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Abstract— This paper uses linear matrix inequalities to design
iterative learning controller gains. Comparisons are made
between Arimoto-style gains, causal gains, and non-causal gains,
using the supervector approach. The results show that linear
time-varying gains have better performance than linear time
invariant gains and non-causal terms make the system more
stable in the sense of monotonic convergence.

I. INTRODUCTION

Let the SISO discrete-time system Yj(z) = H(z)Ug(2)
have the transfer function

H(z) = Iz ' +hoz™® 4.

where the system is assumed with no loss of generality to
have relative degree one, 2! is the standard delay operator
with respect to time ¢, k denotes the iteration index, and
the parameters h; are the standard Markov parameters of the
system H(z). Per the normal ILC methodology, let the trial
length be N and lift the time-domain signals to form the
so-called supervectors:

U = (ur(0),ur(1), -, up(N —1))
Vi = (e(1),y%(2), -, ye(N))
Yo = (va(1),va(2), -, ya(N))
from which we can write Y, = HU}, where H is a lower-

triangular Toeplitz matrix of rank n whose elements are the
Markov parameters of the plant H(z), given by:

hy 0 -~ 0
ho hy -~ 0
H= ) )
hy hy—1 - I

This is called the supervector representation of the ILC
problem [1], [2], [3] An advantage of using the super-
vector notation is that the two-dimensional problem of ILC
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is changed into a one-dimensional multi-input multi-output
(MIMO) problem.

Stability conditions for super-vector ILC have been well-
analyzed in the literature. However, though many researcher
have considered the design of learning gains, the question
of finding the best structure of the learning gain matrix has
not been fully answered. The difficulties of finding the best
structure are that (7) the system is a high-order MIMO plant,
so it is not easy to analyze the super-vector ILC system
analytically, and, contradictory to (7), (¢¢) there exists an easy
solution, that is, the inverse of the Markov matrix is the best
optimal solution. However, this easy solution can be difficult
to implement when the plant is ill-conditioned. To overcome
these difficulties, we turn to some recently-developed tools
in control theory, specifically, linear matrix inequalities.

Recently, with the advent of powerful convex optimization
techniques, the linear matrix inequality (LMI) method has
been applied widely in control systems applications [4], [5].
A general linear matrix inequality is given as':

m
F(z)=Fo+ Y xF; >0, (1)

i=1
where x € R™ is the decision variable, F; = FiT,i =
1,.--,m are given symmetric matrices, and the constraint >

0 means positive semidefinite (i.e., nonnegative eigenvalues).
With the constraint of (1), the LMI method finds an optimal
z in the effort of minimizing or maximizing a convex object
function J(z). In 2-D dynamic systems similar to the ILC
problem, LMI-based stability analysis was performed in [6].
We also note the work of [7], which also looked at LMI-
based ILC design both from a parametric uncertainty and
a frequency-domain uncertainty perspective. A distinction
between that work and our own is that we have additionally
considered monotonic convergence.

'We define a matrix inequality as follows: if A — B is positive definite,
then A > B, and if A — B is semi-positive definite, then A > B.



In this paper we show that the LMI method can be used
to design the optimal ILC learning gain matrix. The paper
is organized as follows. The super-vector ILC structure is
analyzed in Section II Based on the analysis of Section II,
LMI algorithms are designed in Section III and LMI test
results are shown in Section IV. Conclusions are given in
Section V.

II. SUPER-VECTOR ILC ANALYSIS

Consider the ILC update equation
Uptr1 =Up +TE

and the following definitions:

Definition 2.1: In the ILC learning gain matrix, a “band”
is defined as sets of diagonals line as shown in Fig. 1.
There are three different bands that we consider. “Arimoto-
type ILC gains or band” are considered a band of size one
corresponding to the center diagonal of I', “causal ILC gains
or bands” consist of diagonals that are below the center
diagonal, and “non causal ILC gains or bands” consist of
diagonals that are above the center diagonal. Causal and
non-causal band sizes can vary according to the number of
diagonals included. If the first causal and first non-causal
diagonal are used, we call the band size 2. If the second
causal and non-causal diagonals are used, the band size is 3.
In this way we define the band size by the number causal
and non-causal diagonals in the ILC gain matrix.

Typical band |

Non- causal bands N
>

Causal
bands
| Non- causal band
size increases
Causal band
size increases
Fig. 1. Band and band size in learning gain matrix

Definition 2.2: We call I a linear time-invariant (LTI) ILC
gain matrix if all the learning gain components in each
diagonal are fixed as the same value. We call T" a linear
time-varying (LTV) ILC gain matrix if the learning gain
components in each diagonal are different from each other.

Definition 2.3: We define two stability concepts with re-
spect to iteration: asymptotic stability and monotonic
convergence. The system is asymptotically stable if every
finite initial state excites a bounded response, and the error
ultimately approaches 0 as & — oo. It is monotonically
convergent if |lex11]] < |||, and ultimately approaches 0
as k — oo.

For asymptotic stability conditions, two concepts should be
differentiated. When Arimoto or causal-only gains are used,
the asymptotic stability condition is defined as:

When non-causal gains are used in the ILC learning gain
matrix the asymptotic stability condition becomes:

p(I — HT) < 1, (3)

where p represents the spectral radius of (I — HT).
On the other hand, monotonic converegence is the same
for all types of gain and requires:

11— HT;

where || - ||; represents the induced operator norm in the
topology of interest. In this paper we will consider the
standard [/; and [, norm topologies.

In the following analysis, we consider four different cases:

1) Arimoto gains with causal LTI gains

2) Arimoto gains with causal LTV gains

3) Arimoto gains with both causal and non-causal LTI

gains

4) Arimoto gains with causal and non-causal LTV gains

First, we note the following observations, presented with-
out proof:

Lemma 2.1: In Case 1, the minimum of || I — HT'||; and
|| I — HT'||, occurs if and only if I" is exactly equal to the
inverse of H.

Lemma 2.2: In Case 2, Case 3 and Case 4, the minimum
of || I — HT'||, and the minimum of || I — HT'|| _ are zeros
if and only if T is exactly equal to the inverse of H.

Remark 2.1: From Lemma 2.1 and Lemma 2.2, we con-
clude that the best structure of I" is the inverse of H. This is a
necessary and sufficient condition. So, if the structure of the
learning gain matrix is not fixed apriori, it is expected that
the optimal I of the super-vector ILC would be the inverse of
H. However, in super-vector ILC, it is unrealistic to assume
that we know all Markov parameters exactly. Moreover, it is
not advisable to use the inverse of I as the ILC learning gain
matrix, because it is expensive to implement the inverse of
H in the control loop when H is ill-conditioned. Therefore,
we wish to use the LMI technique when the ILC gain has a
fixed structure.

Now, we analyze the learning gain matrix with a fixed
band size. First, we compare LTI and LTV cases. We use
following definitions:

Definition 2.4: An LTI learning gain matrix with fixed
band size is denoted as I'z7y, and an LTV learning gain
matrix with the same band size as I'; 7y is denoted as I' 7y .

Definition 2.5: When T is fixed as I' 7, the minimum of
| I — HTppy || is denoted by J;; and when T is fixed as
17y, the minimum of || I — HT 7y || is denoted by J3.



Then, using Definition 2.4 and Definition 2.5, we have
following theorem, also stated without proof, from the fact
that I'ppr C Ty

Theorem 2.1: If the same band size ILC gain matrices are
used in 'y and I'p 7y, the following inequality is satisfied:

T < Jj
Remark 2.2: Theorem 2.1 relates the optimality between
Case-1 and Case-2 and the optimality between Case-3 and
Case-4. Also, from Theorem 2.1, the following corollary is
immediate.
Corollary 2.1: If the same band size is used in causal ILC
and non-causal/causal ILC, then

Iy < e,

where Jy; is the minimum value using causal, Arimoto, and
non-causal learning gains; and J¢ is the minimum value
using only causal and Arimoto gains.

In summary, from Lemma 2.1 and Lemma 2.2, we con-
clude that the best gain matrix is just the inverse of H with
respect to convergence in the /; and [,, norms. When the
band size is fixed, we conclude that LTV is better than LTI
from Theorem 2.1, and from Corollary 2.1 that including
non-causal terms increases the optimality of the system.

ITI. LMI DESIGN

In this section, we show how to use LMI techniques for
ILC design using several different fixed ILC gain matrix
structures. Suppose we wish to satisfy the monotonic con-
vergence condition min[g (I — HT')]. Now, because

o[l — HT] = X([I — HT][I — HT]").
and because:
([T = HT)[I = HT)) <|| [T — HT|[I - HT]" |

then by minimizing || [I — HT][I — HT]" ||, we can limit
the upper bound of (I — HT'). Because

min(|| [ — HTJ[I — HT]" |))

is a typical matrix inequality problem, the ILC design prob-
lem can thus be solved by an LMI. We consider three cases:

1. LMI — 1: Not-fixed learning gain matrix

In LMI — 1, we do not fix the gain matrix structure, and
the LMI algorithm finds the best structure by minimizing
|| I —HT || using T'. A typical LMI is designed as

max{—z7}
subject to

221, > [I — HT)[I — HT)T. 4)

However, (4) is a quadratic form, so we change (4) to a linear
inequality form given by

xljnxn
[l — HT]"

[ — HT

xl-[nxn

]>0 5)

The more simplified form is designed according to
0 I H
—22 Lo won — nxn —l—{ }FO Lnxn
142nx2 |:In><n 0 ] 0 [ X ]

.

ITLXTL

]FT[HT 0] <o0. (6)

Then x; is an optimization scalar variable and I' is an
optimization matrix variable.

2. LM — 2: LTI ILC with fixed band size

As shown in Fig. 2.2 in the next section, the LMI algorithm
finds the inverse of H as the optimal gain. This is already
an expected result from the analysis of Section II. So, in this
case, a big band-size gain matrix is indispensable. However,
as already commented, the big band-size gain matrix is not
practical. Thus, we design using LMIs by forcing a fixed
gain matrix structure as shown in Fig. 1. For convenience,
we use following learning gain matrix notation:

»ooW % N,
vé g W W,
N
r=| 7% g T IN ,
S BT

where subscripts C, p, and N mean causal, Arimoto (pro-
portional terms), and non-causal gains, respectively. The total
number of variables in the learning gain matrix is 2n — 1.
As already explained, if only -y, is used in I', the band size
is 1; if ,, 74, and 7} are used, the band size is 2, and
in the same way, if 7, ’y(lj; . 'yé and 711\/" . ~,’y§, are used,
the band size is k 4 1. To design a linear LMI, we change
I—HT to

Insen — [’Yg_ng‘_l + oty HE + v H,
N HY + oyt Y, (7)

where H, g, k=1,---,n—1 are Markov matrices correspond-
ing to causal gains; H), is a Markov matrix corresponding
to Arimoto gains; and H}%,k =1,---,n — 1 are Markov
matrices corresponding to non-causal gains. For example,
they are expressed as:

o=

0 0 0 - 0
hi 0 0 0
0

Hl = hg h1 0

hnfl hn72 hnf?» - 0



0 h 0 e 0
0 hy hy -+ 0
HllV — |0 hs ho - 0
0 hn hnfl h2

Then, (7) is linear with respect to the learning gains. So the
LMI method can be applied to the above expression, which
gives a way for LMI-based LTI ILC. Finally, we change (7)
into an LMI form given by

In n
—22 Do xon — [IO OX }+M1+M2+M3<0, (8)
nxn
with
_ OTLXTL Hp Onxn 0'n><n
My = {om om} ERNE { o' onm] !
0n><n Hé 1 1 Onxn Onxn
M2‘[0m Osen | 7€ TC L (HE)T Oprn | T
Onxn Hg_l n—1 n—1 Onxn Onxn
+[0WL Onsn | 7€ T [(HEDT 0 |
_ 0n><n Hjlv 1 1 Onxn 0n><n
MS‘{OW O | 8 TN [ (HL)T 0pn | T

OTLXTL

Onxn H]T\L]_l n—1 n—1 Onxn Onxn
*{ Onsn | N TN L (HEDT O]

where M denotes Ariomoto gain components, Mo the causal
gain components, and M3 the non-causal gain components.
Markov matrices are calculated from the algorithms in Ta-
ble I, with the proportional term Markov matrix H, = H.
Note the MATLAB substitution notation is used in algorithms
of Table I to Table III.

TABLE I
ALGORITHMS FOR MARKOV MATRICES OF LTI ILC

LTI ILC algorithm

forj=1:1:n—-1
Hé(:,l:n—j):H(:,j—l—l:n)
Hé(:,nfj+1:n):(l
Hi\,(:,j—l—lzn):H(j,l:n—j)
HY(;1:5)=0

end

Note that the LTI ILC algorithm includes causal gains,
non-causal gains, and Arimoto gains. Thus, we have more
flexibility to find the better learning gain matrix (Theo-
rem 2.1).

3. LM1I — 3: LTV ILC with fixed band size

In LTV ILC, we use following learning gain matrix

notation:
Y11 Y12 o Yim
r— 7'21 7.22 : ﬁn
'7111 '7n2 ’Ynn

Like LTI ILC case, the band size is a design parameter. With
the expanded I — HI' in Lemma 2.2, and using the same
procedure as LTI ILC, an LMI is designed as

0 Tnxn -
7m%]’2n><2n* |:I < :| + Z[Hu72J+72JHl} < 07

n

nxn 0 J=1i=1
©)
where
0 H;; 0 0
Hu: nxn 1] : H = nxn .
[on 0} : {HE 0]

Note that H;; are Markov matrices corresponding to the gains
~vij. If the band size is fixed as m, the algorithms of Table II
and Table IIT are used to make LMI constraints. Then, the
final >; in Table II and the final > in Table III are summed
to make linear matrix inequality constraints according to
(note that initially ¥; and ¥, are zero):

0 I”OX"}+21+22<0. (10)

2
_x1]2n><2n - |:I
nxn
TABLE 11
ALGORITHMS FOR LMI CONSTRAINTS OF LTV CAUSAL AND ARIMOTO
GAINS

LTV Causal and Arimoto

fori=1:1:m

forj=1:1:4
fork=1:1:n—j+1
l=k+j5-1
Y =Ykt
R(1:n,1:n)=0
R(1:n,l)=H(1:n,k)
=31+ [O"XO R }7’-1—7’ [Oygr”

OTLXTL OTLXTL

0n><n:|

OTL Xn
end

end

end

IV. SIMULATION ILLUSTRATION

In this section, the optimal learning gain matrices for four
different cases are designed based on Section III algorithms.
We use the following unstable system:

—0.50 0.00 0.00 1.0
Tpp1= | 1.00 2.04 —1.20| zx+ | 0.0 (11)
0.00 1.20 0.00 0.0

ye=[10 25 —1.5]z, (12)



TABLE III
ALGORITHMS FOR LMI CONSTRAINTS OF LTV NON-CAUSAL GAINS

LTV Non-causal
fori=1:1:m

forj=1:1:4—1
fork=j+1:1:n
l=k—3j
¥ =Y
R(1:n,1:n)=0
R(1:n,l)=H(1:n,k)
Yo =%+ |:0n><0 n }7'4")// [ngrn

OTLXTL Oan

0n><n:|

07’1/ Xn
end

end

end

which has poles at [1.02 + j0.62,1.02 — j0.62, —0.50] and
zeros at [0.45,—0.91]. For LMI solutions, the free online
Matlab software SeDuMi and SeDuMilnt were used [8],
[9].

Test 1: Without using an LMI In this test, we just use
Arimoto-type gains. From the plant dynamics we know that
the first Markov parameter is hy = CB = 1. So, with
vp = 0.5 we know we will achieve asymptotic stability.
Fig. 2.1 shows the ILC result for the nominal system above.
A sinusoidal reference signal was used. The figure shows the
magnitude of the errors at each discrete time at the 27?, 379,
4thand 5" trials. Clearly the convergence is not monotonic

Test 2: Case-1 and Case-2 without fixing the band size
Matching the analysis above from Section II, the LMI
solution determined that the inverse of the Markov param-
eters matrix was the optimal gain matrix. So, the [/;-norm
and [.-norm are zero. Fig. 2.2 shows that the signal is
monotonically converging to the reference signal as iteration
number increases.

Test 3: Case-1 and Case-2 with fixed causal/Arimoto band
size Fig. 2.3 shows the LMI test result with a learning gain
matrix of causal/Arimoto, LTI with a fixed band size of
3. The signal does not converge monotonically. Fig. 2.4
shows the LMI test result with learning gain matrix of
causal/Arimoto, LTV with a fixed band size of 3. The LTV
case shows much better performance than the LTI case, and
the signal converges to the reference signal monotonically.

Test 4: Case-3 and Case-4 with fixed causal/Arimoto/non-
causal band size Fig. 2.5 shows the LMI test result with a
causal/Arimoto/non-causal band size of 3 and an LTI gain
structure. Even though Fig. 2.5 shows much better perfor-
mance than Fig. 2.3, it is still not monotonically convergent.
Still, we can conclude that LTV causal gains have better

performance than LTI causal/noncausal gains. Fig. 2.6 shows
the test result with a causal/Arimoto/non-causal band size of
3 and an LTV gain structure. Fig. 2.6 shows that the signal
converges to the reference signal monotonically. From these
figures, we conclude that causal/Arimoto/non-causal LTV has
the best performance.

V. CONCLUSION REMARKS

In this paper we used LMI algorithms to find the best
learning gain matrix structure in the super-vector ILC frame-
work. From both analysis and LMI tests, we concluded that
LTV is better than LTI, and non-causal terms can improve
the monotonic convergence of the system. In our future work
we will consider two related questions: (i) how big should
the band size be, a (ii) how can the LMI-based design be
performed when rather than having knowledge of the matrix
H we only have knowledge of upper and lower bounds on
H (e.g., the case when H represents an interval plant).
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Fig. 2. ILC performances according to various band structures: Fig.2.1, upper-left: no LMI; Fig.2.2, upper-right: using H!; Fig.2.3, middle-left: causal
LTI with band size = 3; Fig.2.4, middle-right: causal LTV with band size = 3; Fig.2.5, bottom-left: non-causal LTI with band size = 3; Fig.2.6, bottom-right:
non-causal LTV with band size = 3



