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Abstract— This paper presents a derivation of closed-form expression
of an arbitrary high order uniform B-spline. This close-form expression
is then applied to the stability analysis of a learning feedforward
controller &F FC) using B-spline network (BSN) in frequency domain.
BSN as a promising tool discussed in the existing literature is mainly
limited to the 2nd-order B-splines case. Detailed derivation of high order
BSN is still missing from the literature. In this paper, we propose to
use a special type of matrix called “B-matrix” to facilitate the analysis
and computation of high-order BSN for use with the LFFC scheme.
Unlike the common recursive definition, the technique we developed is
in “piecewise closed form,” which is a nice feature especially suitable
for the LFFC analysis and design.

Index Terms— Learning feedforward control (LFFC); iterative learn-
ing control (ILC); B-spline network (BSN); high-order B-spline; fre-
quency domain analysis;

I. INTRODUCTION

B-splines with their orders higher than 2 are referred to as “high-
order B-splines”. In this paper, we first presents a detailed derivation
of closed-form expression of an arbitrary high order uniform B-
spline. This close-form expression is then applied to the stability
analysis of a learning feedforward controller (LFFC) using B-spline
network (BSN) in frequency domain. This paper is an extension of
[1] where a mechatronic application example can also be found.

A. Basics of B-splines

B-spline is a common piecewise polynomial fitting tool developed
by Carl De Boor and M. G. Cox independently [2] in 1972. In
most references, the De Boor form B-splines are described in

the continuous form. For our application, we are interested in the
discrete counterpart, which is shown in (1) by referring to Fig. 1.
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Several remarks on (1) follow.

o The sampling period is h. Thus, we can transform between
the discrete and continuous forms by the definition ¢ = kh,
where ¢ is the variable of the continuous form. So, pp:(k) is
discrete, and pp;(t) is continuous.

e p,i,k €Z,and h € R.

o p is the order of the B-Splines. ¢ is the index of a partic-
ular B-spline. Note that ¢ € [—Ny, N2|, where N1, N2 €
Z; N1, N2 > 0. Normally, we are interested in the cases when
p > 2, then Ny, N2 € N. Then, we define N := No — N1 + 1
as the total number of B-Splines that present in the interval of
interest.

o The support of a B-Spline is d, which is defined as d :=
pm. Thus, for a pth order B-Spline, it is composed of p
polynomials, with m the uniform width of each interval.
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« We also define N, as the total number of samplings. Thus,
ke 0,N, —1].
Now, take k as the input, and yj (k) as the output, we can
construct a BSN that similar to the definition of an artificial neural
network (ANN).
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Here, pp,i(k) is the i-th B-Spline of p-th order as defined in (1).
w? is the i-th weight in the j-th iteration. Accordingly, 3’ (k) is the
output that associated with the input £ in the j-th iteration. This
relationship can be seen clearly in Fig. 1. The center of a B-spline
I4p,s in the bottom subplot is aligned with its associated weight, wg s
in the top subplot. The solid line in the top subplot is oy (k), which
is smooth, and its shape is controlled by w?. By adjusting w! in the
iteration domain, it is possible that 37 (k) fits our objective function
better and better, as explained in the following.

B. Basics of LFFC and ILC

LFFC [3], [4], [5], [6], [7] is a variant of “Iterative Learning
Control” (ILC) [8], [9]. The basic ideas are the same in the sense
that LFFC and ILC are both considered to be a value-added block
for enhancing the feedback control performance of some classes
of systems by capitalizing on the repetitiveness of these systems’
operation. The general LFFC scheme is illustrated in Fig. 2, where
FBC stands for “feedback controller” and yq is the given desired
output trajectory to be tracked. The scheme works as follows. After
the (j — 1)th iteration, the feedforward control signal v’ " and the
feedback control signal u’gl are to be store in the memory bank for
constructing the feedforward control signal at the next repetition,
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Fig. 1. An illustration of high-order (4-th order) B-splines and the related
filtering process.



ie., ufp The stored feedback control signal ujc_l is filtered through
H(z,2") and multiplied by a learning gain . Note that the general
filter H (2,27 ") is the key LFFC element. The correct selection of
this filter and its parameters is the key to a successful LFFC scheme
[1].

Although a general neural network can be used in LFFC, so
far only 2nd order BSNs have been considered. The features of
BSN made it easier for stability analysis [6], [4], [7], [1], [10] and
in [1], [10], two parameters tuning rules were proposed for LFFC
with the 2nd order BSN. Also, the effects of dilation to the 2nd
order B-spline were discussed in [1]. However, the performance
of high-order B-spline is still not very clear. It is mainly due to
the difficulty of analysis. Since 2nd order B-splines are actually
triangles, it is straightforward to write down their closed-form
polynomial representation, but it is difficult for high-order B-splines.
In this paper, we will propose a new mathematic tool named B-
matrix, and extend some results in [1] to the arbitrary high-order
uniform B-spline system.

C. Problem Description

When we use BSN to filter the learning feedforward control
signal u}, (kh), we have (3).

N3
up(k) =y (k) = Y wlppi(k), 3
i=—N;

In addition to the generic BSN properties that we have described, we
assume this BSN has no dilation now. In [1], dilation was defined
as the “basis functions do not overlap more than 50% each other.” It
is valid for 2nd BSN. Now, we extend this definition to high-order
BSN: A pth high-order BSN is dilated if the basis functions do not
overlap exactly (1-1/p)x100% of each two consecutive B-splines.
Accordingly, it is non-dilation if each two consecutive B-splines
overlap exactly (1-1/p)x100%.

Figure 1 is an example of non-dilation 4th order BSN. It is easy
to observe that the delay between two consecutive B-splines is m,
and the support d is equals to 4m. On the right hand side there is
a vertical line labeled !, which intersects with the B-splines fu4,0,
14,1, pa2 and g3 at the points ag 4,0, Gk,4,1, Qk,4,2 and ag 4,3
respectively. These intersections are the values of B-splines when
the variable is k. In [1], aj, is defined as the value of u2;(k) at
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Fig. 2. Block diagram of LFFC using a general filter H(z, z~1).

the point k. When we denote ay, as a,2,;, the value of po;—1(k)
is 1 — ag. For high-order B-spline, the relationships among the
consecutive B-splines are not that simple. In this paper, we propose
the so-called “B-matrix” to simplify this procedure, and find out
the closed-form analytical representation of B-splines.

The remaining part of the paper is organized as follows. Section II
explains the proposed B-matrix idea, the construction of the B-
matrix and the B-spline representation using B-matrix. Section III
applies the B-matrix to the design procedure of LFFC originally
described in [1]. Due to the page limit, after we briefly introduced
the control law, we just present the different equations between 2nd
order and high-order B-spline cases. Finally, Sec. IV concludes this
paper with some proposed future research efforts.

II. ANALYSIS OF HIGH-ORDER UNIFORM B-SPLINE BY
B-MATRIX

This section presents a new mathematical tool named B-matrix
for the high-order B-spline analysis. The subsections II-A and II-
B discuss B-matrix construction and its application on B-spline
analysis, respectively. Subsection II-C explains the reason why B-
matrix has this structure.

A. B-Matrices and Their Construction

First, let us see two examples: the 4-th order B-matrix B4 in (4)
and the 5-th order B-matrix Bs in (5), which are associated with
the 4-th and 5-th order B-splines, respectively.
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By careful observation, we can find the symmetric structure in
(4) and (5) as marked in (6) and (7).
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The markings in (6) and (7) follow the following conventions:
1) The operations above arrows represent the transfer functions

when along the direction of the arrow, e.g., 1 12, 3 represents
3=1+2% and 4 X2, 8 represents 8 = 4 x 2.

2) I and [y are the two diagonals of the matrices. The slash or
back slash on some of the entries indication the direction of
the diagonals.

3) @.®),B®and@represent 4 regions. They are segmented from
each other by l; and [».



Now, it is easy to conclude that regardless the order of a B-matrix
is even, like B4, or odd, like Bs, the same symmetric structure
holds. So, we can construct a B-matrix of any order by the following
rules:

1) Firstly, we define two diagonal lines for each matrix: /; and
l2 as the “upper left to lower right” diagonal and the “upper
right to lower left” diagonal.

2) Then, as shown in equations 6 and 7, there are four regions
defined as region() @) (3) and @)

3) Atthe very beginning, put a | at each entry of the first column.

4) In region(]) the entry on right equals to the entry on left plus
2", where n is the column number of the left entry.

5) In region(®) the entry on right equals to is the double of the
left entry.

6) Region(®and@)are symmetric to region 1 and 2 with respect
to ls.

The pseudo code for B-matrix generating is listed in Table I.
B. Compute the Closed-Form B-splines

Refer to Fig. 1 and equation 3. A pth order B-spline can be
represented in a piecewise polynomial form with p segments. For
the ith segment, we have written down its polynomial form from
the ith column of the B-matrix by the following steps. Taking a
4th order B-spline as an example, Fig. 3 demonstrates how it was
constructed from the lower-order B-splines. The plot on the top
demonstrates the relationship. For a clear presentation, we separated
every spline, and listed them below. For example, the w40 was
composed by two third-order B-splines: ps,0 and ps3,1. p3,0 was
constructed by pi2,0 and p2,1. In each segment, from seg 1 to seg
4, the 4th order B-spline can be represented by one polynomial. The
polynomial of seg i can be computed from the i-th column of
the B-matrix. To compute the polynomial associated with a specific
segment, we can convert the entries of a corresponding column of
the B-matrix into a binary form, thus generate a new matrix named
evaluation matrix. For segment 0-1, we can write the first column

TABLE I
PSEUDO CODE FOR B-MATRIX GENERATION

Construct a n xn matrix M.
Every element of the first column of M is
1

For each row from 1 to n—1
For each column from 2 to n—row+1 (
at the left of lg)
if column < row (at the left of g
We are in region (D.
M(row,column) =
M(row, column — 1) + g(column-—1)

else (at the right of I1)
We are in region Q.
M(row, column) =
M(row, column — 1) x 2
end if
end for loop
end for loop
Now, fill the rest elements by the
symmetric property . For each row
from 2 to n
For each column from n+ l-row to n (at
the right of Il2)
M(row, column) =
M(n+1— column,n + 1 — row)
end for loop
end loop
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Fig. 3. Decomposing a high-order B-spline into low-order B-splines.

of B4 in the binary form, which is the first evaluation matrix E;.
We can then convert the entries of a corresponding column of the
B-matrix into a binary form, thus generate a new matrix named
evaluation matrix. For seg 1, we can write the first column of
B, in the binary form, which is the first evaluation matrix E;.

o For each column of B-matrix, transfer it into binary form, thus
generate what we called the evaluation matrix. For example,
to compute the polynomial in seg 1, we can write the first
column of By in the binary form, which is the first evaluation
matrix E;.

E, =

o O OO
o O OO
o O O O
e R

o With a n X n evaluation matrix E;, we start from the right
lower corner, ey, n.

« With only two operations: Either going from an entry to the
entry on the above, or going to the one on the left above, we
can find one or many paths from e, , to any element in the
first row, e1,., and this path passes only the entries that equal
to 1.

« For each path, compute a path polynomial following the rules

in (8).

€ij — €i-1,5-1 X (=bp+i—j)
€5 — €i,5—1 Xbpfj (8)
where b; is defined in (9)
b — k— mz' ©)




Note that b; is a function of &, thus b; is a function instead of
a constant.
o Add the b; associate with all the possible pathes together
divided by n!.
Let us still use the 4-th order B-spline as the illustrative example.
All the possible paths and the multiplication operations for each step
are marked in equation 10.

e1,1 e1,2 e1,3 e1,4
—by —b3 —ba
N Tbhe N Th N0 Tho
€21 €22 €2,3 €2,4
_ —by —b3
" A N L
e3,1 €3,2 €3,3 €3,4
_b4
N Tbho
L ea1 eq,2 €4,3 €14 |

However, if any entry on a path is 0, this path is “invalid,” i.e.,
it is not a path at all. The path is valid only if all the entries on
it are 1’s. In equation 11 we give four evaluation matrices with
each one associated with one column of B4. Here, we marked only
operations on the valid paths.

Then, it is easy to see that the rgsult of the evaluation matrix in

b

the left most segment, seg 1, is The polynomial of the second

3
evaluation matrix is
—bob1b3 " —b3 " —b2by
3! 3! 3!

Then, we can compute the explicit polynomial by replacing b; with
k.

C. Validity of B-Matrix

In the former subsection, we directly gave the structure of B-
matrix without explanation. In this subsection, we will briefly
explain why the structure looks like this.

The B-matrix was derived by observing the presentations of all
the lower order splines. Let us use the 4-th B-spline as an example
again.

In Fig. 4, “Seg 1” represents “Segment 1” etc. In the row of
11,0, @ line on right in the column of “Seg 1” indicates that the
B-spline 1,0 has non-zero values, where we say it “exists.”. For
the column without a line w10 is always zero, e.g., Seg 2 is this
case. We say p1,0 does not exist in Seg 2.

Then, we can use matrices to represent the existence of very
spline, as shown in Table II. In the table, the four areas with double
vertical lines on both sides are the four segments in Fig. 4. If the
item on the intersection of raw p;,. and column . ; is 1, then p; ;
exists in the current segment, otherwise 15 ; does not exist. It is easy
to conclude that the matrices between the double vertical lines are
the evaluation matrices and after converting them into the decimal,
we can get the B-matrix.

With the help of the Table II, we can list the polynomial of each
B-spline in every segment. This result leads to Table III. The first 10
rows of this table are filled with the recursive presentation format,
i.e., the DeBoor-Cox form. The last row is the closed form that
we need. Carefully comparing this table and its B-matrix (referring
to Table II and the equation (4)), we can observe the structure as
shown in equation 6. If the readers list the cases of other high-order
B-splines, it is easy to see that this structure is not by accident. For
example, the length of 1. is just one. Thus, after converting into
binary form, we need to do one left shift in order to get the value
of right segment from the left one. All the other B-splines have

( [ Seg I [ Seg?2 | Seg3 [ Seg 4 [

12,1

©2,2

13,0

©3,1

14,0

Fig. 4. Decomposition of a 4-th order B-Spline

the same relationship, except that the situation of the boundaries
are different, where the overlapping relationships are different than
what in between.

D. Computational Approach for Symbolic Closed-Form B-spline

The aim of this subsection is to find the symbolic closed-from
(piecewise polynomial) representation of arbitrary high-order B-
spline by Matlab programs.

The basic idea is the same as B-matrix, but we proposed an easy
way of coding. Observing the evaluation matrix, we find out that
the path always starts from e, , to €1 p—;+1, Where p is the order
of the B-spline and the j is the index of a certain segment. If we
start from the entry e, ,, we need exactly p — 1 steps to either
arrive e1,p— ;41 or fail. This is due to the fact that no matter we
move up or move upper-left, the row number will be reduced by
1 for each step. The only option we can choose are the time to
turn left. Thus, we need to move p — 1 steps, among them 7 — 1
steps are going upper-left. So the total number of paths is CZ:}.
Now, the question is: What are them exactly. Let us refer this “list
of combination” problem: Choose N bits from M bits, how to list
all the possible combinations? For example, if f2(C3) is the binary
value of selecting 2 out of 3, then it is a set of {011,101, 110},
and its decimal form is fi0(C%) = {3, 5,6}. The question is: What
is the algorithm to find f(C2)? It is easy to prove:

FOM) = {f(CRr—1),2 x F(CRZY) + 1}

So we have the recursive algorithm as shown in Tab. IV
Then, transfer each element in L to binary, and check every bit
of them with the following rules:

row = p, col = p;
Xbp—col, TOW = row — 1;

Initially

If the next bit is 0,
If the next bit is 1, X (—bp—coi+row),

row = row — 1,col = col — 1.

For example, fi0(C3) = {1,2,4} is associated with seg 2
of 4th order B-spline. It is binary form and the polynomial form
(without being divided by (p — 1)) is



0 1 0 O 1 0 0 1 0 0 1 0 0 0
—bo —bs —bs
T bo T b1 T b2
0 1 0 0 1 1 0 1 1 0 0 1 0 0
—b3 —by —53 —by (11)
T bo T b1 T bo N T N
0 1 0 0 1 1 0 0 1 1 0 0 1 0
—by —by —by
T bo T bo T bo
0 1 0 0 0 1 0 0 0 1 0 0 0 1
TABLE II
THE EVALUATION MATRICES OF THE 4-TH ORDER B-MATRIX
Bg [ p2 [ g1 [ po [ A3 | 2 [ B [ fo [ 3 [ f2 [ fo1 [ fo [ 3 | o2 [ fh1 | 10
1, 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
"2, 0 0 0 1 0 0 1 1 0 1 1 0 0 1 0 0
13, 0 0 0 1 0 0 1 1 0 0 1 1 0 0 1 0
4, 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
TABLE III
COMPUTE A 4TH ORDER B-SPLINE
[ Spline | Seg I [ Seg2 [ Seg3 [ Seg 4
11,0 I 0 0 0
p1,1 0 1 0 0
H1,2 0 0 1 0
11,3 0 0 0 1
/Lgyo b[) —b2 0 0
H2,1 0 b1 —b3 0
12,2 0 0 b —by
4 X X L X — + X _—bg X _—bg 0
H3,0 12,0 2 H2,0 12,1 D) 12,1 D)
1 b1 —by —by
3,1 0 H21 X — p2,1 X ) + p22 X —— p2,2 X -
« bo « bo n « —bs « bo i y —by « —by
14,0 13,0 3 H3,0 3 3,1 3 13,0 3 13,1 3 H3,1 3
bo 71)3 bo *bB
— X — Xb — X — x (=b
g < g T 3 ¢ (Tl
b3 bo _ bo —bs b (=ba)®
4,0 a 5 X ) X (=b2) + 3 X ) x (—b3z) + 30
—b. b —b —b
vy o4 o by
3 2 3 2
TABLE IV 100, (—ba)biby;
PSEUDO CODE FOR LIST OF COMBINATIONS 010, bo(—b3)b1;
001, bobo(—b2).

function L=comb (M,N,L)
if N==0

L={L, 0};
end
if N==
L={20, 21’ R 2]%—1}
end
if M==N
L{L, 2M —1};
else

B

L={L, 2xcomb(M—1, N—1,L)+1, 2xcomb(M
)

AR

If we add these three polynomial together, this is the solution of
4th order B-spline at its 2nd segment.

III. LEARNING FEEDFORWARD CONTROL USING HIGH-ORDER
B-SPLINE NETWORK

Now, we can plug the B-matrix into the LFFC derivation pro-
cedure of [1], and extend the 2nd order results to the high-order
BSN.

A. The Control Law

The overall control signal at the jth repetitive operation is given

by



where ujc(k) is the feedback control law, and u} is the feedforward
control law. We update the BSN by

=w/ '+ Aw!
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i _ i (D l
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i=1 (l)
Therefore, in general, the LFFC updating law can be written in the
following filter form:

12

wly = w4y H (2,27 Yul !
B. Frequency domain analysis
The frequency stability analysis presented in [1] still holds for
high-order BSN. So, without repeating the detailed derivations, here

we simply extend some of the 2nd order BSN-based LFFC design
into the high-order case. Following the convention in [1], we denote

akpi = pp,o(Lep,i), 13)
Lipi = k—mi+ %7 (14)
Ak(z) = Z(ppo(k)). 15)

Since mi — mp is the center of the ¢th B-spline, Ly, ; is the
distance from 73 to the center of ith B-spline. Then,

Z(appi) = Ap(z)z ™%,

Thus, a,p,; is the value (height) of the ith B-spline, with an order
of p, at the kth sample time. L ; is the distance between the kth
sample and the center of the ith B-spline. For a pth order B-spline,
its area in unit of h is S, i.e.,

Np—1

= > (). (16)
=0

Clearly, equation 16 is compatible with equation 14 in [1]. So S =

m. Observe that szjmmﬂ ppi(K) = >0, pp,o(k) = Sp. We can
prove the following:
pm .
k m(i+p+1)—k
S = — k P S o b S k
P+1 ;[mpﬂpﬁ( )+ p tp, 1 (F)]
pm—m mp
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— —pp1(k+m) — —pp1(k+m
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pm—m

p+1 1
= EESL Y )

:sp

Thus, S, = m. Equation (12) can then be rewritten as:

upp(k) =l (k) +
[£ J4+p—1 Np—1
v i
pon D anai D mpa(k)ul (k)
i=1%) k=0

Therefore, finally, we have

up(k) = ujp (k) +yHa(z,27") %
p—1

> Ax(2)z ™ P (),

=0

Based on the above derivation, we can design d and «y by the sim-
ilar method described in [1]. The key point here is that the parame-
terized z-transfer function of the high-order B-spline network filter
can be obtained via the known form of Ak(z)z_m“'mp/zuéfl(k)
as shown in the above equation, which is a generalized form of the
2nd order BSN filtering process.

IV. CONCLUSION

In this paper we proposed an approach to compute and analyze
high-order uniform B-spline by the so-called B-matrix method.
Subsequently, we are able to extend the existing LFFC design
method of the 2nd order BSN to the high-order BSN. The stability
criterions of the 2nd order BSN still holds for the high-order BSN
case. The future research efforts could be 1) Finding the optimum
order of BSN; 2) Checking the dilation effect; 3) Optimal trade-off
between the BSN order and the dilation level.
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