tion. These disturbances are compensated by the trajectory-pe-
riodic adaptation based on Lyapunov stability analysis on the
time axis.

Cogging forces are position-dependent periodic disturbances
due to the slotted nature of the primary core [3], [6], and gen-
erally it is modeled as Fourier expansion [1], [2]. However, in
control strategies, it has been modeled as a simple sinusoidal
signal of the displacement signal such as

(1)

and the unknown parameters such as , , and have been
compensated by a certain parameter adaptation scheme [4], [5],
[8]. However, this approach does not represent high-order terms
in the Fourier series; hence, it cannot compensate the cogging
force completely. In this paper, we do not assume any model
such as (1); instead, it is considered that the cogging force could
be any kind of Fourier expansion such as

(2)

where is the amplitude, is the state-dependent cogging
force frequency, and is the phase angle. In order to com-
pensate cogging force of (2), it is suggested to make use of the
periodicity of cogging disturbance on the repetitive trajectory.
Note that cogging force waveform is periodic over pole pitches
in PMLMs [2].

In the control community, Coulomb friction force compensa-
tion has been studied widely in [9] and [10], and many efforts
have been devoted in the late 1980s and early 1990s to compen-
sate friction force [11]–[15]. After these early works, several
adaptive friction compensation controllers have been suggested
[16]–[19]. We can see that the friction compensation is still con-
sidered a hot topic.

In this paper, we focus on the state-periodic adaptive compen-
sation of cogging and Coulomb friction for PMLMs executing a
given task repeatedly. The cogging force is considered as a po-
sition-dependent disturbance and the considered Coulomb fric-
tion is non-Lipschitz at zero velocity. The key idea of our distur-
bance compensation method is to use one trajectory period past
information along the state axis to update the current adaptation
law. The new method consists of three different steps: 1) in the
first repetitive trajectory, an adaptive compensator is designed
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to guarantee the -stability of the overall system; 2) from the
second repetitive trajectory and onward, a trajectory-periodic
adaptive compensator stabilizes the system; and 3) to make use
of the stored past state-dependent cogging information, a search
process is utilized for adapting the current cogging coefficient.
The validity of our adaptive cogging and friction compensator
is illustrated through numerical simulations based on an actual
PMLM model.

The paper is organized as follows: In Section II, the system
model and preliminary definitions are given and in Section III,
a new adaptive state-dependent cogging and friction compen-
sator is designed based on Lyapunov stability analysis. Simula-
tion tests are performed in Section IV. Conclusions are given in
Section V.

II. SYSTEM MODEL AND STATE PERIODICITY

In this section, the dynamic equation of PMLM is presented
and the state domain is defined, in which the PMLM has the
trajectory periodicity. The cogging force of (2) can be written as

, where is the function of . The Coulomb friction
is simply modeled as

(3)

which is discontinuous at zero velocity. In this paper, the dy-
namics of a PMLM, which was introduced in [6], is slightly
modified for ease of presentation of our main ideas without loss
of generality. From [6, eqs. (1)–(3)], ignoring load and small dis-
turbances such as and , and also ignoring the armature
inductance due to its small value compared to the resistance

, we derive a simple PMLM dynamic like

(4)

where and are time-varying motor terminal voltage
and the armature current, is the motor position, is the
resistance, is the moving mass, is the force constant, is
the back electromotive force (EMF), and is the position-
dependent cogging force.

From now on, in this paper, let us use to denote the cog-
ging force instead of using , and it is supposed that coef-
ficients , , , and are known from the motor technical
specification sheet (these values can be found in [5, Table 1]).
The following servo control problem is then considered:

(5)

(6)

where is the position, is the unknown position-depen-
dent cogging disturbance [i.e., in (4)], is the unknown
friction coefficient, is the velocity, is the control input

, and .
First, before proceeding to present our main results, the fol-

lowing definitions and assumptions are necessary.

Definition 2.1: The total passed trajectory is given as

where is the position, and is the velocity. In [20], it was
defined as the curvilinear abscissa associated with the trajec-
tory of the relative motion. In our definition, since is the sum-
mation of absolute position increase along the time axis, is a
monotonously growing signal. Physically it is the total passed
trajectory; hence, it has the following property:

iff

With notation , the position corresponding to is denoted
as and the cogging force corresponding to is denoted
as .

Definition 2.2: Since the cogging force arises as a result
of the mutual attraction between the magnets and cores of the
translator, the cogging force is periodic with respect to position
[5]. Based on Definition 2.1, the following relationship is
derived:

and (7)

where is periodicity of the trajectory.
Definition 2.3: In Definition 2.2, was defined as periodic

trajectory. So, is one trajectory past point from
on the axis. Let us denote the time corresponding to
with . Then, is the time elapse to complete one periodic
trajectory from the time to time . This time elapse is called
a “cycle.” Particularly, it is called a “trajectory cycle” at time

and denoted as . So, . It is called “the search
process” to find at time instant (note: the search process
can be performed by interpolation).

Assumption 2.1: Throughout the paper, it is assumed that the
current position and current time of the PMLM are measured
and is always calculated. Hence, is calculated at current
time instant .

With the above definitions and assumption, the following
property is observed.

Property 2.1:

(8)

where is the integer part of .
Remark 2.1: As will be shown in Section III, for ease of im-

plementation, the actual state-dependent cogging force
is not estimated on the state axis although in theory we can
do so. Instead, is estimated on the time axis. So, to find

, the following formula is used:

(9)

Here, is calculated in Assumption 2.1 (recall that can be
used to indicate exactly one-trajectory past position).

From (8) and (9), we also have the following property.
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Property 2.2: The current cogging force is equal to one-tra-
jectory past cogging force. From the relationship

(10)

the following equality is derived: .
Now, based on the above discussions, the following stability

analysis is performed in this paper. Our compensation approach
is summarized as follows.

• When , the system is controlled to be bounded
input bounded output (in -norm).

• When , the system is stabilized to follow the de-
sired speed at the desired position. By a trajectory periodic
adaptation, the unknown external disturbances (the sum-
mation of the cogging and friction forces) are estimated.

The following notations are used:

where is the desired position, is the desired velocity,
is the estimated cogging force, is the estimated

friction coefficient, and . Here, we can change
into time domain such as

(11)

In the same way, the following relationships are true:

The control objective is to track or servo the given desired po-
sition and the corresponding desired velocity with
tracking errors as small as possible. In practice, it is reasonable
to assume that , , and are all bounded. In the
next section, based on relationship ,

is equivalent to as in (11). So, can be replaced
by .

III. STATE-DEPENDENT ADAPTIVE COGGING COMPENSATION

In this section, the state-periodic external disturbance is com-
pensated based on Lyapunov stability analysis. The feedback
controllers are designed as follows. When

(12)

and when

(13)

with

(14)

where and are positive gains, is an estimated cogging
force from an adaptation mechanism to be specified later, is the

estimated friction coefficient, is the desired acceleration,
and is the position tracking error. Also
remember that and .

Our adaptation law is designed as follows:

if
if

(15)

if
if

(16)

where (note: is the trajectory cycle
defined in Definition 2.3), is the first trajectory cycle spec-
ified in Definition 3.1, is a positive design parameter (it is
called the periodic adaptation gain), will be defined in the fol-
lowing paragraph, and is a tuning function to be selected
later based on certain guidelines.

Definition 3.1: The first trajectory cycle is the elapsed
time to complete the first repetitive trajectory cycle from the ini-
tial starting time . In other words, is the time corresponding
to the total passed trajectory when .

In our analysis part, the following tuning function property is
required for :

(17)

where ; and the following tuning mechanism
is required for :

(18)

The above tuning function design will be given later.
Consider two cases: 1) when and

2) when . The key idea is that, for case 1), it
is required to show the finite time boundedness of equilibrium
points. For case 2), it is necessary to show the stability or asymp-
totic stability of equilibrium points in the sense of Lyapunov. Let
us investigate case 2) first. Our major results are summarized in
the following theorems with Remark 3.1.

Remark 3.1: From the relationship (11), it can be said that if
as , then as . Thus, in what

follows, the stability analysis of is performed on the time
axis.

Theorem 3.1: When , the control law (12)
and the periodic adaptation laws (15) and (16) guarantee the
stability of the equilibrium points , , , and
as .

Proof: See the Appendix for the proof.
The above theorem only guarantees the stability property in

the sense of Lyapunov. To explore the asymptotical stability, the
following notation and lemma are provided. The total external
disturbances including cogging force and friction force are de-
noted as

and the corresponding error is denoted as

(19)
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Lemma 3.1: In the following equation with initial state

as if and only if as .
Proof: The sufficient condition is immediate because

makes . The necessary condition is proved easily by
calculating the solution. When , is calculated as

So, if , as , .
Now, let us consider the asymptotically stability condition of

the equilibrium points , , and in the following theorem.
Theorem 3.2: If the initial position is at the desired ini-

tial position , i.e., , the control law (13) and
the periodic adaptation law (15) guarantee the asymptotically
stability of the equilibrium points: , , and as
( , or ).

Proof: See the Appendix for the proof.
Remark 3.2: The asymptotical stability of does not guar-

antee the asymptotical stability of and . In other words,
even if the suggested theorem guarantees the asymptotical sta-
bility of and , it does not provide the asymptotical stability
of and . However, the cogging disturbance and friction dis-
turbance will still be compensated altogether successfully by
Theorem 3.2.

Now, let us consider the case 1) when and
the overall stability when .

Theorem 3.3: If and are bounded, the equilibrium points
of , , , and are stable (or is asymptotically stable)
as .

Proof: See the Appendix for the proof.
In this section, the state-periodic adaptive controller was de-

signed to compensate the state-periodic cogging and friction
forces. In next section, simulation tests are performed based on
the suggested theorems of this section.

IV. SIMULATION ILLUSTRATIONS

To verify the suggested method, two different simulation tests
are performed. The first test is to compensate the high-order
Fourier expansion of the cogging force and the second test is to
check the robustness of the suggested method against the model
uncertainty.

A. Compensation of the High-Order Cogging Force

For this simulation test, let us use the following reference
position and velocity signals, which have the same period and
amplitude as in [5, Fig. 2]:

(20)

where s. To check our method, the actual PMLM model
is used in the simulation. We use actual parameter values of

Fig. 1. Top: desired position trajectory. Bottom: desired velocity trajectory.

LD-3810 PMLM motor, which are given in [5, Table 1]. Fur-
thermore, to represent the realistic friction model, the following
friction force is used in simulation:

(21)

where is Coulomb friction coefficient ( in analysis), is
static friction coefficient, is the viscous friction coefficient,
and is the lubricant parameter. In (4), parameter values are
given as kg; ohms; N/A; and

V/m/s. (same values as used in [5]). As for friction
force, the simulated parameter values are , ,

, and (same values as used in [5]). The control
gains in (12) and (13) were selected as , , and

; and was designed as to satisfy (17). In (15), the
periodic adaptation gain was selected as 1000. To represent
the high-order Fourier expansion, the following cogging force
was modeled:

(22)

where , rad/m (same values as used in [5]),
, and . Recall that [5] only used first-order

Fourier expansion in simulation, but our cogging force model
includes higher order Fourier expansions.

At the top of Fig. 1 is the desired position on the time axis,
and at the bottom is the desired velocity. Note that we used the
same desired trajectory as used in [5]. Fig. 2 shows the posi-
tion tracking error where the axis of the top subfigure ranges
from 0.02 to 0.02 m while the axis of the bottom subfigure
ranges from 0.002 to 0.002 m. As shown in the top subfigure of
Fig. 2, after the first repetitive trajectory, the tracking error was
significantly reduced. When the bottom subfigure of Fig. 2 is
compared with [5, Fig. 3], it is observed that our result is slightly
better than the result of [5] (i.e., in [5], the position error is about
0.002 m, while Fig. 2 shows less than 0.001 m error after 5 s).
Furthermore, from the fact that we have included high-order
Fourier terms of the cogging force, our method is superior to
the existing method for compensating the actual state-dependent
cogging force. Fig. 3 shows our adaptive control input signal.
Comparing Fig. 3 with [5, Fig. 3], we found that the required
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Fig. 2. Top: position tracking error. Bottom: position tracking error zoomed.

Fig. 3. Adaptive control input signal.

control input of our system is slightly less than the required con-
trol input of [5] (i.e., in [5], the control force is about 75 V,
while Fig. 3 shows that about 50 V are required in our case).
The top subfigure of Fig. 4 is the cogging force from the simu-
lation model (22) with respect to the . The bottom subfigure
of Fig. 4 is the friction force signal using the model (21). These
signals are the “true” actual forces experienced by the PMLM.
For a comparison, with our adaptive control method, the esti-
mated cogging force and friction force time histories are shown
in the top and bottom subfigure of Fig. 5, respectively. From
Figs. 4 and 5, we can observe a good agreement except in the
initial transient phase.

We should note that the reason that the tracking errors are not
perfectly zero is mainly due to the mismatched frictional model
used in the simulation (21) compared to the simple model (3).
Of course, given the more complicated frictional model (21), we
can design adaptive compensation scheme accordingly, but this
is beyond the scope of this paper.

Fig. 4. Top: true cogging force from the model (22). Bottom: true friction force
from the model (21).

Fig. 5. Top: estimated cogging force. Bottom: estimated friction force.

B. Robustness Test of the Suggested Method

For the robustness test of the suggested method, in the PMLM
model of (4), 10% model uncertainties are assumed as

where , , , and are nominal resistance, mass, force
constant, and back EMF, respectively; , , , and are
perturbed values; and is the random number in the range of

. For the reliable test, 20 different Monte Carlo
type random tests are performed just for qualitative justification.
Fig. 6 shows the test results. As shown in the figure, we observe
that the suggested method is robust against the model uncer-
tainties and the tracking performance is still acceptable. There-
fore, we conclude that the closed-loop system designed by the
suggested method provides the reliable robustness against the
model uncertainties or parameter perturbations.



AHN et al.: COGGING AND COULOMB FRICTION IN PMLMs 95

Fig. 6. With 10% model uncertainties. Top: position tracking error. Bottom:
position tracking error zoomed.

V. CONCLUSION

In this paper, a new cogging and friction force compensation
method for the PMLM has been proposed when the PMLM is
commanded to execute a given task repeatedly. The key idea of
our method is to use the periodicity of the cogging disturbance,
which is dependent on the position. From the one past trajec-
tory information, the current adaptation law was updated. Even
though the stability analysis was performed on the time axis,
the position-dependent cogging disturbance can be successfully
compensated on the state-axis. It is believed that the suggested
method can be effectively used in many real applications such
as satellite, trail system, and factory process control. Note that
although the state-periodic adaptive control method was devel-
oped for compensating cogging disturbance, the key ideas of
our method can be modified to compensate other state-depen-
dent nonlinear disturbances of a general shape. From the simu-
lation results, we can conclude that our proposed control method
works effectively when the cogging force is represented in the
form of high-order Fourier expansion. Furthermore, compared
to the reported results, we observe that, even with extra order
Fourier expansion terms in the cogging force, our method re-
quires less control effort and achieves smaller position tracking
error. In summary, the position-dependent external disturbance
such as cogging force can be successfully compensated by using
the trajectory periodicity of the state-dependent disturbance.

APPENDIX I
PROOFS OF THEOREMS

Proof: (Theorem 3.1) Consider the following Lyapunov-
like function at , whose corresponding time is :

(23)

where is calculated by the search process as commented in
Definition 2.3. Then, from (23), the difference of the positive

Lyapunov-like functions at two discrete time points (note: time
difference is ) can be calculated as

(24)

To simplify our presentation, let the first integral term on the
right-hand side be denoted by and the second integral term
by . That is

Here, from in Remark 2.1, the following
equalities are satisfied:

Then, by several algebraic calculations and using
, can be changed to

(25)
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where

By applying (15), we have . Furthermore,
using (6), (12), and

(26)

from (14)

(27)

Then, using

(28)

can be expressed as

(29)
Thus, becomes

(30)

Also, using , is changed to

(31)

Furthermore, from (15), using , since the
second term of the right-hand side of the preceding equation is
deleted, we have

(32)
Then, using from (16)

(33)

Therefore, since , the proof is completed.
Proof: (Theorem 3.2) Here, LaSalle’s invariant set the-

orem is used to prove the asymptotical stability. From (33), only
makes . Using the definition and

relationship , we have

(34)

So, from Lemma 3.1, if , only makes .
Also, since , we have from .
Therefore, and are asymptotically stable at equilibrium
points. Now, let us consider in what follows. From (27),

, because
. Then, by showing that as , can

be an asymptotical stable point. Our approaches are as follows.
From the following definition:

(35)

we know that as , , and .
However, from our original assumption of the periodicity such
as , if is not zero, then , while

as . Thus, in (35), as , hence
as . However, if , . Then

, which is a contradiction to
. Therefore, it can be concluded that only

makes and in the sequel, no trajectory can stay except
when . Since only , , and

make , from the invariant set theorem, the equilibrium
points , , and are asymptotically stable. This completes
the proof of this theorem.

Proof: (Theorem 3.3) In this case, let us use the following
Lyapunov function:

(36)

Then, the derivative of is expressed by using (6) as

(37)
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From (13), (15), (16), and (18), using

we have

(38)

Now, rewriting of (6) such as

(39)

and using (18), and inserting (39) into (38), (38) is changed to

(40)

Let us investigate and
of (40)

separately. The following relationship is derived:

(41)

and is changed
to

(42)

Hence, since

and

the derivative of Lyapunov function is upper bounded such as

Thus, it concludes that is bounded when if
and are bounded. Consequently, is bounded since is

bounded. Therefore, , , , and are also bounded in
vector norm topology at . Furthermore, when

, the equilibrium points of , , , and are
all ( is asymptotically stable with ) stable from (33);
so the system (5), (6) can be (asymptotically with )
stabilized by the control law (12), (13) and the adaptation law
(15), (16) as . This completes the proof.
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