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Abstract—1In this paper we present a mathematical for-
mulation of the problem of robust iterative learning control
(ILC) design when the system is subject to data dropout. It is
assumed that an ILC scheme is implemented via a networked
control system (NCS) and that during the data transfer from
the remote plant to the ILC controller data dropout occurs,
resulting in what we call intermittent measurement. Using the
Kalman filtering approach, we show that it is possible to design
a learning gain such that the system eventually converges to
a desired trajectory as long as there is not complete data
dropout.

Index Terms— Iterative learning control, Intermittent mea-
surement, Networked control system, Kalman filtering

I. INTRODUCTION

Robustness has been studied in ILC from a number of
different perspectives, depending on the underlying assump-
tions made about the system to be controlled. For example,
in stochastic ILC, learning gain matrices are designed using
Kalman filters to primarily take into account measurement
noise [1], [2], [3], [4]. In Hy, ILC, external disturbances
and model uncertainty are considered on the time axis [5].
Robustness with respect to initial resetting has been one
of the most important research topics in ILC, given that
by assumption ILC requires an initial equivalent condition
at every iteration [6], [7], [8], [9], [10]. Frequency-domain
analysis and/or synthesis based on frequency-based filtering
considers noise and disturbances in the frequency domain
[11], [12], [13], [14]. In interval ILC, parametric interval
uncertainties in the plant model have been addressed with
a particular focus on monotonically-convergent ILC design
[15], [16].

In this paper we discuss another type of uncertainty that
can arise during the implementation of an ILC system — data
dropout during transmission of measurements or control
signals between a remote plant and the ILC controller — and
we provide an analytical ILC learning gain design method
to ensure convergence in the face of such uncertainty. The
paper is organized as follows: In Section II, we explain the

idea of intermittent ILC in detail, including the motivation
for this study. In Section III, we provide a synthesis method
and an analysis for convergence. Using a stochastic Kalman
filtering approach, we show the surprising result that it is
possible to design a learning gain such that the system
eventually converges to a desired trajectory as long as all
the data is not lost. Conclusions are given in Section IV.

II. INTERMITTENT ILC
A. Networked Control Systems

Recently networked control systems (NCS) have become
very popular, due to the benefit of reducing the complexity
of directly wiring between computers, saving the costs of
maintenance of controllers at remote plants, etc. Driven
by these benefits, real-time industrial networks such as
DeviceNet, Profibus, FireWire, etc., have emerged as new
technologies for distributed control applications [17]. The
key feature of these industrial networks is to connect sen-
sors, actuators, and controllers as network-wired nodes. This
feature has enabled reducing the system wiring, increasing
system agility, making it easier to diagnose the system,
and increasing system reliability. Applications of computer
networks include military unmanned vehicles, manufactur-
ing plants, telerobotics, telemedicine, and various kinds of
information and data signal exchanges between spatially-
distributed system components. Generally, the distributed
system consists of a supervisory controller, a remote plant,
main controller, actuators, sensors, and a network that
connects all these components (see Fig. 1).

Unfortunately, despite the benefits, in NCS applications
there are also some drawbacks. First, there is the problem of
data congestion, which is caused by lack of a universal clock
between the main controller and the remote plant, hardware-
inherent data delays, and communication constraints such
as channel capacity. Furthermore, in the case of MIMO
systems or multiple networked plants, data congestions
and other factors, such as hard-nonlinearities, can cause



time asynchrony among the multiple remote plants or
subsystems. Another drawback is data dropout. In NCS
research there have been numerous efforts to compensate
for data congestion [18], [19], [20], [17], [21], [22], [23],
[24], [25], and to improve the performance of systems that
experience data dropout [26], [27], [28], [29], [30], [31],
[32], [33], [34]. With regard to data dropout, it has been
shown that there is a critical data dropout rate [32], [33],
[34] above which the networked-system becomes unstable
and therefore the desired performance is no longer achieved.

In this paper we suggest that for iterative learning control
systems operated over a networked control system it is
possible to address and alleviate the data dropout problem.
Our main theoretical result is that if the control gain is
updated by an ILC scheme and the remote plant operates
in a repetitive way, the resulting NCS will be stable as long
as there is a part of the data measurement, whatever amount
it is, that gets through.

Actuator Plant Sensor

Network Network

Main Controller

Fig. 1. Direct closed-loop networked control system configuration.

B. What is Intermittent ILC?

The key idea of ILC is to use information from past
repetitions to compute the current repetition’s control
force. Throughout this paper, let us consider the following
discrete-time, 2-dimensional system:

.’L‘k(t-i-l) = Awk(t)—l—Buk(t) (1)
yk(t) = C:Ck(t) (2)

where A € R™*" B € R™™™, and C € R"*™. The system
is operated repeatedly in the iteration domain and at the k-th
iteration, the system is described by the discrete state equa-
tions (1) and (2). Basic assumptions of this 2-dimensional
system are (¢) every trial ends in a fixed time of duration;
(i) a desired trajectory yq(t) is iteration invariant; and (7i7)
repetition of the initial resetting condition (z4(0) = xo for
all k) is satisfied. For more detailed explanation about this
2-dimensional system, refer to [35].

We can consider two different types of data dropouts
when the ILC main controller is connected to the remote
plant via a network. The first one occurs when the control
input uy (t) is updated. For instance, in a typical ILC update
law, the control input uy11(¢) is calculated by ugi1(t) =

u(t)+yer(t+1), where e (t+1) = yq(t+1)—yr(t+1), ya
is the desired output, and yy, is the actual measured output.
In this update, the stored control input information wy(t)
or the error term 7ei(t + 1) may be missed during the
data transfer in the network. From Fig. 1, the remote ILC
controller is located in the box named “Main controller”
and the controlled-remote plant is located in the box named
“Plant.” During the control signal translation through the
network, the signal could be dropped, which means that in
the ILC control signal calculated by w11 = ug(t)+ver(t+
1), the past control signal uy(t) and/or error term ~yey (t+1)
may be missed. The second data dropout is due to the
measurement data loss during the signal transfer from the
sensor to the main controller. In this case, mathematically,
equation (2) can be changed as

y(t) = n(t)Cai(t) (3)

where 7(t) could be zero or one (i.e., n(t) € {0,1}). But,
this zero or one could be random due to the stochastic
characteristic of the data loss. Thus, when we say intermit-
tent ILC, we have to consider the above two different data
dropout situations. Here we consider only the second case
(intermittent measurement), as also done in most existing
NCS works [26], [27], [28], [29], [30], [31], [32], [33], [34].
Note that if we use a higher-order ILC updating scheme,
we may have to consider intermittent data dropouts from all
past control signals and/or all past output measurements, but
this is beyond the scope of this paper.

III. OPTIMAL LEARNING GAIN MATRIX DESIGN OF
INTERMITTENT ILC SYSTEM

For the intermittent ILC design, we use an existing
Kalman filtering ILC approach. Our main theoretical con-
tribution is to add an intermittent measurement signal to
the ILC update and then analyze the overall convergence
property of the designed intermittent ILC system. The result
of this section is influenced by [3]. Specifically, we will
design ILC learning gain K} () with stochastic noises and
intermittent measurements. '

A. Design of an optimal learning gain

Throughout this paper, we use the following update rule:
Upt1(t) = ug(t) + Ki(t)ner(t + 1) 4)

where 7 € {0, 1}. This equation shows that for the current
control signal calculation at the (k+ 1)-th iteration, we use
the k-th control signal ug(¢) and error term e (¢4 1). Thus,

'In [3], there is no mathematical derivation considering intermittent
measurements. Thus, the contribution of this section over [3] is to introduce
intermittent measurements into the stochastic ILC framework. Also we note
again, the contribution of this paper over existing intermittent Kalman
filtering [26], [27], [28], [29], [30], [31], [32], [33], [34] is to show
that there is no critical data dropout rate in the point of stability when
we enhance the intermittent Kalman filtering results with an ILC update
scheme.



it is a basic assumption of this paper that we know, at the
(k + 1)-th iteration, whether the output signal yg(t + 1),
which is the past information, was missed or not. That is,
if yi(t + 1) was delivered, then the current control signal
is updated as

w1 (t) = up(t) + Kp(ter(t + 1), (5)
otherwise, the current control signal is updated as

uk+1(t) = uk(t) (6)

Following standard ILC practice, we denote ug(t), z4(t),
and y4(t) as the desired input, state, and output signals,
respectively. Introducing dugy1(t) = ug(t) — ug1(t) and
dxy(t) = xq(t) — x(t), and following [3], we obtain the
auxiliary system:

[5(;?(:17?1))} B

{1 - Kkét)nCB Kk(jl)nCA] [gz:gg] N
O] e

Now, we introduce n = 77 + 77, where 77 is the mean
of 7 and 77 is a zero-mean stochastic sequence. Following
[33], we can calculate the variance of 7] as 0% =(1-7n)7.
Now, inserting 17 = 77 + 77 into (7) yields (8) the following
equation.
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we rewrite (8) such as
Xt =0X + 70X + W + 5YW. 9)

Now, taking expectations on both sides of (9), and assuming
no correlation among state, random sequence, and random
noises, we have

EXtx+"] E[(®X + QX + YW + 7 TW)
x(®X + 70X + W + Y W) 7]

= ®EXXT]®" + oZQE[XXTIQT
+VEWWTUT + o2 YEWWTTT.

(10)
Assuming that we have knowledge of the noise statistics
and denoting them as
Pt =Ex*Xt"); P.= EXX"); Q= E[WWT],

we have

Pt =0Po" + o20PQT + ¥QUT 4+ 02TQYT. (11)

To find an optimal learning gain matrix K /(t), following
[3], we use the trace of P, a typical procedure in Kalman
filtering. In what follows, for simplicity, we omit subscripts
the k and 7, and the time index ¢. Now, we compute the
trace of both sides of (11) as:

trace(PT) = trace[@P®” + o2QPQ" + WQUT

+021QY"]
Partitioning P and () according to:

_ | Pun P, H_ |Qu Q2
P_[Pm P22}7Q_[Q21 QQQ]

we have:

trace(P1) =
trace { o KC(BPyy + AP»)BTCT K™
+ 02KC(BPyy + APy) ATCTKT
+[(I — KfCB)Py; — KRC APy [I — KnCB]*
+ [(I = KRCB)Pyy — KTjC APy [-K7CA|"
+ (BPy1 + APy )BT + (BPyy + APy AT
+ (KNCQ11 + KQa1)(KnC)"
+ (KnCQ12 + KQa2) K™ + Qu1

+0?KCQu(KC)"} . (12)

Next, substituting the following into the above equation
Vi = (CB, CA), Vs = (B, A), Vs = (I, 0),
we can simplify the right-hand side of (12) to be:
trace { > KV, PV{' KT + ? KV, PV{' KT + V, PV;"
+ V3PV — Vs PVP KT — KV PVY



+ Qi + KMCQuCT +0°CQ1CT +7CQ12
+QuiiCT + Q22)KT} (13)
Therefore, we have
Otrace(PT)

0K
202KV, PV]' 4 2KV, PVE — 27V PV/T

+ 2K(72CQ11CT 4 62CQ1 CT +7C Q12
+ Q0T + Q).

Here, assuming no correlation between wy,(t) and vy (t), we
consider Q12 = Q21 = 0. Now, defining

I1:= (o + TP)VI PV + (7 + 0%)CQ11CT + Qao,

(14)

+ .
when atraaLIgP) is set equal to zero, we finally calculate

the optimal learning gain as follows:

Ky(t) =V PVITI L. (15)

B. Analysis of convergence

In this subsection, we analyze the convergence of the
intermittent ILC system updated by the learning gain given
by (15). For this purpose, we need to find a recursive update
formula for the covariance matrix P = E[X XT]. For each
t and k, let us denote:

P p(t) = E[duk(t)éuk(t)T]
Prok(t) = Elduy(t)ozy(t)"]
Py p(t) = E[&mk(t)éuk(t)T]
Py (t) = E[dxr(t)dx(t)]

In the sequel we will drop the notational dependence on k
and/or ¢t when it is clear from the context.

First, it is easy to show that Pyo(t) = Po1i(t) = 0
using the same method given in [3]. Next we consider the
diagonal terms Pjq (t) and Pag i (t). Beginning with Pyq:

Elbugq1(H)urs1(8)"] =

o’ KViPVIKT + 7KV, PV KT + Vs PV,

“VsPVI KT = KViPVS" + K(7CQuCT
+02CQ116T+Q22)KT. (16)

Now, reformulating the right-hand side of (16) and inserting
(15) into this yields

Eloups1(t)0ups1 ()] = VPV
PV PVITT 'V PV,
a7
Thus we have
Pi1 g1 = (I =KR(t)CB)Piy g, (18)

which is very similar to equation (16) of [3]. Here, de-
noting A := CQ1107 + (62 + 7?)7'Qe and S =

C APy (CA)T + A, we have

I -7K,(t)CB = I-7Pu(CB)"(0® +7°)7"
x [CBP;,(CB)T + 5] CB.
(19)
Now, since 7%/(c? + 7?) = 7 and, for convenience,

substituting C'B by N, then, (19) becomes:

I —7Kx()CB = I — 7Py NT [NPyNT + 5] 7' N (20)

Next, using [NP;NT + 5] -t -

STIN(NTS™IN + P;;')"'NTS~!, we obtain
I -7Ky(t)CB = I—-7PyNTS™'N4+7PNTS™IN
x(NTSTIN + P H INTS™IN.
21
Also for convenience, denoting Y := N TS-IN and W :=
P,,1Y, we finally obtain
I — 7K (t)CB
=1-7PhY +75PhY(Y + Py
=1 —-7PnY +7P,Y(I + (PLY) H™!
=1 -qW4+aW ([ +WH™!
=T - I +W HT+wH!
+aW (I + W™t
=((1-I+WHI+w-H=L

S -

(22)

Now it is observed that S is a positive definite matrix.
Hence, if C'B is full rank, then Y is positive definite (see
page 399 of [36]). Also, it is assumed that the covariance
matrix Pj; is positive definite. Generally, the multiplication
of two symmetric matrices is not symmetric. So, we cannot
claim that W is symmetric. However, for SISO systems, W
is a scalar. Then, we can conclude that ((1—7)I+W ~1)(I+
W=t < 1;s0 I —Ky(t)CB < 1. Thus, Py — 0 in
the manner of Py 11 < Pi1 % as k — oo. For the MIMO
case, we prove p [(1 =)+ W) (I +W=1)71] <1in
the following lemma.

Lemma 3.1: The spectral radius of ((1—7)I+W =) (I+
W=~ is less than 1.

Proof: Clearly, W~! has positive real eigenvalues
since it is multiplied by two positive definite matrices (page
465 of [36]). Hence (1 — )] + W~" and I + W~! are
nonsingular matrices. Let us say that X is an eigenvector
matrix of (1 —7)] + W~ and ¥ = diag(o;) is diagonal
eigenvalue matrix. Then, we can write

X[(A-mIl+W Xt = %
S -NXX '+ XI+WwhHXxt = %
S X(I+WHXx! = diag(@+ oy).
(23)



Therefore, we have

(1—mI+ W™ = X" 'diag(c;) X (24)
and
(I+wW™Y = X ldiag+o)X =T +W ™!
X diag(m +oy) 1 X. (25)
Now, substituting (24) and (25) into (22), we have
I - ﬁKk(t)CB =
X 'diag(o;) X X diag(f + 0y) ' X
= X ~'diag (o/(7+ 03)) X. (26)
Now, since o; > 0, the spectral radius is less than 1. |

These results are summarized in the following theorem:

Theorem 3.1: Under the intermittent measurement envi-
ronment, 7, with mean 7, the ILC learning gain determined
by (15) guarantees Piy, — 0 as k — oo.

Proof: By Lemma 3.1, the proof is direct. [ ]

Remark 3.1: From the definition of 77, we know that
when 77 = 1, there is no intermittent measurement, while
when 77 = 0, all measurements are lost. From (26), when
7 = 1, the spectral radius of I — 7K (¢)C B is smallest. So,
we can conclude that without intermittent measurement, the
best convergence is achieved. However, from (26), as far as
7 # 0, still the spectral radius of I — K (t)CB is less
than 1. So, in ILC, the convergence is always guaranteed
even if most of the measurements are lost (in other words,
as far as there is a part of the data measurement available,
whatever amount it is).

Next we consider the convergence of Psg (). For this
we have the following theorem.

Theorem 3.2: If there is no initial resetting error at every
iteration, then

-1 —1
Py — Z ATQq Z(AT)tilii- (27)
i=0 i=0

Proof: From (7), and after some manipulations, we
obtain:
t—1 4
S (t) = Aok (0) + Y AT T [Boug (i) — wi(i)] (28)
i=0
Since there is no initial resetting error, dx(0) = 0, so:
E[(S:Ek(t)&tk(t)T} =
t—1
> AT E [(Boux (i) — wi(i))
i=0
x (6ug(i)T BT — wk(z)T)]

t—1
% Z(AT)t—l—i
=0

t—1

= Y A [BE(Su(i)dug (i) ") BT

i=0
t—1 _
+E(wi(we(t))] Y (AT (29)
i=0
Therefore, from Theorem 3.1, since F(duy(i)dug(i)”) = 0
as k — oo, the proof is completed. [ ]

Remark 3.2: In Theorem 3.2, it is shown that Py
converges to a fixed value as the number of iterations
increases. It is observed that the final converged value of
Pyo depends on A and @Q1;. If there is no noise, then
P. 29 — 0.

When Q11 # 0, we can write (27) as:

t—1
vec(Pyg) = Z(Az ® A)vec(Q11) (30)

=0
where ® is the Kronecker product, vec(Pa) =
[(Po2)i, (Pa2)5, -+, (Po2)y]T,  and  vec(Qu) =

(@] (Qu1)3 -+, (Qu)5]", where (Pp2); is the
j-th column vector of matrix Psp and (Q11); is the j-th
column vector of matrix ()1;. Furthermore, using the
property A2 @ A2 = (A ® A)(A ® A), we can see that
the boundedness of P»y, on the time domain, depends on
eigenvalues of A ® A (not the eigenvalues of A).

Remark 3.3: In (15), Ki(t) depends on P, which is the
expectation of X X7 Actually, K}(t) is calculated based
on past information at every iteration. Similar to [3], we
can develop an algorithm for updating Kj(t). To avoid
confusion and clarify this paper, we provide an algorithm
in this remark. Note that from (11), we have

Pyo . (t+1) = BPyy () BT + APy 1. () AT + Q11. (31)

Let us assume that P11 ;(f), when k = 0, is available and
Py 1:(t), when ¢t = 0, is also available. Then, the following
algorithm can be developed:

o From (31), when k = 0, we calculate Py (¢ + 1).

o Use (15) for updating K(t).

« Calculate uy1(t) using (4).

o Use (18) to update Pyq ().

o Repeat whole process (i.e., k = k + 1).

IV. CONCLUDING REMARKS

In this paper, we provided a synthesis method for ILC
systems subject to intermittent measurements. Although
the algorithm requires using full information about the A
matrix, as some measurements are available the convergence
of the ILC scheme is guaranteed. Compared with existing
intermittent estimation theories [26], [27], [28], [29], [30],
[31], [32], [33], [34], which have critical data dropout
rates above which the system is not stable, the intermittent
Kalman filtering scheme enhanced by ILC has no critical
data dropout rate. Intuitively, this result can be understood
in the following way: even if there may be significant



data dropout in the output measurements, if we update
the control signals on the repetitive iteration domain, the
effect of data loss can be compensated eventually, because

the

system, when viewed from the repetition-domain, is

simple a contractive sequence. In future work, we consider
the design of the learning gain matrix without using full
information of the A matrix and will also consider the
problem of control signal dropout in a delayed NCS system.

We

are also developing an equivalent theory for interval

plants as well as experimental validation using the Utah
State University “Smart Wheel.” [37].
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