Proceedings of the 2006 American Control Conference
Minneapolis, Minnesota, USA, June 14-16, 2006

ThB06.1

Sensor Undistortion Using Hyperbolic Splines in Least Squares Sense

YangQuan Chen, Senior Member, IEEE and Yashodhan Tarte, Student Member, IEEE

Abstract— This paper focuses on the removal of static non-
linearity from a set of monotone increasing input-output data
points, e.g. from a sensor. Mobius transformations are used to
fit a spline to the data points to ensure smoothness and analytic
invertibility of the interpolant. A new method is proposed to
identify the coefficients of the Mdbius transformation so as to
minimize the twistiness of the resulting interpolant in a least-
squares sense. Simulation results are provided to demonstrate
the effectiveness of the method. Performance of the method in
the presence of observation noise is also investigated.

Index Terms— Hyperbolic splines, invertibility, Mobius
transformations, nonlinear distortion, observation noise, sen-
sor linearization.

I. INTRODUCTION

In various applications such as signal and image processing, control
systems etc., sensors form an integral part of the system. The main purpose
of a sensor is to generate a signal proportional to the physical quantity to
be measured. But in almost all cases, the input-output characteristics of
sensors exhibit nonidealities like offset, gain, and nonlinearity, in addition
to the possible effects of a disturbing variable which affects the desired
sensor response to the physical quantity of interest [1]. This nonideal
behavior affects the overall performance of the system.

The techniques used for detecting nonlinearities include using Hammer-
stein models (instantaneous nonlinear distortion followed by an all pole
filter) ([2], [3]), higher-order statistics tools ([4], [5]), change in probability
density function of the signal [6] etc.

The most straightforward method to compensate for the nonlinearities,
as suggested in [7], is to pass the output of the nonlinear system through
its inverse. Other methods include using artificial neural networks [9],
adaptive filtering [3], [10] etc. In [11], piece-wise orthogonal polynomials
are used as the “linearizer” for the hard-disk read/write head linearization
process.

We focus on splines of the form = +— (az +b)/(cx + d), as proposed
in [7], to fit to the monotonically increasing data points

D= {(w()vyo)v (mlyyl)y .- .,(:vn,yn)}

obtained by sampling the function y = f(x) at several places. We want
to find a function fp: [0, zn] — [yo, yn] that approximates f and inter-
polates these points. The main concerns here are smoothness (continuous
first or higher order derlvatlveq) and invertibility (f~1(f(x)) = =z for
z € [zo,xn] and f p-1= f D by of spline function along with minimum
error and gain variation. Here D~ 1 means the inverse data points (yk , L k)
f D has to be invertible because we want to model the nonlinear distortion
in order to correct it. Furthermore f pD-1= f ensures that we get the
same model for nonlinearity regardless of which of x and y is taken as
independent variable.

Although interpolative techniques such as Lagrange interpolative poly-
nomial and cubic splines have continuous derivatives of higher order (see,
e.g., [12]), they are not invertible and hence do not solve the purpose of
sensor linearization. Another choice, the piecewise linear fit, is invertible,
but it is not smooth and has large gain variations. It has been shown in [7]
that splines of the form = — (axz+b)/(cz+d) are smooth and invertible.
This paper builds on the work shown in [7] and proposes a new method to
find the coefficients of the spline minimizing twistiness of the interpolant
and gain variations in the corrected function.

II. SPLINE CONSTRUCTION

A. Mébius Transformations

Mobius transformations are of the form x — (ax + b)/(cxz 4+ d) and
are associated with two-by-two matrices. As stated in [7]:
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Some useful properties of Mobius transformations worth recalling here
are:

Property 2.1: Mobius transformations are one-on-one and onto. The
inverse of the transformation = — (az + b)/(cx + d) is given by z —
(dz — b)/(—cx + a) which itself is a Mobius transformation, provided
ad — be # 0.

Property 2.2: Effectively there are three coefficients that define the
transformation as multiplying the coefficients by a constant does not
change the transformation.

Property 2.3: Composition of two Mobius transformations is the prod-
uct of their respective matrices.

B. Spline Fitting

We will use the following proven result (given in [7]) as the stepping
stone of our method of interpolation.

Lemma 2.1: For real numbers x;, < p41 and yi < yg1, let 6 =
(Yk+1 — Yk)/ (g1 — z). We can define a Mobius transformation gy,
that maps [z, Tr+1] to [y, Yk+1] with the following matrix

Ye+1 — Yk Yk A 01 —Tk
{ 0 1H,\k—1 1”0 Tiot1 — Th M

’ .
and obeys gx(Tk) = Yk, 9k(Tht1) = Y41, 95 (¥k) = Ay This
relationship can be explained using 2.3. The rightmost matrix in (1) maps
[k, T+1] to [0, 1] and the leftmost one maps [0, 1] to [yx, Yx+1]- These
two mappings are linear and their composition should also be Tmear But
the middle matrix in (1) is a mapping that fixes 0 and 1 and has a slope Ag
at 0. As can be easily verified, \;, decides the curvature of the mapping
between [z, k1] and [yk, Yx1]. Moreover, g, (Tr41) = O/ Ak, and
g is monotonic on [z, xg41] if Ax > 0. Similarly, the inverse mapping
g;,l is given by

. A0 -
Tk+1 — Tk Tk Yk 2
0 1}[)\ {C—l 1}{0 yk+l_yk} @
We define the interpolant f : [0,2n] — [yo,yn] such that it is a
Mobius transformation, given by (1), in each subinterval [z, Zg41]. But

we have to find A\ in order to determine the spline function. For the
function to be continuous, we have to match derivatives at the ends of

each subinterval. We know from the lemma that g, (zx41) = 6 /Ax =
Ak+10k+1. Thus we can write

Abt1 = Ok /041 Ak 3
Let us define a sequence (6;6)7“1 by

€k+1 _ [ 0p/0k+1, if k is even 4
Ter O\ Sns/0k, if Kk is odd €

Thus Ag can be expressed as

e =1,

_ Xo/ex, if k is even
Ak = { ex/Xo, if k is odd ®)
In order to find Ao, we define the sum of all A\ as:
J =a)\ + b/)\o 6)

where the first term is the sum of Ags for even k and the second term is
the sum of Ays for odd k. It can be said that J quantifies the twistiness
of the spline interpolant as a function of Ag. Thus, in order to make the
spline as smooth as possible, we seek to minimize J. J attains minimum
when

Ao = +/b/a @)

Our interpolation technique can be summarized as follows:
1) Obtain the data points D = (xj, Yk )f_ 0
2) Calculate o = (Yr+1 — Yk)/(Tr+1 —
3) Find Ag that glves minimum curvature usmg (4),(5),(6) and (7).
4) Calculate (\g)y_, using (3).
5) Calculate the value of spline function f in the interval [xy, zj41]
using (1) or

fa) = (k1M — Ye)T + Ye1 6Tk + YpTrta
()\k — 1)(2 — )‘kmk + Th+1
The inverse is given by (2).
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III. SIMULATION RESULTS
We used the distortion function as

f(z) = 1.2z + 0.1sin (27x) (8)

and sampled it at 128 equally spaced points in the interval [—4,4] to
generate D = (z, yk)?:?o- Using our algorithm, we found Ao = 1.0055
and fitted a hyperbolic spline f [Fig. 1(a)] to the data. Next we plotted

the function = — f—1(f(x)) [Fig. 1(b)]. We observed the gain variations
for the three interpolative techniques viz. linear interpolation, “minimax”
method (given in [7]) and “least squares” method (one presented in this
paper) [Fig. 2]. Table I compares the Lo and Lo errors for the three
methods. The “least squares”’method clearly has an advantage over the
other two methods.

TABLE I
L2 AND Lo ERRORS FOR DIFFERENT METHODS

Method Lo error Lo error
Linear interpolation | 4.04 x 10=% | 1.9 x 103
Minimax 1.54 x 10~% | 544 x 10~ %
Least squares 4.08 x 10~° | 2.03 x 10~ %
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Fig. 1. Nonlinear distortion and compensated characteristic.
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Fig. 2. Gain variations as a function of input

To investigate the effect of observation noise, we added a random value
in the interval [0, 0.05] to each yy,. But this would give some abrupt jumps
in the data. To work around this problem we took the pointwise means for
several observations of D = (x, yk),lcfo. This made the grid of points

TABLE II
Lo AND Lo ERRORS FOR DIFFERENT METHODS IN PRESENCE OF NOISE

Method Lo error Lo error
Linear interpolation | 1.3 x 10~3 | 1.69 x 10—2
Minimax 3.18 x 103 | 4.21 x 10~2
Least squares 2.6 x 107 2.83 x 102

smooth to some extent. We found Ao = 0.5995. Table II compares the Lo
and Lo errors for the three methods using the data infected with noise.

The table shows linear interpolation to be somewhat better than the
other two methods for the noisy case as linear interpolation involves less
uncertainties in the calculation of parameters, i.e. slope and intercept, and
hence shows robustness towards noise. But the fact that linear interpolant
is not smooth prohibits its use in many applications.

IV. CONCLUSION

In this paper, a new method was suggested for fitting a hyperbolic
spline to a set of monotonically increasing data points. The key idea of
our method was to minimize the curvature of the spline in the “least-
squares” sense. This method has resulted in reduced error in approximation
of the distortion and less gain variations in the corrected function. Test
results have shown the suitability of the fitting technique in presence of
observation noise. More robust techniques have to be developed to deal
with observation noise as present techniques show large gain variations in
the presence of noise. Another venue of future research is to consider high
order hyperbolic splines.
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