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Monotonic Convergent Iterative Learning Controller
Design Based on Interval Model Conversion

Hyo-Sung Ahn, Kevin L. Moore, and YangQuan Chen

Abstract—This note presents a robust iterative learning controller design
method for plants subject to interval model uncertainty in the -matrix
of their state–space description. First-order perturbation theory is used to
find bounds on the eigenvalues and eigenvectors of the powers of when

is an interval matrix. These bounds are then used for calculation of the
interval uncertainty of the Markov matrix. The bounds on the Markov ma-
trix are then used to design an iterative learning controller that ensures
monotonic convergence for all systems in the interval plant.

Index Terms—Interval conversion, iterative learning control, matrix per-
turbation, monotonic convergence.

I. INTRODUCTION

Iterative learning control (ILC) is a control strategy for systems that
execute the same trajectory, motion, or operation over and over. ILC
exploits the repetitiveness inherent in such processes to improve their
performance from trial to trial [1], [2]. Many existing ILC works have
focused on optimality and analytical solution for a nominal plant under
the assumption that there is no uncertainty in the system. In the ex-
isting literature, with respect to model uncertainties or noise consid-
erations, one can find H1-based ILC [3], [4], frequency-domain ILC
[5], [6], and stochastic-control-based ILC [7], [8] design techniques.
However, most of these works focus on time-domain analysis and do
not consider monotonic convergence. In this note, our concern is to
relax the assumption that the plant has no uncertainty. In particular,
we consider design of the learning gain matrix using the super-vector
framework [9] to guarantee the monotone convergence of the output
response on the iteration axis for linear plants in which the A-matrix
of the plant’s state space description is an interval matrix. The advan-
tage of the super-vector notation is that the two-dimensional problem of
ILC is changed into a one-dimensional multiple-input–multiple-output
(MIMO) problem. Using such a framework, most discrete-time ILC
problems can be expressed in the form Yk = HUk where k is the
iteration index, Yk , Uk 2 Rn, where n is the trial length, and H is a
lower-triangular Toeplitz matrix. Note that in [9], a monotonically-con-
vergent ILC algorithm has been algebraically designed without consid-
ering model uncertainty. The contribution of this note over [9] is to add
model uncertainty in the nominal plant model. It is believed that the
suggested algorithm is more effective than existing robust/frequency-
domain ILC algorithms in the point of transient response and practical
implementation, because, for example, H1 ILC and stochastic ILC
do not guarantee monotonic convergence. The practical importance of
monotonic convergence has been well-studied (for more details, refer
to [10]). We also note that the ILC algorithm considered in this note in-
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cludes causal/noncausal and Arimoto-like, band-limited,1 time-varying
learning gains. However, the approach here handles only linear uncer-
tain ILC system and is not applicable to nonlinear systems such as given
in [12].
The approach we present for robust ILC design is to use first-order

perturbation theory to find bounds on the eigenvalues and eigenvec-
tors of the powers of A when A is an interval matrix. These bounds
are then used for calculation of the interval uncertainty of the Markov
matrix. The bounds on the Markov matrix are then used to design an
iterative learning controller that ensures monotonic convergence for all
systems in the interval plant. The note is organized as follows. In Sec-
tion II, we describe the notion of interval model conversion, i.e., con-
verting from an interval uncertainty description in the state–space to
an interval uncertainty description for the system Markov matrix. In
Section III, matrix perturbation methods are used to find bounds on
perturbed eigenpairs associated with powers of A, and in Section IV
bounds on the Markov parameters are computed. ILC design and test
results are given in Section V and in Section VI, respectively.

II. INTERVAL MODEL CONVERSION IN ILC

In the super-vector framework, Markov parameters are used for ILC
design. Thus, to accomplish the robust ILC design that we seek to
demonstrate in this note, the interval uncertainty of the nominal plant,
either state space or transfer function, has to be converted into interval
uncertainties in the Markov parameters. This process is called “in-
terval model conversion.” In this note, we focus on the nominal dis-
crete system model given in the following single-input–single-output
(SISO) state–space form:

x(t+ 1) = Ax(t) +Bu(t) y(t) = Cx(t) (1)

where A, B, and C are the matrices describing the system in the state
space and x(t), u(t), and y(t) are the state, input, and output variables,
respectively. In particular, we callA the nominal plant matrix. Without
loss of generality, the relative degree of the system is assumed to be 1.
The Markov parameters of the plant are defined as hk = CAk�1B.
These Markov parameters form the Markov matrix, a lower-triangular
Toeplitz matrix whose first column is the vector [h1; h2; . . . ; hN ]T ,
which is denoted as H . Then, the interval conversion process is to
find bounds on hk from the bounds on uncertain A, B, and C using
hk = CAk�1B. To simplify our presentation, it is assumed that the
model uncertainty exists inA only. It is possible to extend our approach
to uncertainB andC matrices also. However, since the key issue in in-
terval model conversion is to find the power of interval A matrix (as
commented in [13], it is NP-hard to find exact boundaries of power of
interval matrix system), this note only focuses on systems with an un-
certain A-matrix.
Throughout this note, the underline (�) represents the (element-wise)

minimum value of (�), the overline (�) represents the (element-wise)
maximum value of (�), the symbol := represents set or algebraic def-
inition, and the matrix A is represented by A = [aij ], where aij are
elements of the matrix. The superscript I is used such as AI to in-
clude the model uncertainty inA. Thus, interval model conversion can
be explicitly defined as a process to find the uncertain boundaries of
hk 2 [hk; hk] from AI , B and C .

1In this note, “Arimoto-like algorithm” means an ILC update rule with the
standard learning form for a linear system with relative degree equal one:
u (t) = u (t) + 
e (t + 1), where t is the discrete time index, k is the
iteration index, and 
 is the learning gain. By “band-limited” we mean that �
is not fully populated; rather it has partially populated causal/noncausal bands.
For a more detailed explanation, refer to [1] and [11].
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To clarify our interval concepts, we introduce the following defini-
tions.
Definition 2.1: The n � n interval matrix AI is defined as AI :=

A = aij : aij 2 [aij ; aij ] , where aij and aij are the lower and
upper bounds associated with the elements aij of the interval uncertain
A matrix.
Definition 2.2: The nominal matrix Ao is defined to be

Ao = aoij : a
o
ij = (aij + aij)=2 .

Definition 2.3: The interval perturbation matrix�AI is defined as

�AI := �A = �aij : �aij 2 [aij � aoij ; aij � aoij ] :

Note that we can also write
�AI := �A : �A = A� Ao 8 A 2 AI .
Definition 2.4: The vertex matrix set Av is a subset of the interval

matrix AI that is defined as Av := A = aij : aij 2 faij ; aijg

and (�A)v is the vertex matrix set of �AI .
Note that in general the interval matrix AI is a set with an infinite

number of elements. On the other hand, the vertex set Av contains a
finite number of elements.

Next, to proceed we make two assumptions. The first is a technical
assumption. The second is more practical, as will be described in a later
remark.
Assumption 2.1: Every matrix A 2 AI is diagonalizable and thus

can be written as A = X�X�1, with � = diag(�i), where �i are the
eigenvalues of A.
Assumption 2.2: Every matrix A 2 AI is Schur stable.
Now, based on the previous assumptions, we develop the following

theorem to estimate the boundary of the powers of the interval matrix
AI .
Theorem 2.1: Let AI be an n � n interval matrix and let �I , XI ,

Y I be n� n interval matrices such that for each A 2 AI there exist a
diagonalmatrix� 2 �I and amatrixX 2 XI such thatA = X�X�1

holds and X�1 2 Y I . Then, for each k � 1 we have

Ak : A 2 AI � XI 
 (�I)k 
 Y I (2)

where the operation 
 is the multiplication operator performed
in interval arithmetic (refer to [14] and [15]) and (�I)k =
�I 
 �I 
 � � � 
 �I

k times

.

Proof: The proof is straightforward since any A 2 AI can be
written, according to Assumption 2.1, as A = X�X�1 for some
� 2 �I and X 2 XI which additionally satisfies X�1 2 Y I . Then
Ak = X�kX�1 2 XI 
 (�I)k 
 Y I due to the basic “inclusion
isotony” of interval arithmetic operations (see, e.g., [15]), which proves
the inclusion (2).

From now on, for convenience, we use the notation (AI)k :=
Ak : A 2 AI and AI

k := XI 
 (�I)k 
 Y I . Thus, Theorem 2.1
states that (AI)k � AI

k .
Remark 2.1: From a computational perspective, the boundary of

(AI)k can be estimated by multiplying the interval matrix using in-
terval calculation software such as Intlab [16], but the result will be
quite conservative as k increases and it requires a huge amount of
computation. Further, notice that the exact boundary of (AI)k cannot
be calculated mathematically or analytically. On the other hand, since
(AI)k � AI

k , we can estimate the boundary of (AI)k by estimating the
boundary of AI

k , which is also easily done in Intlab, using the bound-
aries of the three interval matrices�I ,XI , and Y I , which is explained
in Section IV.
Remark 2.2: Observe that if the maximum absolute eigenvalue of

A 2 AI is less than 1, for all Ak 2 AI
k , Ak will converge to zero

as k ! 1 because �k, for � 2 �I , converges to zero as k ! 1.
However, if the maximum absolute eigenvalue is bigger than 1, Ak 2
AI
k could diverge, and then our bound on the the uncertain interval

boundary of hk will become bigger as k increases. For this reason, we
assumed A is Schur stable.
In this section, we showed that we can contain our original interval

system inside a “bigger” interval system according to: (AI)k � AI
k .

Therefore, the remaining work is to estimate the boundaries of�I ,XI ,
and Y I and from these estimates to compute bounds onAI

k which then
bounds Ak . The Section III suggests an analytical method to estimate
the bounds of �I , XI , and Y I from AI using first-order perturbation
theory [17].

III. INTERVAL MATRIX EIGENPAIR BOUNDS

In this section, we briefly summarize first-order perturbation theory
and then suggest two lemmas to obtain analytical solutions of the
boundaries of XI , �I , and Y I from AI to be used for estimating
the boundary of AI

k . Let us suppose that the n � n nominal matrix
Ao = Xo�oX

�1

o = Xo�oYo has n different nominal eigen-
values �0i, a specific set of nominal left eigenvectors x0i, and a
specific set of nominal right eigenvectors y0i, where i = 1; . . . ; n,
satisfying xT0iAo = �i0x

T
0i and Aoy0i = �i0y0i. Further de-

fine the specific eigenvalue matrix, �o, the specific nominal left
eigenvector matrix, Xo, and the specific nominal right eigenvector
matrix, Yo by �o = diag(�o;i), Xo = [x01; x02; . . . ; x0n]

T , and
Yo = [y01; y02; . . . ; y0n], with Y �1o = Xo. Next, assume a small
perturbation in Ao such as A = Ao + �A, where A 2 AI and
�A 2 �AI based on Definition 2.1 and Definition 2.3. Denote the
eigenvalues and a specific set of eigenvectors associated with the per-
turbation�A as: �1i, x1i, and y1i, respectively. In other words, when
�i, xi, and yi represent eigenvalues and a specific set of eigenvectors
of A 2 AI , the following relationships are satisfied: �i = �0i + �1i,
xi = x0i + x1i, and yi = y0i + y1i.2 Observe that the set of all
possible �1i forms scalar interval variable, and the set of all possible
x1i and y1i form vector intervals. In this section, we are interested
in finding the boundaries of �1i, x1i, and y1i, from which we can
estimate the boundaries of �i, xi, and yi.
From [17], the following formulae are adopted for the perturbed

eigenvalues:

�1i = xT0i�Ay0i 8�A 2 �AI (3)

and for the perturbed eigenvectors

x1i =

n

k=1


ikx0k y1i =

n

k=1

"iky0k (4)

where 
ik = (yT0k�Ax0i=(�0i � �0k));
"ik = (xT0k�Ay0i=(�0i � �0k)), i; k = 1; . . . ; n for
i 6= k, and 
ik = "ik = 0 for i = k, 8 �A 2 �AI . Notice that
�A 2 �AI , where �AI is an interval perturbation matrix, so it is
quite messy to calculate �1i, x1i, and y1i in (3) and (4). To give
an analytical calculation of (3) and (4), the maximum absolute
values of the real and imaginary parts are considered separately.
Let us denote the maximum of �1i on the real axis by �1ij

max

real ,

defined as �1ijmax

real = max �1ijreal : �1ijreal = jRe(�1i)j; �1i =

2Note that we do not imply that the eigenvalues of the sum of two matrices
are equal to the sum of the individual matrices. Rather, the eigenpairs � , x ,
and y are “perturbation” eigenpairs and represent what would be added to the
nominal values to obtain equivalent eignepairs of the perturbed matrix. Also
note, in [17, p. 103], � , x , and y are called the first-order perturbation
eigensolution.
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xT0i�Ay0i; 8 �A 2 �AI , and the maximum of �1i on the

imaginary axis by �1ij
max
imag, defined as �1ijmax

imag = max �1ijimag :

�1ijimag = jIm(�1i)j; �1i = xT0i�Ay0i; 8 �A 2 �AI , where
Re means the real part and Im means the imaginary part. Then, we
have the following lemma.
Lemma 3.1: For each i = 1; . . . ; n

�1ij
max
real = max

(�A)
fRe[xT0i(�A)vy0i]g;

�1ij
max
imag = max

(�A)
fIm[xT0i(�A)vy0i]g: (5)

The proof of Lemma 3.1 is very similar to that of Lemma 3.2. We
show the proof of Lemma 3.2 instead of the proof of Lemma 3.1 be-
cause the former is a more comprehensive derivation.

The radii of the perturbed eigenvectors can also be esti-
mated using the vertex matrix finite set. First, let us consider
the left eigenvectors and let us denote the jth element of
x1i by (x1i)j . Then, denoting the maximum of (x1i)j
on the real axis by (x1i)j j

max
real , defined as (x1i)j j

max
real =

max (x1i)j jreal : (x1i)j jreal = jRe((x1i)j)j; (x1i)j =

n

k=1 (y
T
0k�Ax0i=(�0i � �0k))(x0k)j; 8 �A 2 �AI ,

and denoting the maximum of (x1i)j on the imagi-
nary axis by (x1i)j j

max
imag, defined as (x1i)j j

max
imag =

max (x1i)j jimag : (x1i)j jimag = jRe((x1i)j)j; (x1i)j =

n

k=1 (y
T
0k�Ax0i=(�0i � �0k))(x0k)j; 8 �A 2 �AI , we pro-

vide the following lemma (the radii of the perturbed right-eigenvectors
are calculated in the same way).
Lemma 3.2: For each i and j (i.e., at a fixed element of a fixed eigen-

vector), the maximum perturbations of the real and imaginary parts of
(x1i)j are given by

(x1i)j j
max
real = max

(�A)
Re

n

k=1

yT0k(�A)vx0i
�0i � �0k

(x0k)j

(x1i)jj
max
imag = max

(�A)
Im

n

k=1

yT0k(�A)vx0i
�0i � �0k

(x0k)j

where (x0k)j is the jth element of the kth eigenvector x0k .
Proof: From (4), we have

x1i = 
i1x01 + � � �+ 
inx0n

=
yT01�Ax0i
�0i � �01

x01 + � � �+
yT0n�Ax0i
�0i � �0n

x0n: (6)

In (6), since the denominators �0i � �01; . . . ; �0i � �0n are nonzero
scalars and y01; . . . ; y0n, x0i; x01; . . . ; x0n are vectors, (6) can be
rewritten as

x1i = �1�A�1x01 + � � �+ �n�A�nx0n (7)

where the substitutions (x0i=(�0i � �01)) =
�1; . . . ; (x0i=(�0i � �0n)) = �n, and yT01 = �1; . . . ; yT0n = �n are
used. Observing that �1�A�1; . . . ; �n�A�n are scalars, we can
write the jth element of the vector x1i as

(x1i)j = �1�A�1(x01)j + � � �+ �n�A�n(x0n)j: (8)

Expanding �i (a row vector) and �i (a column vector) into their com-
ponents, we rewrite (8) as

(x1i)j =

n

k=1

n

l=1

(�1)k(�A)kl(�
1)l (x01)j + � � �

+

n

k=1

n

l=1

((�n)k(�A)kl(�
n)l) (x0n)j

=

n

p=1

n

k=1

n

l=1

((�p)k(�A)kl(�
p)l) (x0p)j

=

n

k=1

n

l=1

n

p=1

((�p)k(�
p)l) (x0p)j (�A)kl:

Therefore, since n

p=1 ((�
p)k(�

p)l) (x0p)j is a complex number,
simply by denoting �kl + �kli := n

p=1 ((�
p)k(�

p)l) (x0p)j , we
have

(x1i)j =

n

k=1

n

l=1

(�kl + �kli)(�A)kl: (9)

Now, in order to find the maximum absolute magnitude of (x1i)j ,
we separate the real part and the imaginary part. Let us first inves-
tigate the maximum absolute value of the real part. The real part is

n

k=1
n

l=1 �kl(�A)kl, where �kl 2 < and (�A)kl are scalar inter-
vals. Observe that n

k=1
n

l=1 �kl(�A)kl is a scalar interval, which
ranges within [�; �], where

� = min
(�A) 2(�A)

n

k=1

n

l=1

�kl(�A)kl and

� = max
(�A) 2(�)

n

k=1

n

l=1

�kl(�A)kl

where scalar interval (�A)Ikl := f(�A)kl : (�A)kl 2
[aij � aoij ; aij � aoij ]g. Thus, � and � are defined as the min-
imum and maximum of a sum of scalar intervals. From the argument
given in [18], it can be shown that � and � are computed vertex points
of (�A)Ikl depending on the sign of �kl. In other words, if �kl � 0,
then the minimum of � occurs at aoij � aij ; else if �kl < 0, then
the minimum of � occurs at aij � aoij . In the same way, � occurs at
a vertex point of (�A)kl depending on the sign of �kl. If �kl � 0,
then the maximum of � occurs at aij � aoij ; else if �kl < 0, then the
maximum of � occurs at aoij � aij . Next, the same procedure can be
repeated in the imaginary part as the procedure performed in the real
part. Thus, the maximum and minimum boundaries of eigenvectors
can be checked by investigating the vertex matrices of the interval
perturbation matrix.
Lemmas 3.1 and show how the maximum magnitude of the per-

turbed eigenvalues and eigenvectors can be calculated, respectively.
Thus, since the perturbed eigenpairs are calculated by �i = �0i +�1i,
xi = x0i + x1i and yi = y0i + y1i, we have effectively computed the
bounds on the interval matrices �I , XI , and Y I .

IV. MARKOV PARAMETER BOUNDS

In Section II, the interval model conversion method was developed
and in Section III, an analytical method for finding the maximummag-
nitudes of the perturbed eigenpairs was suggested. That is, Section II
showed that the interval boundaries of Ak , where A 2 AI , can be
bounded using the inequality: (AI)k � AI

k , which provides the fol-
lowing relationship:

Ak � Ak � Ak � Ak � Ak (10)
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where Ak 2 (AI)k and Ak 2 AI
k . Then, the interval boundaries of

the interval plant’s Markov parameters (i.e., hk+1 = CAkB) can be
estimated such as: hk+1 = CAkB; hk+1 = CAkB, where C , B are
constant vectors describing the system (1) and Ak is a matrix which
is lower-bounded and upper-bounded by Ak � Ak � Ak from (10).
Finally, these bounds, Ak and Ak , can be computed using Lemmas
3.1 and 3.2 of Section III, which showed that the analytical solution
for estimating the boundaries of the interval matrixAI

k can be obtained
using the vertex matrices of interval perturbation matrix �AI .

V. ROBUST ILC DESIGN

At this point, we turn our discussion to iterative learning control.
Using the standard supervector notation for the system (1), we define
the plant as Yk = HIUk , whereHI is an intervalMarkovmatrix that is
a lower triangular Toeplitz matrix derived from the Markov parameters
hk 2 [hk; hk], with the bounds on hk determined from the bounds on
AI as described in the previous section. We assume an Arimoto-like
ILC law of the form Uk+1 = Uk + �Ek , where � is the learning
gain and Ek = Yd � Yk is the error on iteration k relative to the
desired trajectory Yd. Before we continue, let us make the following
definitions:

s1ij := aij if i = j; s1ij := maxfjaij j; jaij jg if i 6= j;

s2ij := aij if i = j; s2ij := minf�jaij j;�jaij jg if i 6= j

where s1ij is the ith row and jth column element of the matrix S1; s2ij
is an element of matrix S2, and aIij = [aij ; aij ] is an element of the
general interval matrix AI . The following lemma is adopted from the
literature (for a proof, see [19, Th. 2]).
Lemma 5.1: For the interval matrix A 2 AI , if � =

maxf�(S1); �(S2)g < 1, where � is the spectral radius, then
the interval matrix AI is Schur stable.

Monotonic convergence of the interval ILC system in the two-norm
topology can be checked by Lemma 5.1 after small modifications. For
the ILC update law we have given, the evolution of the error is given by
the following error vector update law: Ek+1 = (I �HI�)Ek , where
the singular value of (I �HI�) = T I is calculated as

� T I = � (T I)TT I = �
0 (T I)T

T I 0
= � (PI): (11)

Then, themonotonic convergence of the interval ILC system is checked
by analyzing the Schur stability ofPI in the two-norm topology using
Lemma 5.1. Additionally, monotonic convergence conditions in the 1
and1 norm topologies can be adopted from [18] as follows.
Lemma 5.2: Given hi 2 [hi; hi], the interval ILC system is mono-

tonically convergent if kI �Hv�kk < 1, where k is 1 or1; andHv

are vertex Markov matrices associated the interval Markov matrixHI .
The main advantage of Lemma 5.2 is that the monotone convergence

property of the interval ILC system is checked just using vertexMarkov
matrices ofHI without using vertex matrices of T I . This characteristic
enables us to save computation time and to reduce conservativeness.
For interval ILC design, we consider both asymptotical stability and
monotone convergence. For achieving asymptotic stability, if Arimoto-
like gains are selected such that j1 � 
h1j < 1 and j1 � 
h1j < 1
[18], the asymptotic stability of the interval ILC system is achieved. To
increase robustness, the following scheme is recommended:


 =

1

h
if h1 � 0 for all h1 2 hI1

1

h
; if h1 < 0; for all h1 2 hI1.

(12)

The reason for (12) is that the asymptotic stability condition j1� 
h1j
is guaranteed with 
 = 1=h1 if h1 � 0 for all h1 2 hI1 and with


 = 1=h1 if h1 < 0 for all h1 2 hI1 . For the monotonically convergent
ILC gain design in the two-norm topology, we use (11). For the learning
gain matrix design, the following optimization is suggested based on
Lemma 5.1.
Suggestion 5.1: Let pIij be the ith row and jth column element of

PI . If we define a matrix M whose elements are given as: mij =
maxfjpij j; jpij jg, then we solve the following optimization problem
to design �:

min
�

�(M) s:t: hk 2 [hk; hk]: (13)

Remark 5.1: To explain why the matrixM is used in (13), define
s1ij (S

1 = [s1ij ]) and s
2
ij (S

2 = [s2ij ]) as

s
1
ij :=pij if; i = j; s

1
ij := maxfjpij j; jpij jg if i 6= j

s
2
ij :=pij if; i = j; s

2
ij := minf�jpij j;�jpij jg if i 6= j:

Then, since the matrix PI is symmetric, S1 = �S2. Hence, using the
fact that �(S1) = �(S2) and the diagonal terms ofPI are all zeros, we
only need to check the spectral radius of the matrix composed of the
off-diagonal terms of S1.
If Lemma 5.2 is used, another optimization scheme can be suggested

without constraints.
Suggestion 5.2: If k is 1 or 1, the following optimization is

straightforward:

min
�
kI �Hv�kk: (14)

Several remarks follow.
Remark 5.2: The optimization is to minimize kI � Hv�kk using

�, where � is a band-fixed learning gain matrix. There is a tradeoff.
In a small band size, it is possible that there could not exist an opti-
mization solution such that kI � Hv�kk < 1. In this case, the band
size should be increased until the optimization algorithm finds � such
that kI �Hv�kk < 1. However, as band size increases, more causal
and noncausal learning gains are required. This is practically undesir-
able because we need to store more data into memory for the current
control update. The optimization in Suggestion 5.1 is a nonlinear con-
straint minimization problem and the optimization in Suggestion 5.2
is a nonlinear nonconstrained minimization problem. These problems
can be easily solved using the Matlab optimization toolbox.
Remark 5.3: Depending on the interval ILC system, the op-

timization scheme suggested above may not find the optimiza-
tion solution even with the fully populated learning gain matrix.
In this case, the following control update law could be used:
Uk+1 = Q(Uk + �Ek), where Q is a time-invariant diagonal
matrix. Then, since the error vector is updated by the following
formula: Ek+1 = Q(I � H�)Ek + (I � Q)Yd, it is easy to make
kQ(I �H�)k < 1 byQ and �. However, this approach will result in
a nonzero steady-state error. This is a tradeoff.

VI. SIMULATION ILLUSTRATION

For demonstration purposes, let us use the following simple dis-
crete servo system model, whose nominal plant was identified from
the Quanser SRV02 system3:

x1(k + 1) = a11x1(k) + a12x2(k) + 2u(k);

x2(k + 1) = a21x1(k) + a22x2(k) + 0:5u(k)

y(k) =x1(k) (15)

where interval parameters are bounded as: �0:74 � a11 � �0:66,
�0:53 � a12 � �0:47, 0:95 � a21 � 1:05, and 0:19 � a22 � 0:21,

3http://www.quanser.com/english/html/challenges/fs_chall_rotary_flash.htm
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Fig. 1. Left: Calculated interval uncertain boundaries of Markov parameters. Right: ILC convergence test.

and u is the control force. Using the results of foregoing sections, a sim-
ulation test is performed with the following reference sinusoidal signal:
Yd = sin(8:0j=n), where n = 20 and j = 1; . . . ; n. The band size is
fixed to be 3. The left plot of Fig. 1 shows the calculated interval bound-
aries of the Markov parameters using the computations given in Sec-
tions III and IV. The circle-marked line represents the maximum/min-
imum boundaries of the Markov parameters calculated from the Intlab
software [16]; and the �-marked line represents the Markov param-
eter boundaries calculated from the method suggested in this note. For
verification of the suggested method, a Monte-Carlo type random test
was also performed as shown in figure (identified by “random test” in
the figure). Observe that the suggested method gives reliable bounds
of the interval ranges of the Markov parameters. We see that our sug-
gested method gives less conservative bounds than Intlab after h6; but,
from h1 to h5, Intlab is slightly less conservative. However, we note
that we have found in other experiments that in the case of a margin-
ally stable system our method is less conservative than Intlab for all
Markov parameters. So the suggested method is particularly suitable
for monotonic convergent ILC design. We should further stress that
our technique gives an analytical computation of the bounds for all
hk , unlike the bounds found from Intlab. To see the convergence of
the ILC system for a single plant in the interval system, refer to the
right-hand plot of Fig. 1. The circle-marked line (called the “interval
matrix method”) is the maximum l2 norm error of the ILC system,
whose learning gain matrix was designed by (13); and the �-marked
line (called the “norm-based method”) is the maximum l1 norm error
when the learning gain matrix was designed by (14). In the case of the
interval matrix method, there is a steady state error, because we fixed
Q = 0:9 to guarantee the monotone convergence as commented in
Remark 5.3) (when Q = 1, the optimization did not find the optimal
solution such that the norm is less than 1).

VII. CONCLUDING REMARKS

In this note, a robust iterative learning controller was designed
with consideration of interval uncertainty in the plants A-matrix. The
interval uncertainty of the system was converted into the super-vector
iterative learning control system (i.e., into an interval Markov matrix)
using first-order perturbation theory. Optimization schemes were
also suggested based on an interval matrix stability analysis method
and a norm-based method. In the case of the norm based method,
the ILC learning gain matrix guaranteed the monotonic convergence
of the uncertain ILC system with zero steady state error. However,

the interval matrix method only guaranteed the monotonic conver-
gence with nonzero steady error. From these results, we conclude
that the norm-based method is less conservative than the interval
matrix method. However, the norm-based method requires much more
computational time than the interval matrix method. Future work will
consider ILC gain matrix design for optimizing convergence speed for
interval plants.
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Parameter Identifiability of Nonlinear
Systems With Time-Delay

J. Zhang, X. Xia, and C. H. Moog

Abstract—In this note, various parameter identifiability concepts for
nonlinear systems with time-delay are defined, complete characterizations
of these concepts as well as easily checkable criteria are provided. It
is proved that geometric identifiability is equivalent to identifiability
with known initial conditions, algebraic identifiability implies geometric
identifiability. As for identifiability with partially known initial conditions,
an easy characterization is also provided.

Index Terms—Identifiability, linear algebraic approach, nonlinear sys-
tems, time-delay.

I. INTRODUCTION

In this note, we consider the parameter identifiability problem of a
nonlinear system with time-delay

�� :

_x = f(x(t� i); �; u(t� j) : i; j 2 S
�

)

y = h(x(t� i); �; u(t� j) : i; j 2 S
�

)

x(t) = x0(t) 8t 2 [�s; 0]

(1)

where x 2 n, u 2 m and y 2 p, and � 2 Rq is the parameter. This
problem grows out of the same problem for systems without time-delay
(see [9]–[11] for historical account and some recent results), and it has
major applications for time-delay systems, for example, the identifica-
tion of the death rate in the SIS epidemic model with maturation delay
(see [2]) as displayed in Section IV.

The study of the identifiability of control systems with time-delay
has been scarce, and limited to linear systems with time-delay. In [8],
[7], [1], aspects of identifiability of linear time-delay system such as
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system parameters, transfer function coefficients as well as time-de-
lays are brought forward. Our results in this note are only concerned
about parameter identifiability of nonlinear systems with time-delay.
As discussions in [7] and [1] reveal, the parameter identifiability of
a linear time-delay system is itself an intricate problem. For nonlinear
time-delay systems, the problem remains largely open and difficult. On
the other hand, a generic version of the problem lends itself to complete
characterizations in light of the algebraic framework developed in [12]
and the rigorous approach taken in [11] for nonlinear systems without
time-delay.
In this note, various parameter identifiability concepts for nonlinear

systems with time-delay are defined, complete characterizations
of these concepts and easily checkable criteria for all of them are
obtained.
Specifically, the results of [11] are generalized to nonlinear systems

with time-delay. Similar results as in [11] are established. That is, we
prove that geometric identifiability is equivalent to identifiability with
known initial conditions, algebraic identifiability implies geometric
identifiability, and some easy criteria for the two kinds of identifia-
bility. As for identifiability with partially known conditions, an easy
characterization is also provided.
It is worthy to note that there are fundamental differences between

the systems with and without time-delay. For example, Theorems 2 and
3 are not direct generalizations of the corresponding results in [11],
since extra operations depending the delay operator have to be done.
The note is organized as follows. In Section II, we give some def-

initions. The main results are established in Section III. Section IV is
devoted to examples. The last section offers some concluding remarks.

II. DEFINITIONS

Tomake things more precise, assume that in the system (1), the func-
tions f and h are meromorphic functions which are defined as the quo-
tients of convergent power series with real coefficients. The integer s is
nonnegative, and the set S

�

:= f0; 1; . . . ; sg is a finite set of constant
time delays, and

f(x(t� i); �; u(t� j); i; j 2 S
�

)

:= f(x(t); x(t� 1); . . . ; x(t� s); �; u(t); u(t� 1); . . . ; u(t� s)):

The function x0 denotes a continuous function of initial condition. As-
sume that rank (@h=@x) = p, that is, for any fixed �, and u in some
open sets, the p components of h are independent functions of x and its
shifts. The variable � is the parameter to be identified and it is assumed
to belong to P which is an open subset of q . Moreover, without loss
of generality, x0 is assumed to be independent of � and u. Denote by
M := C[�s; 0] the set of initial functions on [�s; 0].
For any open subset U � m, an admissible input function u(t) :

[�s; T ]! U is defined to be an input on [�s; T ] such that the differ-
ential equation in (1) admits a unique (local) solution. For any initial
function x0 and an admissible input u(t) on [�s; T ], there exists a pa-
rameterized solution x(t; �; x0; u) on some interval [�s; �T ], �T � T .
Denote the corresponding output by y(t; �; x0; u). The following def-
initions are generalizations of the corresponding ones in [11].
Definition 1: The system �� is said to be x0-identifiable at

� through an admissible input u (on [�s; T ]) if there exists an
open set P0 � P containing � such that for any two distinct
�1; �2 2 P0, the solutions x(t; �1; x0; u) and x(t; �2; x0; u) exist
on [�s; �], 0 < � � T , and their corresponding outputs satisfy
y(t; �1; x0; u) 6= y(t; �2; x0; u) on t 2 [�s; �].
Now, consider the generic property of identifiability. The same

topology for the input function spaces as in [11] is used in this note,
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