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Abstract

This paper proposes a novel algorithm called the sparse Hough

transform, which is shown to have better performances than the

standard Hough transform for sparse input data collected from a

laser on a mobile robot. In the context of laser sensing and percep-

tion for autonomous ground robots, this paper studies performances

of the sparse Hough transform and compares it with other segmen-

tation and fitting algorithms. Pseudo-code for the algorithm, the-

oretical analysis, computer simulations, hardware experiments, and

experimental analysis of the sparse Hough transform are presented.
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1. Introduction

For an intelligent mobile robot, the perception of its
environment via suitable sensing capacities plays a key
role [1, 2]. Many perception algorithms for robots are sim-
ilar to computer vision methods and can benefit from tech-
niques used for image analysis [3]. However, the data col-
lected by the laser sensors commonly used in robotics have
different characteristics than generic image data. Hence,
algorithms designed for image data may not be efficient
for laser-based perception in robotic applications. For ex-
ample, the proposed laser-data segmentation and fitting
method in [4] for localization takes advantage of the fact
that laser data are sequential with respect to the scanning
angle. This characteristic is not available for generic image
data. Thus, algorithms originally developed for generic
image data may not be suitable for laser data.

In this paper, we take advantage of a different char-
acteristic of laser data than its sequential nature, namely,
that for some applications laser data can be considered
to be sparse. To see this, consider Fig. 1, which shows
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Figure 1. Laser data.

the empirical laser data collected from two different robots
developed at Utah State University (USU). Fig. 1(a) shows
data collected by ODIS, a small, man-portable mobile
robotic system used for autonomous or semi-autonomous
inspection under vehicles in a parking area [5–7]. By ro-
tating while firing the 1D laser, ODIS can scan the laser
beam and get 2D data with its 1D laser scanner. The
top of Fig. 1(a) shows the setting of objects in the scan
region. The bottom of Fig. 1(a) is the corresponding data
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collected by the 1D laser scanner. Fig. 1(b) shows laser
data collected by the T4/T2E robot using a 2D SICK laser
scanner mounted on a gimbal system. The gimbal system
can change the pitch angle of the laser scanner smoothly
while the laser is firing, thus making it possible to collect a
3D point cloud. The data in Fig. 1(b) were collected in our
lab using the T4 robot with various objects in the laser’s
field of view.

The key observation we note about Fig. 1 is that the
laser data are sparse: the 1D laser data are two-dimensional
in rectangular coordinates but are one-dimensional in polar
coordinates. This is due to the fact that a laser beam
cannot see through objects. Similarly, the 2D laser data
are two-dimensional in polar coordinates.

Because laser data such as those shown in Fig. 1
are often processed through segmentation and line-fitting
algorithms, as part of higher-level perception processes,
it is common to use the the Standard Hough Transform
(SHT), the line detection/fitting algorithm patented by
P. Hough [8] in 1962. However, given the sparse nature of
laser data, we are motivated to develop the Sparse Hough
Transform (SPHT) proposed in this paper. Our analysis
and experimental results indicate that the SPHT has better
performances than SHT, in terms of speed and required
memory, when input data are sparse enough. Compared to
other related algorithms, such as the Log-Hough transform
(LHT), least squares (LS), and Kalman filtering, the SPHT
is unique and can be a good option for certain robotic
applications, such as the laser-based perception example
presented above.

The remainder of the paper is organized as follows.
Section 2 introduces the fundamentals of the SHT and its
uses for line segmentation and fitting. Section 3 presents
the SPHT. Pseudo-code, analysis, and comparisons with
other variants of the HT are given. Section 4 presents some
experimental results. Section 5 concludes the paper.

2. A Brief Review of Line Fitting and Segmentation
for Robot Laser Data

2.1 The Hough Transforms

As noted, the standard Hough transform refers to the line
detection/fitting algorithm patented by P. Hough [8] in
1962. Today, the term “Hough transform” (HT) refers to
a large class of algorithms in the area of computer vision
and pattern recognition [9] that are not limited to line
detection, but can also be used to detect shapes such as
circles [10], ellipses [11], and more complex binary pat-
terns [12]. Even for line detection, many improvements
have been proposed to improve the performances of the
SHT, such as the probabilistic Hough transform [13], the
progressive probabilistic Hough transform [14], the Log-
Hough transform (LHT) [15], the randomized Hough trans-
form [16], the connective randomized Hough transform [17],
and the parallel Hough transform [18]. In this paper we
propose one more HT variant to be added to this list: the
sparse Hough transform.

The SHT algorithm can be described as follows. The
SHT transfers each point of a data set in Euclidean space

into one curve in the Hough accumulation space (also called
the accumulation space) by the equation:

ρ = x cos(θ) + y sin(θ) (1)

where (x, y) is a point in the Euclidean space, and (ρ, θ) is
the line that passes through (x, y), as shown in Fig. 2(a).
The distance between the Line L and the origin of the
coordinate system is ρ, which has a θ angle between itself
and the x axis. Thus, each (ρ,θ) represents one and only
one line in the Euclidean space passing through the point
(x, y). However, if ρ can be negative, then there are two
ρ and θ tuples to represent a single line, that is (ρ, θ) and
(−ρ, 2π− θ). From (1), it is easy to see that for each tuple
(x, y), there are many (ρ, θ) tuples associated with it, as
depicted in Fig. 2(b). Notice that for a point in Cartesian
space, such as Point A in Fig. 2(a), there are an infinite
number of lines that can pass through the point. However,
given another point in this space, for example, Point B in
Fig. 2(a), there exists one and only one line that connects
both of the points. In Euclidean space, this line, (Line L),
is the combination of infinite number of points. But in the
accumulation space, shown in Fig. 2(b), this line is just a
point, whereas Point A and Point B become curves with
an infinite number of points. Both of these two curves pass
the point that represents Line L; thus, Line L is the line
that connects Point A and Point B.

Figure 2. Standard Hough transform.

Note that in practice both the Euclidean space and the
accumulation space are discrete. However, although the

2



Figure 3. The Hough transform for a line with noises.

Euclidean space is binary, the accumulation space is a grey
image (based on the number of curves that pass through
a point). If there are many data points in the Euclidean
space, then there might be many intersection points in
the accumulation space. To select the best fit line, the
value of each pixel in the accumulation space is used as
the index of the “fitness,” that is, the number of curves
that passed this point. The pixel with the highest value
in the accumulation space is the best fit line. The process
of counting the number of curves passing through a point
in accumulation space is called “voting.” The point with
the highest number of votes (largest grey value) “wins”
and is taken as the best-fit line. An example is shown in
Fig. 3. Fig. 3(a) shows a line in Euclidean space with “salt-
and-pepper” noise. Fig. 3(b) shows the corresponding
accumulation space. The approach of the SHT is to take
the bright point seen in the figure as the “best-fit” line for
the data shown in Fig. 3(a).

Generally speaking, the attraction of the HT is its
robustness to sensor noise, as illustrated in Fig. 3. However,
this robustness comes at the expense of slow computation.
The computational cost of the SHT is O(n3), where n is
the number of data points. Many of the variants of the
SHT have been motivated by trying to speed up the SHT
computation. Among the non-standard Hough transforms,

the Log-Hough transform (LHT) [15] uses an algorithmic
approach to reduce complexity with respect to the SHT.
Probability-based Hough transform methods also reduce
computation, but by working with only a “proper” part of
the data [13, 14, 16, 17]. The basic idea of the probability-
based Hough transform is to randomly choose part of the
data in the Euclidean space and process them by the
SHT algorithm. Different methods have been proposed to
increase the probability of choosing the aligned pixels to
process. The details of different data selection strategies
are beyond the scope of this paper. However, the concept
of selecting data is important. The SPHT proposed below
also attempts to reduce computation time by “properly”
selecting the data to use. However, unlike other fast
strategies, which were developed generally for image data
processing applications only, we attempt to exploit the
sparseness of the data typically obtained from lasers.

2.2 Methods for Laser Data Line Segmentation and
Fitting

HTmethods can be used for both line segmentation and fit-
ting. Of course, there are other, related methods that have
the capability of either line segmentation or fitting. Seg-
mentation can be achieved using geometric approaches [19].
This type of approach segments data mainly based on the
tensor or the norm. No special characteristics of the laser
data are considered. Sensor noise is also not considered
explicitly.

An extended Kalman filter (EKF) can also be used for
laser data segmentation. In [1], the laser beam angle θ is
used as the time n to construct a dynamic system given by:

x[(n+ 1)∆θ] = Ax[n∆θ]

y[n∆θ] = Cx[n∆θ]

where A and C are determined by the expected segmenta-
tion shapes, such as a line or a circle. y[n∆θ] is a predic-
tion on the distance-measured laser beam. If the predicted
distance is far from the measured distance, a segmentation
point is generated. This type of EKF-based method takes
into account the sequential nature of the data and can also
be constructed based on the characteristics of the sensor
noise.

Least square (LS) methods have also been applied to
line fitting. This approach requires segmented data as
the input. Using this method, the line fitting problem is
equivalent to the solution of this equation:




x1 y1

x2 y2
...

...

xn yn





 a

b


 =




1

1
...

1




where (xi, yi) are points on the prospective fitting line and
(a, b) are the parameters of the line. A single noise point
may significantly change the estimation on (a, b). On the
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other hand, the HT is robust to a small number of noise
points, no matter how far away those points are from the
fitting line. Thus, both segmentation and line fitting can
be achieved together by HT methods.

3. The Sparse Hough Transform

In this section we introduce and describe the SHT and
then compare it to the SHT and other HT variants.

3.1 The Algorithm of Sparse Hough Transform

The SPHT is proposed to improve the performance of the
SHT using the sparsity of the laser data. The resolution
and fitting performance of the SPHT algorithm are exactly
the same as that of the SHT. However, the SPHT saves
time and memory over that of the SHT in the case of sparse
data. The fundamental difference between the SPHT and
the SHT is that the SPHT does not use a 2D array to
record the votes in the accumulation space. Instead, it
uses a 1D array for the vote counting. As in case of sparse
data most lines passing through only one point are not the
best-fit line, we only need to compute those lines that pass
through at least two points in the image, thus reducing
computer memory and speed over the SHT. Based on this
argument, a pseudo-code implementation of the SPHT is
shown in Fig. 4.

NumLen=0

for i = 1 to n− 1

for j = i+ 1 to n

α=atan

(
Dat(i) · y −Dat(j) · y
Dat(i) ·x−Dat(j) ·x

)

ρ0 =Dat(i) · x cos(α−π/2)+Dat(j) · y sin(α−π/2)

θ=α− sign(ρ0)π/2

ρ= |ρ0|
Cell θ=floor(θ/∆θ)∗∆θ

Cell ρ=floor(ρ/∆ρ)∗∆ρ

If the line n, where n∈ [1, NumLen], is close

enough to (Cell ρ,Cell θ), increase the vote of

Lines(n) by one, otherwise NumLen=NumLen+

1, and add a line (Cell ρ, Cell θ) to Lines with the

vote equals to one.

end for
end for

Figure 4. The pseudo-code for basic SPHT implementa-
tion.

A graphical interpretation of the SPHT is plotted in
Fig. 5. In Fig. 5(a) there are three points (points A, B,
and C) and three lines that connect them (lines AB, BC, and
AC). The main difference between the SPHT and the SHT
is that the accumulation space of the SPHT is represented
by a 1D array, with each element representing a line in
Euclidean space. The SPHT algorithm computes the (ρ, θ)
tuples for each line in Fig. 5(a) and then constructs an
array with three elements to store the tuples of these three

Figure 5. Interpretation on SPHT.

lines. This array also stores the “vote” of each line, which
represents the “fitness,” just like the value of each cell in
the accumulation space of the SHT. It is easy to see that if
the input data are really sparse, the number of intersections
in the accumulation space is limited, and thus the SPHT
saves much more memory than SHT.

3.2 Analysis of Speed and Memory

Suppose that the angle resolution of scanned laser data is
denoted by ∆θ and the normal distance resolution is de-
noted by ∆ρ. For the SHT,M ×N cells are required for the
accumulator space, where M =π/∆θ and N = ρmax/∆ρ,
where ρmax is the longest normal distance. In other words,
the memory size is n×M ×N , where n is the word length
of each cell. If there are K valid pixels in the input data,
the computation complexity is O(K ×M). For the SPHT,
if there are only K valid points in the input, K�M ,
and K�N , the maximum number of fitted lines will be
K × (K − 1)/2. The resulting computational complexity
is O(K × (K − 1)/2). The actual memory requirement de-
pends on the number of lines passing through the data
points in the input data. Normally, we expect that the
number of lines, L, satisfies L≤K(K − 1)/2. In one ex-
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perimental example described in Section 4.2, L=149 and
K =46. Thus, the ratio of K(K − 1)/2 to L is 6.9 for this
example. This is a typical example for robotic laser data
processing.

Consider the Log-Hough transformation (LHT) pro-
posed in [15]. The key feature of this algorithm is its fast
speed, with the complexity of O(n), where n is the number
of points on the image plane. The LHT uses the concept
of a logarithmic cosine curve. Due to the logarithm com-
putation, multiplication operations can be changed into
shift and addition. Thus, once one standard logarithmic
cosine curve is computed and stored in a look-up table, the
mapping from the image plane to the accumulation plane
is achieved simply by shifting that standard curve and
adding it to the accumulation plane, and the shifting value
is computed with respect to the coordinate of a point on
the image plane. However, the logarithm computation also
introduces an undesired feature: the resolution of LHT is
non-uniform. The near-field resolution of the LHT is bet-
ter than that of the far field. The following points compare
the LHT with the SPHT:

• Complexity: The complexity of the LHT is O(K) and
that of the SPHT is O(K(K − 1)/2), where K is the
number of valid points.

• Memory: The exact memory requirement of the SPHT
depends on L, the number of fitted lines, which has an
upper bound of K(K − 1)/2. For the LHT, we need K
segments on the range of the accumulation space with:

K =

⌈
log

(
r1 − r0

r0

)
/δ

⌉

where the notation �x� indicates the maximum integer
that is not more than x. The distance of interest
stretches from r0 to r1. δ is the angle resolution of
the laser system. This K is comparable to the N of
the SHT. The N for the SHT can be expressed by the
same notations:

N =

⌈
r1 − r0

r0
/δ

⌉

• Resolution: The distance resolution of the LHT is
non-uniform. The resolution of the near field is better
than that of the far field. However, the distance
resolutions of the SPHT and the SHT are uniform with
respect to the distance, and the resolution of fitting
output is as high as the range resolution of the laser
scanner. This means that if the range resolution of a
laser scanner is 1 cm, and its angle resolution is 0.5◦,
the LHT will get a range resolution of 0.88 cm for the
objects at 50 cm away and 16.6 cm for the distance
of 1000 cm. Under the same situation, the distance
resolution of the SPHT and the SHT will always be
1 cm, which is independent of the distance of detected
objects.

• Compatibility: In accord with to the discussion in
the “resolution” entry, the compatibility of the SPHT
to the SHT is better than that of the LHT to the

SHT. This undesirable feature of the LHT limits its
applications. Actually, there exist cases where the SHT
cannot be replaced by the LHT, or at least cannot be
replaced by the LHT without sacrificing performance.
One example where this is true is the bumper fitter
problem discussed in Section 4.2.

Fig. 6 shows a comparison of the memory requirements,
complexity (number of operations), and distance resolution
of the SPHT, the LHT, and the SHT, assuming that the
area of interest stretches from r0 =50 cm to r1 =1000 cm,
the angular resolution δ is 0.5◦, and the distance resolution
of the laser scanner is 1 cm. Note that the x axis of the
upper and middle subplots are scanning angles. In our
application, instead of processing the data from 360◦, we
generally process only a narrow area where objects are
expected. As we can see from the figure, the smaller the
scanning angle, the better the performance of the SPHT.
The upper figure shows that when the data are sparse,
that is, the angle of interest is narrow, the SPHT demands
the least amount of memory. In the middle subplot of
Fig. 6, we can roughly estimate the speed of the algorithms
based on their complexity. The SHT is slow, whereas the
SPHT is faster at the beginning but later becomes slower
than the SHT, and the LHT is the fastest when more data
points come in. In the bottom subplot of Fig. 6, we can see
that the range resolution of the SHT and the SPHT are
exactly the same. The memory and speed benefits from the

Figure 6. Comparison of sparse, log, and standard Hough
transform.
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LHT are at the expense of a lower and distance-dependent
resolution.

An important comment is that the complexity of the
algorithms is related to their speed, but no simple relation
exists between the two. The complexity is an index of the
number of operations to be done, without any indication of
the computation time of each operation. The actual com-
putation time of an algorithm is proportional to its com-
plexity, with the ratio dependent on the computer being
used. Thus, algorithms with same number of operations
do not necessarily have the same speed. For example, an
algorithm of 100 addition operations generally needs less
time than another that needs 100 multiplications, as addi-
tion is faster on most computers. The goal of complexity
analysis is to understand the performance in a large scale.
An algorithm with a complexity of O(n3) will definitely
take more time than an algorithm with O(n) complexity
when n is large enough, no matter how fast each operation
of the first algorithm is. Thus, the middle subplot of Fig. 6
should not be interpreted as that the SPHT is faster than
the SHT when the scanning angle is 360◦ or less. The
correct interpretation is that the number of operations for
the SPHT is less than that of the SHT under the same
situation. The speed comparison of the SPHT and the
SHT is presented below in Section 4.2, where experimental
data are analyzed.

4. Some Experimental Results

In this section we present some experimental results, be-
ginning first with the example of fitting a cylinder with 1D
laser and discussing the fitting of an automobile bumper
using 2D laser data. Here we present only the essential
features. For more details see [?].

4.1 Application of the SPHT to Cylinder Fitting of
1D Laser Data

One important advantage of the SHT or SPHT algorithms
is their robustness. This feature can be shown in the
following example, where we use a cylindrical dustbin as a
landmark for the ODIS robot. Behind the dustbin there
is a wall. The raw laser data are shown in Fig. 7. After
processing all the data by the SPHT, the best-fit line is
available, which is indicated by the dotted line in the
figure. Once the line is fitted, it is easy to verify whether
a point is on this line. After eliminating those on-line
points, we have two types of points left: wild points and
points corresponding to the cylinder to be fit. Wild points
are the points that are separated significantly from other

Figure 7. The line segmentation for a point cloud by SPHT.

data points. The removal of those wild points is trivial:
just delete the points that are too far away from their
neighbour points. In Fig. 8, the wild points are indicated
by stars, (∗), the points on the best-fit line are denoted by
right triangles, (�), and the points left for circle fitting are
indicated by circles, (◦). After processing the “circle-fitting
points” by an algebraic circle fitting method (see [?]), the
fitted circle is shown in Fig. 8.

Figure 8. Fit a circle from a point cloud.

Note that in this example, the SPHT fits a line as
well as segments the data. Other methods, such as least
square (LS) methods or Kalman filter-based methods, will
typically require segmentation before doing line fitting, and
thus the data processing may be more complex.

4.2 Experiment on Bumper Fitter for Laser Servo-
ing

In the following example, a module called “bumper fitter”
is implemented by the SHT and the SPHT to provide the
T2E/T4 robots with a laser servoing feature for a better
license plate recognition (LPR) rate. Part of this work
is described in [20]. A key feature of this application is
that we need to continually update the fit as new data
arrive. This highlights another advantage of the SHT and
the SPHT: they support progressive fitting. Data points
can be added to the accumulation space (for the SHT) or
accumulation array (for the SPHT) recursively, without
wasting computations that have been done before. Least
square algorithms, on the other hand, typically start over
again whenever new data arrive, thus wasting previous
computational effort.

The LPR system includes an IR camera/illumination
system and a program that can identify license plate num-
bers of automobiles by analyzing the images obtained from
the camera. To guarantee the recognition rate, the robot
(i.e., the camera) must be positioned accurately with re-
spect to the bumper of the automobile. The T2E/T4
robots achieve this via a laser servoing system that works
as follows: at each sample time, a new sweep of laser
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data is collected, projected to 2D, segmented into different
parking stalls, added to the accumulation space, and the
latest best-fit line is computed. Those fitted lines are the
bumpers of the vehicles. The robot thus can adjust its
track according to the location of the bumper lines and
then fire the LPR system at the proper positions.

Fig. 9 shows the experimental laser data from a scan
of a bumper, and Fig. 10 shows the fitted bumper line
obtained using the SPHT. The two points on the edge in
Fig. 10 are the two extreme points on the fitted bumper
line. Note that the data points in Fig. 10 were added
progressively.

Figure 9. 3D data points of a bumper.

Figure 10. A bumper and its fitted bumper line.

In our experiments the distance resolution is set to
be 6 cm and the angular resolution is 9◦, according to the
requirements of the LPR system. In one of the fitting
processes, the robot collects 50 data points in the target
parking stall.

Due to system limitations, we cannot run the SPHT
or the SHT alone on our robots to compare their perfor-
mances. Instead, we ran the same C++ implementations
on a 1.2Ghz AMD Athlon computer with 512Mb mem-
ory and Windows 2000. For 50 data points, the SPHT
takes 1.563ms and the SHT takes 0.938ms. Meanwhile,
the memory requirement for the SPHT is 149× 3 integer

variables and that of the SHT is 46× 46. That is, the SHT
is 1.6 times faster than the SPHT but takes 4.7 times more
memory than the SPHT in this example.

Next, inspired by the probabilistic-based Hough trans-
forms, we improved the SPHT by sampling: if the indexes
of two data points are closer than certain threshold, they
are skipped. Remember that the index of 2D laser data
is proportional to the scanning angle β, so the closeness
of the index indicates that associated points are physically
close. This modification reduces the memory requirement
and improves speed. With the same system configurations,
this time the sampled SPHT takes 0.297ms and the SHT
takes 0.875ms. The memory used for the SPHT is 78× 3
and that of the SHT is still 46× 46. So the sampled SPHT
is three times faster than the SHT, and the SHT uses nine
times memory more than the sampled SPHT in this case.
Thus, the sampled SPHT is seen to be a good replacement
of the SHT when the input is sparse.

5. Conclusion

The major contribution of this paper is the proposal and
study of the sparse Hough transform. The performance
(speed and memory requirements) of the sparse Hough
transform is better than that of the standard Hough trans-
form when the input data are sparse. Meanwhile, the
transforms of the two are identical from an input-output
perspective in the sense that the two transforms are inter-
changeable. Pseudo-code, theoretical analysis, computer
simulations, hardware experiments, and experimental anal-
ysis of the sparse Hough transform were presented. We
can conclude that under the context of robot environment
perception with laser sensors, the sparse Hough transform
is often a better option for segmentation and line fitting
than the SHT.
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