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Abstract— The path planning problem for a group of networked mobile
robots which can release neutralizing chemicals, known as “mobile
actuator networks”, is considered. With a group of static networked
mesh sensors network, the “mobile actuator networks” aim to neutralize
a toxic 2D diffusion process modelled as a distributed parameter system
(DPS) governed by a partial differential equation (PDE) of parabolic
type. The problem of optimally planning motion trajectories of the mobile
actuators (robots) is solved by Centroidal Voronoi Tessellations (CVT).
In addition, the fractional potential field method is used for the mobile
robots to avoid dynamic obstacles in its working space. Simulation results
show the effectiveness of our proposed method.

Index Terms— Diffusion process, pollution neutralization, Centroidal
Voronoi Tessellation, distributed parameter system simulation, fractional
potential field.

I. INTRODUCTION

With the rapid development of embedded networking and sens-
ing technology, great potentials of networked sensors have been
recognized in both academia and industry. Sensing alone, however,
cannot change the system behavior but only offers data for system
behavior characterization. With a closed-loop thinking, it is natural
to consider networked actuators that can change the system behavior
with the help of networked sensors. Such type of dynamic data driven
application systems (DDDAS) also naturally involve both temporal
and spatial variables since both networked actuators and sensors
can be spatially distributed and deployed. For example, Mobile
Actuator/Sensor Network (MAS-net) project 1 developed at CSOIS,
Utah State University, is a project that uses the small-scale mobile
robots for the spatially evolving diffusion process monitoring and
control [1], [2], [3], [4]. This project combines mobile robotics with
the wireless sensor networks. Each robot has limited sensing ability
and limited communication ability. They are expected to coordinate
with each other to control the diffusing process by temporal-spatial
feedback closed-loop control. In this paper, we consider the pollution
neutralization scenario described as follows: A toxic diffusion source
is releasing toxic material in 2D plane. The diffusion process is
modelled as a parabolic PDE system. Chemical concentration static
mesh sensors are deployed to cover the polluted area and collect
data about the pollution. Then, a few of mobile robots equipped
with controllable dispensers of neutralizing chemicals are sent to
the polluted area with the mission to eliminate the pollution by
properly releasing the neutralizing chemicals. In our previous work

YangQuan Chen and Zhongmin Wang are with the Center for Self-
Organizing and Intelligent Systems (CSOIS), Dept. of Electrical and Computer
Engineering, 4160 Old Main Hill, Utah State University, Logan, UT 84322-
4160, USA.

Kevin L. Moore is with the Division of Engineering, Colorado School of
Mines, 1610 Illinois Street, Golden, CO 80401, USA.

Corresponding author: Prof. YangQuan Chen, T: (435)7970148, F:
(435)7973054, W: www.csois.usu.edu, E: yqchen@ece.usu.edu.

This on-going research is funded by NSF ITR DDDAS Program (SEP).
1http://mechatronics.ece.usu.edu/mas-net/

[5], we try to solve the problem of how to choose the optimal
positions for these robots and the trajectories the robots will follow
when the dynamic diffusion is evolving. In [6], the moving obstacle
avoidance in the working space for the robots is considered using
potential field method for individual robot path planning with obstacle
avoidance together with centroidal Voronoi tessellation for spatial-
temporal control. However, in practice, it is desirable to have different
potential shape for different obstacles with different levels of danger.
Therefore, in this paper, we further extend our previous work using
the fractional potential field technique with simulation illustrations.

As argued in [5], what we most concern here is the minimal impact
to the natural environment for both the pollution and neutralization
process. The pollution can have severe negative impact on the
the natural environment, the neutralizing chemicals may also have
negative impact on the natural environment [7], such as in acid-
alkaline neutralization. If the neutralizing chemicals are released too
much or too fast, we can not preserve the unaffected area as much
as possible. So, one of our objectives is to deploy the mobile robots
and control the releasing process in an optimal way to minimize
any negative impact on the environment. On the other hand, the
neutralizing chemicals should be released in such a way that the
diffusion of the pollution is bounded so that the heavily affected
area is kept as small as possible. These all depend on how the robots
positions are chosen, how they move and what the control law is used
to release the neutralizing chemical. At the same time, to ensure the
safety of the robots, the obstacle avoidance should be considered.
The mechanism for the obstacle avoidance should be designed in
such a way that it does not have significant effect on the distributed
feedback control of the diffusion process. Therefore, the problem
of area coverage, robot motion planning and the dynamic diffusion
process are fundamentally interrelated.

Our research is related to other research topics, for example, the
area coverage problem by using mobile robots [8], the applications
of Voronoi Diagram in sensor network coverage [9], [10], [11], [12]
and Centroidal Voronoi Tessellation in sensor deployment [13]. Our
research is also related to the feedback control in PDE systems [14],
[15], the application of potential field method in sensor coverage [8]
and obstacle avoidance [16], [17]. In [11], [12], Voronoi Diagram
and its dual form, the Delaunay triangulation are used to solve the
maximal breach problem and maximal support problem in wireless
sensor networks. It is pointed out in [12] that the maximal breach path
must lie on the line segments of the Voronoi diagram corresponding
to the sensors while the maximal support path must lie on the lines
of the Delaunay triangulation of the senors. A distributed method
has been put forward in [11] to proximately construct the Delaunay
tribulations in wireless sensor network.

Motivated by the application of Centroidal Voronoi Tessellation
(CVT) in optimal placement of resource [18] and in coverage control
of mobile sensing networks [13], we proposed a practical algorithm
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0 :
if ρs(p, pobs ) − ρm ≥ ρ0 or vRO ≤ 0;

Frep 1 + Frep 2 :
if 0 < ρs(p, pobs ) − ρm < ρm and vRO > 0;

undefined :
if vRO > 0 and ρs(p, pobs ) < ρm ,

(4)
where

Frep 1 = η(n − 2)
(ρs − ρm )n Š 3

rn Š 2
min − rn Š 2

max
(1 +

vRO

amax
)nRO ,

and

Frep 2 =
η(n − 2)(ρs − ρm )n Š 3vRO vRO �

(rn Š 2
min − rn Š 2

max )ρsamax
nRO � ,

where vRO � is given by:

vRO � =
	

‖ v(t) − vobs ‖2 −v2
RO (t).

IV. SIMULATION RESULTS

Diff-MAS2D is used as the simulation platform for our imple-
mentation. The area concerned is given by Ω = {(x, y)|0 ≤ x ≤
1, 0 ≤ y ≤ 1}.

The system with control input is modelled as

∂ρ(x, y, t)
∂t

= k(
∂2ρ(x, y, t)

∂x2
+

∂2ρ(x, y, t)
∂y2

) + fc(x, y, t)

+fd(x, y, t), (5)

where k = 0.01 and the boundary condition is given by

∂u

∂n
= 0.

The stationary pollution source is modelled as a point disturbance
fd to the the PDE system (1) with its position at (0.75, 0.35) and

fd(t) = 20eŠ t |(x =0.75,y =0.35).

In our simulation, we assume that once deployed, the sensors
remain static. There are 29 × 29 sensors evenly distributed in a
square area (0, 1)2 and they form a mesh over the area. There are
4 robots that can release the neutralizing chemicals. For the robot
motion control, the viscous coefficient is given by kv = 1 and the
control input is given by

Fi = −3(pi − p̄i ) − ṗi + Frep .

To generate the repulsive force Frep for obstacle avoidance, we
choose the influence range ρ0 to be 0.05 so that when the obstacle is
within the range of ρ0 to the robot, the motion of the robot will be
affected. η is given by 0.04. The maximum acceleration/deceleration
of robot is given by amax = 1. The pollution source begins to diffuse
at t = 0 to the area Ω, 4 robots are deployed with initial positions
at (0.33, 0.33), (0.33, 0.66), (0.66, 0.33), (0.66, 0.66), respectively.
The obstacle will start at (0.8, 0.03) and goes parallel to the y axis
until it arrives at (0.8, 1.0). Figure 2 shows the initial positions of
the robots, the positions of the sensors, the position of the pollution
source and the initial positions of the obstacle.

We choose the simulation time to t = 5 sec. and the time step is
chosen as ∆t = 0.002 sec. The robot recomputes its desired position
every 0.1 sec. and generates its desired trajectory. While at the same
time, it try to avoid the moving obstacles by using potential field
method. To show how the robots can control the diffusion of the
pollutants, the robots begin to react at t = 0.2 sec. The system
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Fig. 2. Initial layout of actuators, sensors and obstacle.

 
 

Fig. 3. Evolution of the diffusion process at t = 1.0 sec. (using fractional
potential).

evolves under the effects of diffusion of pollutants and diffusion of
neutralizing chemicals released by robots.

To generate the repulsive force Frep for obstacle avoidance, we
choose the maximum effective distance to be rmax = 0.10 and the
minimum effective distance rmin = 0.005. η is given by 10. The
maximum acceleration/deceleration of robot is given by amax = 1.

First the integration order n = 4.8 is chosen and choose the
simulation time to t = 5 sec. The time step is chosen as ∆t = 0.002
sec. The robot recomputes its desired position every 0.1 sec. and
generates its desired trajectory. While at the same time, it try to
avoid the moving obstacles by using fractional potential field method.
To show how the robots can control the diffusion of the pollutants,
the robots begin to react at t = 0.2 sec. The system evolves under
the effects of diffusion of pollutants and diffusion of neutralizing
chemicals released by robots.

Figures 3 to 6 show the evolution of the diffusion process and
the movements of robots at t = 1.0sec., 1.3sec., 1.8sec., 3.9sec.,
respectively. In fig. 3, robots move towards the source of the pollution,
while the obstacle is approaching robot 3 and robot 4. Robot 4 tries to
avoid collision with the obstacle by moving along the same direction
as the obstacle’s. Robot 3 moves to the northeast to tries to avoid the
obstacle. Figure 5 shows that robot 3 and robot 4 successfully avoid
the collision with the obstacle.



 

 

Fig. 4. Evolution of the diffusion process at t = 1.3 sec. (using fractional
potential).

 

 

Fig. 5. Evolution of the diffusion process at t = 1.8 sec. (using fractional
potential).

To compare the robot motion with respect to the different integra-
tion orders, another simulation is make for n = 1.1. All the other
simulation parameters are the same. Figure 7 shows the distances
between the obstacle and robots 3 and 4 for different integration
order n. It can be seen that when n is bigger, the robots are further
away from the obstacle. When n is small, they can be a little closer
to the obstacle. So, the requirement that the robot should be further
away from the obstacles with big danger level (large n) is satisfied.
Figure 8 shows the trajectories of the robots for t ≤ 5 sec. and
n = 4.8. Figure 9 shows the trajectories of the robots for t ≤ 5
sec. and n = 1.1. It can be observed clearly that robots has different
obstacle avoidance behaviors for obstacles with different danger level.
This obstacle avoidance technique based on fractional potential field
has a clear practical value when certain knowledge of the degree of
danger of the obstacle is available a priori.

The overall spatial-temporal pollution control results are animated
via animated gif file available at
http://mechatronics.ece.usu.edu/mas-net
/movies/zm/icnsc06.gif

 

 

Fig. 6. Evolution of the diffusion process at t = 3.9 sec. (using fractional
potential).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

D
is

ta
nc

e

Time, s

Distance between robot 4 and obstacle, n=4.8
Distance between robot 3 and obstacle, n=4.8
Distance between robot 4 and obstacle, n=1.1
Distance between robot 3 and obstacle, n=1.1

Fig. 7. Distance between the obstacle and the robots (using fractional
potential with different fractional orders).

V. CONCLUSION

In this paper, we considered the path planning problem for a
group of networked mobile robots which can release neutralizing
chemicals, known as “mobile actuator networks” for neutralizing
a toxic 2D diffusion process modelled as a distributed parameter
system (DPS) governed by a partial differential equation (PDE) of
parabolic type. The problem of optimally planning motion trajectories
of the mobile actuators (robots) is solved by Centroidal Voronoi
Tessellations (CVT). In addition, the fractional potential field method
is used for the mobile robots to avoid dynamic obstacles in its
working space. Simulation results show the effectiveness of our
proposed method. In our future work, we will include the network
induced uncertainties and mobile sensors.
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